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Sommaire
Ledéveloppementdequbitsquantiquesrobustesreprésenteundéﬁtechnologiquede
taile.Malgréplusd’unedécenniedeprogrèsetdepercées,noussommestoujoursàla
rechercheducandidatidéal.Ladiﬃcultérésidedanslanécessitéderespecterunepanoplie
decritèresstricts:ondoitpouvoirprépareretmesurerlesqubitsrapidementetdemanière
ﬁable,préserverleurétatpourdelongstemps,appliqueravecprécisionuncontinuumde
transformations,lescouplerlesunsauxautres,enentasserdesmiliers,voiredesmilions
surunseuldispositif,etc.
Paralèlementàcesrecherches,unautregroupedescientiﬁquestravailentplutôtà
l’élaborationdel’architecturepermetantd’opérercesqubits.Cetearchitectureinclutune
couchelogicieledebasedontl’étudeconstitueledomaineducalcultolérantauxfautes:en
encodantl’informationdansdesqubitslogiquesàl’aidedesqubitsphysiquesdisponibles,il
estpossibled’obtenirundispositifquantiquedontlespropriétéseﬀectivessontsupérieures
àcelesdescomposantesphysiquessous-jacentes.Encontrepartie,unesurchargedoitêtre
payée.Cele-cipeutêtreinterprétéecommeuneformederedondancedansl’information.
Deplus,lesporteslogiquesapplicablesauxqubitsencodéssontsouventtroplimitéespour
êtreutiles.Larecherchedanscedomainevisesouventàlimiterlasurchargeetàétendre
l’ensembledesopérationsapplicables.
Cetethèseprésentelestravauxquej’aipubliésavecmescolaborateursdurantmes
étudesdedoctorat.Ceux-citouchentdeuxaspectsimportantsducalcultolérantauxfautes:
l’élaborationdeprotocolesdecalculuniverseletlaconceptionetl’étuded’algorithmesde
décodagedecodestopologiquesstabilisateurs.
Concernantl’élaborationdeprotocolesdecalculuniversel,j’aidéveloppéavecl’aidede
KrystaSvorechezMicrosoftResearchunenouvelefamiled’étatsressources(Chapitre2).
Cele-cipermet,parl’injectiond’états,d’eﬀectueruneopérationunitairearbitraireàunqubit
àuncoûtplusfaiblequelesméthodesexistantàcemoment.Plustard,j’aipoursuivices
travauxavecDavidPoulinpourélaboreruneautrefamiled’étatsressourcesquidiminuent
ii
iv
encoredavantagelescoûtsdecompilationdediversesportesunitairesàunqubit(Chapitre3).
Finalement,JonasAnderson,DavidPoulinetmoiavonsmontrécommentilestpossible
depasserdemanièretoléranteauxfautesd’unencodageàunautre(Chapitre4).Cete
approcheestqualitativementdiﬀérente,carelefournitunensembleuniverseldeportes
sanspasserparl’injectiond’états.
Durantmondoctorat,j’aiaussigénéralisédeplusieursmanièreslaméthodededécodage
parrenormalisationducodetopologiquedeKitaevquej’aidéveloppéeaucoursdema
maîtrise.Toutd’abord,j’aicolaboréavecHéctorBombinetDavidPoulindanslebutde
montrerquetouslescodestopologiquesstabilisateursinvariantssoustranslationsont
équivalents,c’est-à-direqu’ilsappartiennentàlamêmephasetopologique(Chapitre5).
Cerésultatm’aaussipermisd’adaptermondécodeurauxcodestopologiquesdecouleurs
stabilisateursetàsous-systèmes.Puis,jel’aiadaptéàunegénéralisationducodetopologique
deKitaevsurdesqudits(Chapitre6).Ensuite,jel’aigénéraliséaucastolérantauxfautes,où
leserreursdanslesmesuresdusyndromesontprisesencompte(Chapitre7).Finalement,je
l’aiappliquéàunnouveaucodeélaboréparSergeyBravyi,lecodedesurfaceàsous-systèmes
(Chapitre8).
Mots-clés:calculquantiquetolérantauxfautes,ensembleuniverseldeportes,distila-
tiond’étatsmagiques,déformationdecodes,équivalencedecodestopologiquesstabilisa-
teurs,décodagedecodestopologiquesstabilisateursetàsous-systèmes.
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Introduction
Aucoursdesdeuxdernièresdécennies,l’informatiquequantiqueaconnuunessor
remarquablepassantd’undomaineémergentquasiésotériquepourdeveniraujourd’hui
unedisciplineàpartentièrechevauchantinformatique,mathématiqueetphysique.Non
seulementcedomaineportel’espoir,voirelapromesse,d’unnouveauparadigmepour
nosmachinesdecalcul,maisencoreiladéjàcontribuégrandementàl’avancementdeces
troisdisciplines,quecesoitenthéoriedelacomplexité,enthéoriedel’informationou
encoreenphysiquedelamatièrecondensée.Unpanimportantdelarecherchedansce
domainetentedefairelepontentrethéorieetpratique.D’uncôté,plusieurstravailent
àconcevoirenlaboratoireunqubitphysiquealorsquedel’autre,plusieurstravailentà
élaborerl’architecturedanslaqueleildevraits’imbriquer.
Supposonsdoncuninstantquenousayonssouslamainunqubitphysique,parex.
unqubitsupraconducteurtelletransmon[2].Danslebutdel’opérer,cequbitestplacé
dansunecavitéélectromagnétique.Cele-ciremplittroisrôlesimportants.Premièrement,
eleagitcommeﬁltresurlebruitdel’environnementetprotègeainsilequbit.Deuxième-
ment,enrécoltantlesphotonsquis’échappentdelacavité,elepermetd’enmesurerl’état.
Troisièmement,enenvoyantdesimpulsionsélectromagnétiquesdanslacavité,elepermet
d’appliquerdesporteslogiquesauqubit.Concentrons-noussurcedernierpoint.Pour
appliqueruneportelogiqueauqubit,nousenvoyonsuneimpulsiondepuissanceΩdansla
cavité,impulsionquivientmodiﬁerlehamiltoniendusystème.Laporterésultanteestune
rotationdel’étatduqubitautourdel’axeXdelasphèredeBloch1:
RX(t)=e−iΩtX. (1)
Unavantageimportantd’uneteleméthodesauteauxyeux:l’angledelarotationdépend
dutempsd’expositionàl’impulsion.Cecipermetdonctrèssimplementd’appliquertoutun
continuumdeportesdiﬀérentesenvariantcetempsd’exposition.Malheureusement,ceci
1. NousnotonslesmatricesdePauliX,Y,Zplutôtqueσx,σy,σz.
1
2veutaussidirequelesimprécisionssurletempsd’expositionàl’impulsionousursonénergie
serépercutentdirectementdansl’anglederotation.Laprécisiondel’anglederotationest
alorslimitéeauxdiversesprécisionsexpérimentales.Unautreproblème,systématiquecete
fois,provientdecertainesapproximationsquiontétéfaitesdeprimeabord.Parexemple,
danslecasquinousoccupe,untransmonn’estpasunqubit,c’est-à-direqu’ilnes’agit
pasd’unsystèmeàdeuxniveaux.L’eﬀetdesniveauxd’énergiesnégligés,quoiqueminime,
imposeunelimiteàlaprécisiondesporteslogiquesappliquées.Alors,commentpouvons-
nousespérereﬀectuerdescalculsnécessitantuneplusgrandeprécisionqueceleimposéepar
latechnologieactuele?Doit-onatendrequelesméthodesexpérimentalessedéveloppent
davantage?Heureusement,cen’estpaslecas.Ilexisteunesolutionlogiciele(software)qui
permetderéaliserdescomposanteseﬀectivesplusrobustesàpartirdecelesdisponibles.
C’estcequ’onappelelecalcultolérantauxfautes.
Trèssimplement,lecalcultolérantauxfautespermetd’obtenirdescomposantesplus
robustesenpayantleprisdelaredondance.Autrementdit,enaﬀectantdavantagede
ressourcesqueminimalementnécessairepoureﬀecteruncalcul,onpeutenaugmenterla
précision.Lethéorèmeduseuildetoléranceauxfautes[3]formaliseceteidée:ensupposant
untauxd’erreurpiindépendantpourchacunedescomposantescid’uncircuit,ilestpossible
d’eﬀecteuruncalculdeprécisionarbitraireεetce,avecunesurcharge(overhead)del’ordrede
O polylog(1/ε),àconditionqueletauxd’erreursparcomposantesoitpluspetitqu’untaux
seuil,c.-à-d.pi<pseuilpourtouti.Plusprécisément,nousencodonsunnombrekdequbits
logiquesdansunnombrendequbitsphysiques,oùn>k.Uneconséquencedecetencodage
estquenousperdonslapropriétédel’Eq.(1)oùilétaitpossibled’appliquerfacilementun
continuumdeporteslogiques.Enfait,biensouvent,lesportesquisontapplicablesàunqubit
encodédemanièretoléranteauxfautesformentunpetitsous-groupedesportesapplicables
enprincipe,c’est-à-direunsous-groupedestransformationsunitaires.Nousdevonsdonc
élaborerdenouvelesméthodespourcontournerceproblème.Unedecessolutionsest
l’injectiond’étatsmagiquesouencoreladéformationdecodes.Nousreviendronssurces
idéesdansleschapitresàvenir.
Mestravauxdesdernièresannéesonttouchédeuxaspectsimportantsducalcultolérant
auxfautes.Premièrement,larecherchedecodesphysiquementréalistesamenélacom-
munautéàs’intéresserauxcodestopologiquesstabilisateurs.Eneﬀet,ceux-cis’expriment
commedessous-espacesfondamentauxderéseauxdespin1/2(qubits)auxhamiltoniens
dontlesinteractionssontàcourtesportéesetdetypePauli.Deplus,unsous-groupedes
transformationsunitaires,legroupedeCliﬀord,s’yréaliseeﬃcacement.Jemesuisintéressé
dansunpremiertempsàclassiﬁerlescodestopologiquesstabilisateurs.Mescolaborateurs
etmoiavonsmontréqu’ilexisteunarchétypedecodetopologique,lecodetopologique
3deKitaev(CTK)[4].Toutautrecodetopologiquestabilisateurinvariantsoustranslation
peutserameneràunnombreﬁnidecopiesduCTK.Nousavonsexplicitementconstruitla
transformationquipermetceteclassiﬁcation.Cele-cis’exprimecommeunepermutation
desopérateursdePauli(automorphisme)ets’appliqueraitenpratiqueàl’aided’uncircuit
deCliﬀordlocaletdeprofondeurﬁnie.Entermesplusphysique,c’estdirequeleshamil-
toniensdontlesétatsfondamentauxcorrespondentauxcodestopologiquesstabilisateurs
appartiennenttousàlamêmephasetopologique.Jemesuisintéressédansundeuxième
tempsàgénéraliserdediversesfaçonslaméthodededécodagepargroupederenormalisa-
tionquej’aidéveloppéeaucoursdemamaîtrise.Toutd’abord,j’aiutilisélatransformation
énoncéeci-hautpourdécoderd’autrescodestopologiquesstabilisateurs.Puis,j’aigénéralisé
laméthodeaucastolérantauxfautes,c’est-à-direaucasoùlesmesuresdesyndromessont
imparfaites.Finalement,jel’aiaussiappliquéeaucasoùongénéraliseleCTKenremplaçant
lesqubitspardesqudits,c’est-à-diredessystèmesàdniveaux.Nousreviendronsenplus
dedétailsurchacundecespoints.
Deuxièmement,commel’énoncelethéorèmeduseuildetoléranceauxfautes,nous
devonspayerune«petite»surchargedeO polylog(1/ε)poureﬀectueruncalculrobuste.
Or,enpratique,lesconstantescachéesdansceteestimationpeuventêtreimportantes,de
l’ordredumilion,voiredumiliard[5].Celareprésenteunsérieuxobstacleauxespoirs
deconcevoirunjourunordinateurquantique.Eneﬀet,sichaquequbitlogiquenécessite
unencodageenunmiliondequbitsphysiquesetquetouteopérationdebasesurcelui-ci
requiertunmiliondeportesphysiques,ilestpeuprobablequenousconstruisionsjamais
unordinateurquantiquerivalisantavecunsimulateurclassique.Durantladeuxièmemoitié
demondoctorat,j’aitravailéàréduirelasurchargeaccompagnantinévitablementlecalcul
tolérantauxfautes.Pourcefaire,jemesuispenchéplusspéciﬁquementsurlanotion
d’étatsressources.Eneﬀet,untrucstandardpoureﬀectueruneportequelconqueconsiste
àutiliseruneclasseréduitedecircuits,appeléscircuitsdeCliﬀord,etunétatparticulier,
appeléétatmagique.Àl’aidedecesdeuxéléments,onpeutétendrelafamiledecircuits
eﬀectifsqu’ilestpossiblederéaliser.Laraisonpourlaqueleonserestreintàl’usagedes
circuitsdeCliﬀordestquepourbeaucoupdecodes,onsaitappliquercesous-groupede
circuitsdemanièrenonseulementtoléranteauxfautes,maisaussieﬃcace.Danslebut
d’obtenircesétatsmagiquesavecgrandeprécision,onfaitappelàuneprocédurenommée
«distilation».Lasurchargediscutéeci-hautestdominéeparceteétapededistilation
[6].Ladeuxièmepartiedemestravauxaconsistéàétudierdenouvelesfamilesd’états
magiquesainsiqu’àproposerdenouveauxcircuitsdedistilation.Àl’aidedeceux-ci,j’aipu
montrerquedesgainsimportants,del’ordrede100ou1000,étaientpossiblesparrapport
auxstandardsdumoment.Enparalèleàmesrecherches,plusieursautresméthodesaux
gainscomparablesontétédéveloppéespard’autresgroupesderecherche[7,8,9].Une
4autreapprochefournissantunensembleuniverseldeportesconsisteà«déformer»lecode
(passerd’unencodageàunautre)demanièretoléranteauxfautes.Lastratégieestalorsde
choisirlesdiﬀérentscodesdetelesortequel’ensembledesportesapplicablesàceux-cisoit
universelmalgréque,prisséparément,lesdiﬀérentscodesnesoientpasuniversels.Mes
colaborateursetmoiavonsélaboréunestratégieutilisant15qubitsetdeuxcodesseulement.
Àmaconnaissance,ils’agitdelaprocédurededéformationlapluseﬃcaceconnueau
momentd’écrireceslignes.
Cetethèsepararticlesestconstituéededeuxparties.Lapremièreprésentelesarticles
traitantdel’élaborationd’unensembleuniverseldeportesetlasecondeprésenteceuxen
lienavecledécodagedecodestopologiquesstabilisateurs.Danschaquepartie,leschapitres
sontdédiésauxdiﬀérentsarticles,àl’exceptiondupremierchapitredelapremièrepartiequi
introduitplutôtlesétatsmagiquesetleurdistilation.Chacundesautreschapitresdébute
parunebrèvemiseencontexteetladescriptiondemacontribution.Suituneintroductionà
lathéorienécessaireàlacompréhensiondestravauxprésentésouencoredesinformations
supplémentairesétoﬀantcertainspassagesdesarticles.L’articlepubliéestenﬁninclustel
quel.
Dansl’ensembledecetethèse,noussupposonsquelelecteurestfamilieraveclesnotions
debasedel’informatiquequantique:qubit,sphèredeBloch,circuitquantique,etc.Nous
supposonsaussiuneconnaissanceminimaledescodesstabilisateursetplusspéciﬁquement
d’uneinstanceenparticulier:lecodetopologiquedeKitaev.Autrement,nousrenvoyonsle
lecteuràl’excelentlivred’introductiondeNielsenetChuang[10]ouencoreauxnotesde
coursdeJohnPreskil[11].Pourcequiestdescodesstabilisateurs,lathèsedeGotesman
[12]estlameileureintroductionànotreconnaissance.LecodetopologiquedeKitaevest
décritendétailsdanslemémoiredemaîtrisedel’auteur[13].
Finalement,introduisonsuneconventiond’écriture.Audébutdesdiﬀérentschapitres
traitantdesarticlessetrouveunesection«Résumé».Danscerésumé,nousréféronsaux
sectionsdesarticlesenutilisantdeschiﬀresromains,paroppositionauxautressections
duchapitreconcerné,quisontnotéesenchiﬀresarabes.Deplus,nousréféronsauxﬁgures
del’articleenutilisantl’expression«ﬁgure»,alorsquecelesduchapitresontnommées
«Fig.».Demanièresimilairenousparlonsdes«tableaux»del’articleetdes«Tab.»du
chapitreencours.
Premièrepartie
Ensembleuniverseldeportes
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Chapitre1
Introductionàladistilationd’étatsmagiques
Danscechapitre,nousintroduisonsetétudionsdiﬀérentsconceptsconstituantlabase
deladistilationd’étatsmagiques:Quesontlesétatsmagiques?Enquoiconsistel’injection
d’états?Commentpeut-onpréparercesétatsparladistilation?
Nousavonsvuenintroductionlanécessitéd’utiliserlescodescorrecteursquantiques
danslebutdefaireducalculquantiquerobuste.Laclassedescodesstabilisateurs[12]
joueunrôletrèsimportantàceteﬀet,careleestrelativementsimpleàétudiertouten
permetantlecalculquantiquetolérantauxfautes.Noussupposonsunecertainefamiliarité
dulecteuravecceteclasse,maisnousrévisonsdanslessectionssuivantesquelquesconcepts
importantsdontlerestedeladiscussiondépend.
1.1 PortesdeCliﬀord
LesportesdeCliﬀordjouentunrôleparticulierdanslathéoriedescodesstabilisateurs,
cartouslescircuitsd’encodageetdedécodagesontenfaitdesopérationsdeCliﬀord.
Elesformentunsous-groupedesportesunitaires.Formelement,ils’agitdugroupedes
permutations(automorphismes)dugroupedePaulisousconjugaison.End’autresmots,
ils’agitdesportesquitransformentunopérateurdePaulienunautreopérateurdePauli,
toutenpréservantl’ensembledesrelationsdecommutationsentreceux-ci.
DesexempleséloquentsdeportesdeCliﬀordsontdonnésparlesgénérateursdece
groupe.Pourunqubit,legroupeestgénéréparlaportedeHadamardH,etparlaporte
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7phaseS,cf.Eq.(1.1).
H=−1√2


1 1
1 −1

 S=


e−iπ/4 0
0 eiπ/4

 (1.1)
Commeunephaseglobalenechangerienauxtransformations,nousavonsdéﬁnilesopé-
rateursdetelesortequ’ilsappartiennentàSU(2)(unitairesdedéterminant1).Onvériﬁe
directementqueHZH=XouencorequeSXS†=Y,etc.NotonsquelegroupedePauliest
unsous-groupedugroupeCliﬀord.LegroupedeCliﬀordàunqubits’interprètesimplement
demanièregéométrique.Eneﬀet,nouspouvonsassocierlestroisélémentsnon-triviauxdu
groupedePauliauxaxesdelasphèredeBloch.Parexemple,onassociel’opérateurZàl’axe
forméparlesétatspropres|0et|1deZ.OnpeutfairedemêmepourXetY.L’ensemble
desétatsmixtesquipeuventêtrepréparésàpartirdeceux-ciparcombinaisonconvexe
formeunoctaèdredanslasphèredeBloch.LegroupedeCliﬀordestalorsl’ensembledes
symétriesdecetoctaèdre.Parexemple,HéchangeXetZetenvoieYvers−Y.L’octaèdre
estdoncpréservé.
PourgénérerdesportesdeCliﬀordsurunnombrearbitrairedequbits,ilsuﬃtd’ajouter
laportecontrôle-nonauxgénérateursprécédents.NousnotonsceteporteΛi(Xj)oùle
qubitiestlequbitdecontrôleetlequbitj,lacible.LegroupedeCliﬀordsurnqubitsest
doncgénérépar
Cn= Hi,Si,Λi(Xj). (1.2)
Lesous-groupedesportesdeCliﬀordn’estpasdensedansSU(2n),c.-à-d.engénéralune
opérationquelconquenepeutpasêtreapproximéeparuneportedeCliﬀord.Enfait,ce
sous-groupeestﬁni.Toutefois,ilestmaximal,encesensquel’ajoutden’importequele
porteàunqubitn’yappartenantpasdéjàsuﬃtàlerendreapproximativementuniversel
[14].Nousreviendronssurcepointàlasection1.3.
Parabusdelangage,nousappelonsportedeCliﬀordtoutélémentdugroupedeCliﬀord,
toutepréparationd’unétatstabilisateurettoutemesured’unopérateurdePauli.
81.2 Portestransverses
Lesporteslogiquestransversesjouentunrôleimportantdansplusieursprotocolesde
calcultolérantauxfautes,careleslesontpardéﬁnition.Étantdonnéuncodeànqubits,
uneportelogiqueesttransversesieles’écritcommeunproduittensorieldenportesàun
qubit:
U=V⊗n. (1.3)
Ici,UetVreprésententdeuxunitairesquelconquesetnousnotonsUlaporteUencodée.
Cetedéﬁnitionn’estpaslaplusgénérale,carlesVpourraientêtrediﬀérentsd’unqubità
l’autre,maisladéﬁnitionEq.(1.3)noussuﬃtpourcequisuit.
UnexemplesimpleestdonnéparlesportesdePaulilogiquesquisonttoujourstrans-
versespouruncodestabilisateur.Eneﬀet,notonsd’abordquepardéﬁnition,lesportesde
PaulisonttoujoursdesproduitstensorielsdeportesdePauliàunqubit;elessontdonc
transverses.Ensuite,noussavonsquelescodesstabilisateurssontobtenusparuneporte
d’encodagequiappartientaugroupedeCliﬀord.PardéﬁnitiondugroupedeCliﬀord,les
portesdePauliencodéesseronttoujoursele-mêmesdesportesdePauli;elessontdonc
aussitransverses.UnautreexempleestfourniparcertainesportesdeCliﬀord.Uncode
stabilisateurCSS(Calderbank-Shor-Steane)estuncodeoùchaquegénérateurdustabilisa-
teurn’estcomposéquedeXet1louquedeZet1l.Onpeutmontrerquepourlescodesde
ceteclasse,laporteΛi(Xj)esttransverse.Lescodestopologiquesdecouleursàbordure
triangulaire[15]oﬀrentunexempleparticulièrementintéressantoùtouteslesportesde
Cliﬀordsonttransverses.Cetepropriétéestpertinentepourladistilationd’étatsmagiques
commenousleverronsàlasection1.4.
Supposonsmaintenantqu’uncodeànqubitsaituneportetransverseU=V⊗n.Sice
codeaunedistanced,ilpeutalorstolérerjusqu’àd/2 erreurs.PourappliquerlaporteU
surlequbitlogique,laporteVestappliquéesurchacundesqubitsphysiques.Supposons
quechaqueporteaituneprobabilitépd’échouer,indépendammentdesautres.Leprocessus
decorrectiond’erreurscorrigetouteerreursur d/2 portesoumoins.L’erreurrésiduele
estdoncdel’ordredeO(pd/2).Laportetransversecombinéeàlacorrectiond’erreurréduit
laprobabilitéd’erreurdesportesphysiquesO(p)enprobabilitéd’erreurlogiqueO(pd/2).
Deplus,elenepropagepasleserreurscorrigiblesd’unqubitversd’autres.Eleestdonc
toléranteauxfautes.
Parcontre,uneportequin’estpastransverse,c’est-à-direuneportequinécessiteune
interactionentreaumoinsdeuxqubitsducode,risquedepropagerleserreursàl’intérieur
9ducode.Ainsi,uneerreuraﬀectantunseulqubitinitialementpeutsepropageràplusieurs
qubitssuiteàl’applicationdeceteporte.Enconséquence,certaineserreursquiétaient
corrigiblespourraientneplusl’être.Danscecas,lacorrectiond’erreursneparviendraitpas
àréduirelaprobabilitéd’erreurlogique.
1.3Injectiond’états
NousavonsvuquelesportesdeCliﬀordformentunsous-groupedesportesunitaires
qu’ilestpossibled’appliquersurdesqubits.Malheureusement,celui-cin’estpasdense,
c’est-à-direqu’ilexistedesportesquinepeuventpasêtreapproximéesparuneportede
Cliﬀord.Or,commediscutéàlasectionprécédente,cesdernièresformentmalgrétoutune
classeintéressantedanslecadredescodesstabilisateurs,carelessontsouventfacilesà
réaliser,voiretransverses.L’injectiond’étatsestunefaçondesurmontercetelimite.Eneﬀet,
eleconsisteàn’utiliserquedesportesdeCliﬀorddanslebutd’appliqueruneportequi
nefaitpaspartiedecegroupe.Cetecontradictionapparentevientdufaitquel’injection
utiliseunétatparticulierappelé«étatressource»ouencore«étatmagique»quin’esten
généralpasunétatstabilisateur.Commel’injectiond’étatsnécessiteuncircuitdeCliﬀord,il
estfaciledelarendretoléranteauxfautesenutilisantdescodesstabilisateurs.Parcontre,la
diﬃcultén’estquerepousséedanslapréparationdel’étatressourcedegrandeprécision.La
solutionestfournieparladistilationd’étatsmagiques.
Supposonsquenousayonsaccèsàunétatressourcedelaforme
|Yθ = 1√2 cos
θ
2|0+sin
θ
2|1 (1.4)
dansleplanXZdelasphèredeBloch.Supposonsaussiqu’enayantchoisijudicieusement
uncodestabilisateur,noussoyonsenmesuredefairedesportesdeCliﬀordtolérantesaux
fautes.L’injectiond’étatssefaitalorsàl’aided’uneversionencodéeducircuitprésentéàla
Fig.1.1.Ledétailducalculdesoneﬀetsurunétatquelconque|ψ =a|0+b|1estdonné
àl’Eq.(1.5).
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|Yθ • Y m
|ψ Y RY((−1)mθ)|ψ
Figure1.1Circuitd’injection.Nousobservonslerésultatdemesurem = 0oum = 1
correspondantauxétatsmésurés|iou|−i,respectivement.
|Yθ|ψ =acosθ2|00+bcos
θ
2|01+asin
θ
2|10+bsin
θ
2|11 (1.5)
Λ1(Y2)−−−→acosθ2|00+bcos
θ
2|01+iasin
θ
2|11+(−i)bsin
θ
2|10
∝acosθ2(|i+|−i)|0+bcos
θ
2(|i+|−i)|1
+asinθ2(|i−|−i)|1−bsin
θ
2(|i−|−i)|0
=|i (acosθ2−bsin
θ
2)|0+(asin
θ
2+bcos
θ
2)|1
+|−i (acosθ2+bsin
θ
2)|0+(−asin
θ
2+bcos
θ
2)|1 ,
oùonautilisé|0= 1√2(|i+|−i),|1= −i√2(|i−|−i).Lorsdelamesuredanslabase
propredeY,unrésultatm∈{0,1}estobservécorrespondantauxétats|iet|−i,respecti-
vement.L’étatrésultantestdonnéàl’Eq.(1.6).
m=0−−→|i (acosθ2−bsin
θ
2)|0+(asin
θ
2+bcos
θ
2)|1 (1.6)
=|i(cosθ21l+sin
θ
2XZ)|ψ
=|iexp(−iθ2Y)|ψ =|iRY(θ)|ψ
m=1−−→|−i (acosθ2+bsin
θ
2)|0+(−asin
θ
2+bcos
θ
2)|1
=|−i(cosθ21l−sin
θ
2)XZ|ψ
=|−iexp(iθ2Y)|ψ =|iRY(−θ)|ψ
L’injectiondel’état|Yθ appliquelarotationRY(θ)(casm=0)ouRY(−θ)=R†Y(θ)(cas
m=1)aléatoirement,dépendammentdurésultatdelamesure.Lefaitquel’anglede
rotationsoitaléatoirereprésenteunecomplicationsupplémentaire,maiscele-cin’estpas
insurmontable,carl’anglederotationappliquéesttoutdemêmeconnu.
Danslebutd’utiliserl’injectiond’étatspourcompléternotregroupedeportesapproxi-
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mativementuniversel,ilsuﬃtqu’unesourced’étatsnon-stabilisateurssoitdisponible.De
plus,pourqu’unétat|Yθ soitnon-stabilisateurilsuﬃtqueθ=mπ2,oùmestunentier
quelconque.L’état|Yπ/4 esttypiquementutiliséetonlenommesouvent|H,carils’agit
del’étatpropre+1delatransformationdeHadamard.
1.4 Distilationd’étatsmagiques
Commenousl’avonsvuauxsectionsprécédentes,noussommesrestreintsàlapré-
parationd’étatsstabilisateursetàl’applicationdeportesdeCliﬀord.Or,pourcompléter
notreensembleuniverseldeportes,nousavonsaussivuquel’onpouvaitutiliserunesource
d’étatsnon-stabilisateurspourinjecterdesportesnon-Cliﬀordàl’aided’uncircuitdeClif-
ford.Leproblèmedelapréparationdecesétatsressourcesdemeure.Ladistilationoﬀre
unesolution.
Commel’injection,ladistilationd’étatsnefaitintervenirquedescircuitsdeCliﬀordet
supposeunesourced’étatsnon-stabilisateurs.Parcontre,cesétatsnesontpassupposés
«parfaits».Noussupposonsplutôtqu’ils’agitd’étatsmixtessuﬃsammentprèsdel’état
ressourceidéal.Ladistilationpermetalorsdeprendreplusieurscopiesimparfaitesdel’état
magiqueetd’enretirerunnombremoindre,maisdeplusgrandequalité.Plusformelement,
supposonsquenotresourcefournissedesétatsρpourlesquelsD(ρ,|Yθ Yθ|)=,oùD
estunemesurededistanceentreopérateurs,parex.lanormedetrace.Unprotocolede
distilationpermetdeprendrencopiesdeρetd’obtenirm<ncopiesd’unnouvelétat
ρtelqueD(ρ,|Yθ Yθ|)∼αβoùα (nβ)estunfacteurcombinatoireetβ≥1.Dansles
discussionsàvenir,nousdironsqu’unétatmagiqueimparfaitestplus«propre»qu’un
autres’ilestplusprèsdel’étatmagiqueidéal.
Plusconcrètement,nousnousatardonspourlasuitedecechapitreàdeuxexemples
simples.Ils’agitdupremierprotocolededistilationintroduitparBravyietKitaev[16]
etd’unautreintroduitparReichardt[17].1Avantd’étudiercesexemplesconcrets,nous
introduisonsbrièvementdesconceptsimportants.
1.Iln’estpasnécessairedelirecesarticlespourlasuite.
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1.4.1 Seuil,ereurrésidueleetrendement
L’erreursurunétatmagiqueapproximatifestsouventcalculéeàl’aided’unemesure
dedistance,ladistancedetraceparexemple.Nousnotons cetedistance.Àlasuitedu
protocolededistilationl’erreurrésiduelealaforme out=αβin+O(β+1).L’erreurseuil,
seuil,àpartirdelaquelelaqualitédel’étatestamélioréeparladistilationestdonnéepar
out= in.Au-delàdeceteerreurseuil,l’étatesttropdissemblabledel’étatressourcedésiré
etiln’estpaspossibledeledistileràl’aideduprotocoleconsidéré.
Certainsprotocolesdedistilationontégalementuneprobabilitéderejet,quenous
notonsδici.Laprobabilitéd’accepterl’étatàlasortieestdonc1−δ.Deplus,leprotocole
consommencopiesdel’étatmagiqueimparfaitpourenredonnermdeplusgrandeprécision.
Onappelelerendementduprotocoleleratioγ=mn(1−δ)quireprésentelenombremoyen
d’étatsaméliorésatendusparétatinvesti.Enappliquantleprotocoledemanièreitérative
kfoisnousobtenonsγkétatsdistilésparétatinvestiavecuneerreurrésidueledel’ordre
de βk.Lenombredecopiesimparfaitesconsomméesestexponentielalorsquel’erreurest
suppriméedemanièredoublementexponentiele,cequirendleprotocoleeﬃcace.
1.4.2 Distilationaveclecodeàcinqqubits
BravyietKitaev[16]ontproposéd’utiliserlecodeàcinqqubits[18,19],danslebut
dedistilerl’état|A =cosβ|0+eiπ/4cosβ|1oùcos2β=1/√3.2Ilestplusfacilede
visualiser|A enl’écrivantsouslaformed’unematricedensitéρA=12(1l+ 1√3(X+Y+Z)).
Ils’agitdel’étatsurlasphèredeBlochdansladirection(1,1,1).
Lecodeàcinqqubitsestuncodestabilisateurencodantunqubitlogique.Legroupe
stabilisateurestdoncgénéréparquatreopérateurs.Unexempledegénérateuretd’opérateurs
logiquesestdonnéauTab.1.1.Cetensembledegénérateursestparticulièrementsimple
puisqu’ils’agitdespermutationscycliquesdeXZZX1l.D’aileurs,notonsques1s2s3s4=
ZZX1lXestaussiunedecespermutationsetpourraitremplacern’importelequeldesquatre
générateursintroduits.NousnotonslegroupestabilisateurcorrespondantSetlecode
CS.CecodepossèdeuneportedeCliﬀordtransverse,A=SH.Danslebutdemieux
comprendresoneﬀet,explicitonscommentlesmatricesdePaulisonttransforméesparcete
2.Danslapublication,cetétatestappelé|T,maisaujourd’hui,Tfaitplutôtréférenceàlarotationd’angle
π/4autourdel’axeZdelasphèredeBlochetàl’étatcorrespondant|T =|0+eiπ/4|1.
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s1 =XZZX1l
s2 =1lXZZX
s3 =X1lXZZ
s4 =ZX1lXZ
X =XXXXX
Z =ZZZZZ
Tableau1.1Générateursdustabilisateuretopérateurslogiquesducodeàcinqqubits.
opération,cf.Eqs.1.7-1.9.
AXA†=Z (1.7)
AYA†=X (1.8)
AZA†=Y (1.9)
L’opérateurdeCliﬀordApermutedemanièrecycliquelesmatricesdePauli.Sansmême
faireladiagonalisationexplicitement,nousdéduisonsdecepointdevuegéométriquequeA
estunerotationd’angle2π/3autourdel’axe(1,1,1).Parconséquent,|A estunétatpropre
deA.Eneﬀet,commel’axederotationcoupelasphèredeBlochaupointcorrespondant
à|A,unerotationautourdecetaxenepeutmodiﬁercetétat,c.-à-d.elenepeutquelui
ajouterunephase.Cecin’estpasuncoïncidencecommenousleverrons.Deplus,comme
ceterotationdeSU(2)estd’ordretrois,sesvaleurspropresdoiventêtree±i2π/3.
PourvériﬁerqueAestuneportetransversedeCS,ilfautvériﬁerqueSestinvariant
sousl’applicationdeA⊗5,c.-à-d.A⊗5S(A⊗5)†=S.Notons,qu’iln’estpasnécessaireque
chaqueélémentsoitindividuelementinvariant.Pouralégerlanotation,nousécrivonsA5
poursigniﬁerA⊗5.Nousvériﬁons
A5s1A†5=ZYYZ1l=s1s3s4, (1.10)
A5s2A†5=1lZYYZ=s1s2s4, (1.11)
A5s3A†5=Z1lZYY=s1s2s3, (1.12)
A5s4A†5=YZ1lZY=s2s3s4. (1.13)
EninversantlesEqs.1.10-1.13,nousobtenonslesanciensgénérateursenfonctiondes
nouveaux.Nousenconcluonsquelegroupedanssonensembleestpréservé.Cecimontre
quel’opérationtransverseA⊗5estuneopérationlogique,c.-à-d.elepréservelecodeCS.
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Pourdécouvrirsoneﬀetlogique,ilfautétudiercommentlesopérateursdePaulilogiquesse
transformentsoussonaction.Àl’aidedesEqs.1.7-1.9,nousavons
A5XA†5=Z, (1.14)
A5YA†5=X, (1.15)
A5ZA†5=Y. (1.16)
Nousenconcluonsquel’opérateurAappliquédemanièretransverseestuneopération
logiquesurlecodeetqu’ils’agitprécisémentdelatransformationA,c.-à-d.A5=A.
Considéronsmaintenantladistilationdel’état|A.Demanièresimilaireàcequiaété
faitplushaut,nousposons|Ai =|A⊗i.L’étatàcinqqubits|A5,étantunétatproduit,
nepeutêtreunétatducodeàcinqqubits,|A5 /∈CS.Parcontre,c’estunétatpropredeA,
carchaque|A estindividuelementunétatpropredeA.CommeA|A =ei2π/3|A,nous
avons
A|A5 =A5|A5 =ei10π/3|A5 =e−i2π/3|A5. (1.17)
Ceprotocolededistilationconsisteàmesurerlesgénérateursdugroupestabilisateurdans
lebutdeprojeter|A5 surlecodeCS.Lerésultatdelamesureestprobabiliste,maisnous
ignoronscedétailpourl’instantetnoussupposonsquenouspouvonsprojeter|A5 sur
lecodeCS.L’opérateurdeprojections’écrit∏S= 116∏4i=1(1l+si).Or,commeAestune
opérationlogique,cele-cicommuteavec∏S.Donc,∏S|A5 estforcémentunétatpropre
del’opérateurlogiqueA,c.-à-d.
A∏
S
|A5 =∏
S
A|A5 =e−i2π/3∏
S
|A5. (1.18)
Deplus,ils’agitdel’étatpropreàvaleurpropree−i2π/3,c.-à-d.∏S|A5 estl’étatA⊥
encodé.Considéronsmaintenantl’état|A4 ⊗ A⊥ .NousavonsalorsA5|A4 ⊗ A⊥ =
ei6π/3|A4 ⊗ A⊥ =|A4 ⊗ A⊥ etdonc,
A∏
S
|A4 ⊗ A⊥ =∏
S
A5|A4 ⊗ A⊥ =∏
S
|A4 ⊗ A⊥ . (1.19)
Nousvoyonsque∏S|A4 ⊗ A⊥ estunétatpropredeAàvaleurpropre+1.Or,+1n’est
pasunevaleurpropredeA.Nousendéduisonsque∏S|A4⊗ A⊥ =0.Ceraisonnement
estvalidepourtoutétatproduittensorieldequatrecopiesde|A etd’unecopiedeA⊥ ,
leurordrenejouantaucunrôleici.
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Poursuivonsnotreanalyseetconsidéronscinqpréparationsimparfaitesde|A.Une
préparationréalistedecetétatrésulteenunematricedensitéquipourraitàprioriseretrouver
n’importeoùdansla«boule»deBloch.Toutefois,grâceàlaporteAele-même,nouspouvons
appliqueruneopérationdedéphasagedanslabasedéﬁniepar{|A ,A⊥ }:
D(ρ)=13(ρ+AρA
†+A†ρA). (1.20)
Unefaçonsimpledeseconvaincrequel’opérationDdéphasedanslabase|A estd’étudier
sonactionsurlesopérateursdePauli.ToutopérateurdePaulinon-trivial,P∈{X,Y,Z},
surlequelDestappliquéerésulteen
D(P)=13(X+Y+Z), (1.21)
cequicorrespondàl’axeatendu.Nousramenonstoutétatimparfaitapproximant|A àla
formeEq.(1.22)enappliquantceteopérationdedéphasage.
ρA=(1− )|A A|+ |A⊥ A⊥|, (1.22)
c.-à-d.unétatsetrouvantlelongdel’axederotationdeA.Aulong,l’étatàcinqqubits
s’écrit
ρ⊗5A =(1− )5|A5 A5|+(1− )4|A4A⊥ A4A⊥| (1.23)
+(1− )4|A3A⊥A A3A⊥A|+···+(1− )4|A⊥A4 A⊥A4|+O(2) (1.24)
Enprojetantensuitesurlecode,nouséliminonstoutecontributiondestermesdontle
préfacteurestaupremierordreen ,c.-à-d.
∏
S
ρ⊗5A ∏S ∝(1− )
5∏
S
|A5 A5|∏
S
+O(2)˜ρ. (1.25)
Unefoisdécodé,l’étatrésultantestρA→|A⊥ A⊥|+O(2)˜ρ,où˜ρpeutêtrecalculéetoù
unenormalisations’impose.Pour pluspetitqu’un seuildéterminéàl’aidedesconstantes
cachéesdanslanotationO,nousavonsàlasortiedeladistilationunétatpluspropre
quelesétatsàl’entrée.NotonsquenouspouvonspasserdeA⊥ à|A àl’aidedel’opé-
rationdeCliﬀordYH,carA⊥ =YH|A.Pournousenconvaincre,remarquonsque
YH(X+Y+Z)HY=−(X+Y+Z).
Enmesurantlesgénérateursdustabilisateuretensélectionnantàpostériorilesinstances
oùlerésultatdelamesureestlesyndrometrivial,nousprojetonssurlesous-espacecode
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sX1 = 1l 1l 1l X X X X
sX2 = 1l X X 1l 1l X X
sX3 = X 1l X 1l X 1l X
sZ1 = 1l 1l 1l Z Z Z Z
sZ2 = 1l Z Z 1l 1l Z Z
sZ3 = Z 1l Z 1l Z 1l Z
X = X X X X X X X
Z = Z Z Z Z Z Z Z
Tableau1.2Générateursdustabilisateuretopérateurslogiquesducodeàseptqubits.
CS.Encefaisantnouséliminonstoutecontributiondesétatsformésd’unecopiedeA⊥ .
Pourtoutautrerésultat,l’étatestsimplementécarté.Pourconnaîtrelaprobabilitédesuccès
asymptotique,ilsuﬃtdecalculer(parex.àl’aidedeMathematica)lanormedel’état|A5
unefoisprojetésurlecode.Nousobtenons
A5|∏
S
|A5 =16. (1.26)
Laprobabilitédesuccèsduprotocoleestdoncasymptotiquement( →0)de1/6.Parconsé-
quent,lerendementasymptotiqueduprotocoleserésumeainsi:cinqétatssontnécessaires
pourenproduireunpluspropreavecprobabilité1/6.Lerendementestdoncde30pour1
pouruneerreurrésidueled’ordreO(2).Ceteprobabilitédesuccèsquisatureàunevaleur
pluspetitequeunn’estpassouhaitable.Heureusement,cecin’estpasunecaractéristique
typiquedesprotocolesdedistilation.
1.4.3 Distilationaveclecodeàseptqubits
VoyonsmaintenantcommentReichardt[17]s’estserviducodeàseptqubitsintroduit
parSteane[20]pourdistilerdesétats|H =cosπ8|0+sinπ8|1.Cetexempleestimportant,
carl’état|H etlecodeàseptqubitsapparaissentdanslesarticlesdeschapitresàvenir.Les
générateursdustabilisateurducodeàseptqubitsainsiquesesopérateurslogiquessont
présentésauTab.1.2.CecodeappartientàlafamiledescodesCSSpourlesquelsilexiste
unensemblegénérateuroùchaqueopérateurn’estconstituéquedeXet1loubienquedeZ
et1l.Danscequisuit,nousdistinguonslesdeuxsous-groupesXetZdustabilisateur.Nous
lesnommonsSX= sXi etSZ= sZi.
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NouspouvonsfacilementnousconvaincrequelaportetransverseH⊗7=H7estl’opé-
rationlogiqueH.Toutd’abordrappelonsqueH«échange»XetZ,c.-à-d.HZH=Xet
vice-versa.Puis,notonsquelesupportdesgénérateursestlemêmepourlesopérateurs
sXietsZi.Nousenconcluonsquepourtouti,HsXiH=sZietvice-versa.Parconséquent,les
sous-groupesSXetSZnesontqu’échangésetlegroupeSestpréservédanssonensemble.
Donc,H7esttransverse.Ensuite,notonsquelesupportdesopérateurslogiquesestaussile
mêmepourXetZetalorsH7XH7=Z.H7estuneopérationlogiquequi«échange»Xet
Z,c.-à-d.H7=H.
Demanièresimilaireàladistilationducodeàcinqqubits,nousavonsque|H7 n’est
pasunétatducode,maisesttoutdemêmeunétatpropredeH.Poureﬀectuerladistilation,
nousleprojetonssurlecode.Danscecas-ci,ilestpossibledecalculerexplicitementle
recouvremententrelecodeetlesétatssanserreursoubienavecuneseuleerreur.Regardons
deplusprèsl’état|H7 sousformed’opérateurdensité.Nousavons
|H7 H7|= 127(1l+H)
⊗7 (1.27)
= 127(1l7+
7∑
i=1
Hi+∑
i<j
Hi⊗Hj+···+H⊗7). (1.28)
Aussi,remarquonsquetouslesélémentsnon-triviauxdesstabilisateursSXetSZsontde
poidsquatre.Leprojecteursurlecodes’écrit
ΠSX= 123∑s∈SXs, (1.29)
ΠSZ= 123∑s∈SZs, (1.30)
oùpourtouts∈SX−{1l}ous∈SZ−{1l},|s|=4.Puis,notonsunesériedepropriétés
importantes.Toutd’abord,remarquonsque
Tr(H)=Tr(X)=Tr(Z)=Tr(Y)=0, (1.31)
Tr(XH)=Tr(ZH)=√2, (1.32)
Tr(XZH)=0. (1.33)
Rappelonsaussiqu’engénéral
Tr(A⊗B)=Tr(A)Tr(B). (1.34)
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Lerecouvrementsecalculecommesuit
Tr(ΠSXΠSZ|H7 H7|). (1.35)
Pourdéduirelavaleurdecetetrace,nousétudionslesdiﬀérentstermesquiseprésentent
danslasommeetquirésultentduproduitdesexpressions1.28,1.29et1.30.Toutd’abord,
nouspouvonsdéjàconclurequeletermequiestleproduitdesopérateursidentitéaune
contribution1/64.Ensuite,dèsqu’untermeaunecomposanteXZoubienXZH,alorssa
traceestnule,cf.Eq.(1.31),Eq.(1.33)etEq.(1.34).NousenconcluonsquelapartieXetla
partieZdustabilisateurnepeuventavoirdesupportencommun.Or,commeleséléments
non-triviauxdesdeuxstabilisateurssonttousdepoidsquatreetqu’iln’yaqueseptqubits
autotal,celaestimpossible,saufsiunedesdeuxpartiesesttriviale.End’autresmots,les
termescontribuantàlatraceontsoitleurpartieX,soitleurpartieZ,triviale.Deplus,comme
Hatracenule,ilfautaussiquelesupportdustabilisateuretceluidutermeenH(Eq.(1.28))
coïncident,cequin’estpossiblequepourcertainstermesdepoidsquatre.Étantdonnéun
telterme,seulementdeuxstabilisateurssontpossibles,unXetunautreZ.Chacundeces
termesaunecontribution1/256.Ilyasepttermesnon-triviauxpartypedestabilisateurs,
c.-à-d.|SX−{1l}|=|SZ−{1l}|=7,donc14termesautotal.Latracedel’Eq.(1.35)vaut
donc1/64+14/256=9/128.
Danslecasoùuneerreurs’estproduite,nousavonsplutôtcommeétatinitialquelque
chosecomme
|H6H⊥ H6H⊥|= 127(1l+H)
⊗6⊗(1l−H). (1.36)
Certainstermespertinentsàlatracepermetantdecalculerlerecouvrementsontaﬀectés
d’unsignemoins,dûaudernierfacteurdel’Eq.(1.36).Enfait,exactementhuitdes14termes
sontaﬀectés,carchaquequbitparticipeàexactementquatrestabilisateursSXetSZnon-
triviaux,cf.Tab.1.2.Autotal,nousavonsquelatracevaut1/64+6/256−8/256=1/128.
Enrésumé,nousavons
Tr(ΠSXΠSZ|H7 H7|)=9/128, (1.37)
Tr ΠSXΠSZ|H6H⊥ H6H⊥|=1/128, (1.38)
...
Tr ΠSXΠSZ|H⊥H6 H⊥H6|=1/128. (1.39)
L’étatpassedoncd’uneerreur àuneerreurrésiduele7/9+O(2).Laprobabilitéde
succèsasymptotique(→ 0)estde9/128.Lerendementestdoncde896pour9(∼1%).
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Ceprotocolecomportedeuxproblèmesmajeurslerendantinutileenpratique:l’erreur
résiduelenedécroitqu’exponentielement,carβ=1,etlerendementesttrèsfaible.
Laquêtedeprotocolespluseﬃcacesquelesdeuxprésentésci-hautamotivélarecherche
danscedomaine.Eneﬀet,ladistilationsembleêtrelegoulotd’étranglementprincipaldu
calcultolérantauxfautes.C’estàceproblèmequelesarticlessuivantss’ataquent.
Chapitre2
Article:
Distilationofnon-stabilizerstatesfor
universalquantumcomputation
GuilaumeDuclos-Cianci,KrystaM.Svore,Distilationofnon-stabilizerstatesforuniversal
quantumcomputation,Phys.Rev.A88,042325(2013).
2.1 Contexte
Àl’été2012,j’aieulachancedefaireunstagechezMicrosoftResearch(Redmond,
WA)danslegroupeQuantumArchitectureandComputation(QuArC)souslasupervisionde
KrystaSvore.L’objectifinitialduprojetétaitdeprogrammerlesdiﬀérentsprotocolesde
distilationexistantsenutilisantlasuitelogiciele«Liqui|»(prononcéliquid)encoursde
développementchezeux.Cele-cipermetdesimulerclassiquementunordinateurquantique
basésurlemodèledescircuits.Aprèsm’êtrefamiliariséaveclalitératuresurlesujetdurant
lespremièressemaines,jeleuraiplutôtproposédemelaisserexplorerquelquesidéesqui
m’étaientvenueslorsdemonétude.Unpointparticulierdesdiﬀérentsprotocolesdedistil-
lationproposésjusqu’alorsétaitquelesétatsd’entréeetdesortiedecesprotocolesétaient
toujourslesmêmes.Àcelas’ajoutaitl’intuitionqu’unensembledeportesélémentaires
sur-completpourraitréduirelecoûtdecompilationdediversesportes.Monidéeétaitdonc
deconcevoirunprotocolededistilationquimodiﬁeraitlesétatsencoursdedistilation.
Jen’ysuisquepartielementarrivé.J’aiproposéunefamiled’étatsressourcesobtenusde
manièreitérativeàpartird’unétatressourceracinequidoitlui-mêmeêtredistiléàl’aidede
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protocolesdéjàétablis.J’aimontréquel’usagedesétatsappartenantàcetenouvelefamile
permetd’eﬀectuerdesrotationsautourdesaxesdePauliavec,enmoyenne,unnombrede
portesréduitparrapportauxprotocolesexistantaumomentdelapublication.Uneautre
utilitédecetefamiled’étatsestqu’elepermeted’appliquerlaporteVY=RY(arccos(35)),
quieleesteﬃcacementdensedansSU(2)[21].Cestravauxontaussimenéàunedemandede
brevetparMircosoft[22].Krystaetmoiavonstousdeuxparticipéàlarédactiondel’article
àpartségales.CestravauxontétéacceptésàlaconférenceTheoryofQuantumComputation,
CommunicationandCryptography(TQC)2013,maisjen’aipumeprésenteràlaconférence
pourdesraisonsdesanté.
2.2 Résumé
LessectionsIetIIintroduisentletravailetrappelentl’injectiond’états.Lasection
2.3ci-dessousintroduitlesnotionsdecoûtsdirectsetdiﬀérésquiapparaissenttoutau
longdel’article.Bâtissantsurlesprotocolesexistants,noussupposonsquenousavonsà
notredispositionunebanqued’états|H =cosπ8|0+sinπ8|1arbitrairementpropres.
CommecelaestexpliquéàlasectionIII,nouspouvonsàl’aidedecesétatsetd’uncircuitde
Cliﬀordtrèssimplebâtirdemanièrerécursivelafamiled’états|Hi=cosθi|0+sinθi|1,
oùcotθi=coti+1π8.Àl’aidedecircuitsdeCliﬀordsupplémentaires,nouspouvonsaussi
«densiﬁer»cetefamile.Lasection2.4élaboresurlesdiﬀérentstrucsquenousavonsutilisés
pourconstruirecescircuits.Nousappelonscetefamile«écheled’états»(ladderofstates).À
l’aidedesétats|Hi,nouspouvonsréaliserl’ensembledeportesRY(±2θi).Commel’angle
derotationappliquéestaléatoirement±2θietquecesignenepeutêtrecorrigéengénéral,
lesprotocolesdecompilationusuelsnes’appliquentpas.Nousavonsplutôtoptépourune
approchequiestàlafoisdirecteetdynamique.Lacompilationestdiscutéeàlasection
IV.LasectionVcomparediﬀérentesversionsdenotreprotocoleàd’autresdéjàétablisau
momentdelapublication.Lasection2.7présentequelquescomplémentsderésultatsqui
n’ontpasétéinclusdanslapublication.Cetedernièresectiondevraitêtrelueàlasuitede
l’article.
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2.3 Coûtsdirectsetdiﬀérés
Introduisonsladistinctionentrecoûtsdirects(onlinecost)etcoûtsdiﬀérés(oﬄinecost).
Unearchitecturebaséesurlesétatsmagiquesfonctionneraitdelamanièresuivante.Une
partiedel’ordinateurquantique(probablementlamajorité)produitsanscessedesétats
magiques.Ceux-cisontalorsutilisésparlemoduledecalculquin’opèrequedestransfor-
mationsdeCliﬀord,assistéesdesétatsmagiques.Lasommedesétatsressourcesimparfaits
impliquésdanslaproductiondesétatsmagiquesestcomptabiliséeentantquecoûtdiﬀéré
tandisquelenombred’étatsmagiquesdistilésutilisésparlecalculateurpourappliquer
uneportelogiqueestplutôtcomptabiliséentantquecoûtdirect.Undesintérêtsdenotre
protocoleestqu’ilpermetdiﬀérentscompromis(trade-oﬀs)entrecoûtsdirectsetcoûtsdiﬀé-
rés.
2.4 JongleraveclescircuitsdeCliﬀord
Leprotocoledécritdansl’articlenécessiteunétatnon-stabilisateurracine(seed),comme
lemontrelaﬁgure2del’article.Leplussimpleestdeprendrel’état|H lui-mêmecomme
pointdedépart.Toutefois,cechoixn’estpasunique.Nouspréparonsaussidenouveaux
étatsnon-stabilisateursàl’aidedecircuitsdeCliﬀord.Ceux-cisontilustrésàlaﬁgure4et
autableauIdel’article.Nousavonsd’aborddécouvertlesstabilisateursdutableauI,par
essaiseterreurs,puisnousavonsconstruitlescircuitsdelaﬁgurepourlesdécoder.Nous
avonschoisilesstabilisateursdemanièreàcequesilesétatsd’entréesontdansleplanXZ
delasphèredeBloch,alorsl’étatprojetésurlecode,puisdécodé,setrouveluiaussidans
ceplan.
Pourmieuxcomprendrecommentnousavonsconstruitlescircuits,nousénuméronsà
laFig.2.1quelquesidentitésutiles.Cesidentitéssedémontrentdirectement.Nousdonnons
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X H = H Z
(a)
Z H = H X
(b)
X • = • X
X X X
(c)
• = •
X X X X
(d)
Z • = • Z
X X
(e)
• = • Z
Z X X Z
(f)
Figure2.1IdentitésutilespourmanipulerdescircuitsdeCliﬀord.
enexempleauxEqs.2.1-2.5lecalculdémontrantceledelaFig.2.1c.
X1·Λ1(X2)=X1·12(1l1+Z1)⊗1l2+
1
2(1l−Z2)⊗X2 (2.1)
= 12(1l1−Z1)⊗1l2+
1
2(1l+Z1)⊗X2 ·X1 (2.2)
= 12(1l1+Z1)⊗1l2+
1
2(1l−Z2)⊗X2 ·X2·X1 (2.3)
= 12(1l1+Z1)⊗1l2+
1
2(1l−Z2)⊗X2 ·X1⊗X2 (2.4)
=Λ1(X2)·X1⊗X2 (2.5)
Pourarriveràbâtirintuitivementdescircuitsàpartird’unensemblegénérateurd’un
codestabilisateur,nousnotonslapropriétésuivante.ConsidéronsuncircuitdeCliﬀord
quelconqueCpermetantunencodagedesgénérateursdePauli,{Zi,Xj},en{si,tj},cf.
Eq.(2.6).
si=CZiC† ti=CXiC† (2.6)
Supposonsquenousdésirionseﬀectuerunchangementdegénérateurs.Parexemple,nous
pourrionseﬀectuerunchangementdegénérateur«élémentaire»,c.-à-d.leplussimple
possible,enremplaçantungénérateurparsonproduitavecunautre:si→ sisj.Commeles
circuitsdeCliﬀordpréserventlastructuredugroupedePauli,lesrelationsdecommutation
desdiﬀérentsgénérateursdoiventresterinvariantes.Ceciimpliquequelasubstitution
d’unstabilisateursidoittoujoursêtreappliquéeendualitépourletjcorrespondant,c.-à-d.
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tj→ titj.L’Eq.(2.7)donnelaformegénéraled’untelchangementélémentaire.
si→ si=sisj tj→ tj=titj (2.7)
PourconnaîtrelecircuitdeCliﬀordpermetantdetransformerlegénérateurdecetemanière,
ilsuﬃtdenoterquel’Eq.(2.7)agitcommeΛj(Xi),maissurles{s,t}plutôtquesurles{Z,X},
cf.Fig.2.1(c-f).End’autresmots,laporteencodéeCΛj(Xi)C†eﬀectuecetetransformation
dugénérateur.Nousnousretrouvonsdoncavecl’Eq.(2.8).
si= CΛj(Xi)C† CZiC† CΛj(Xi)C†
† tj= CΛj(Xi)C† CXjC† CΛj(Xi)C†
†
(2.8)
si= CΛj(Xi)ZiCΛj(Xi)
† ti= CΛj(Xi)XiCΛj(Xi)
† (2.9)
L’Eq.(2.9)nousmontrequelecircuitC = CΛj(Xi)estlecircuitd’encodageducode
stabilisateurgénéréparlesgénérateursmodiﬁés.Unraisonnementsimilairepeutêtrefait
pourunedeuxième(etdernière)opérationélémentairequiconsisteàéchangerunsiet
unti,c.-à-d.si↔ ti.Ilsuﬃtdenoterquel’eﬀetdecetetransformationestlemêmeque
celuid’uneporteHsurZetX.LecircuitdevientdoncC=CHidanscecas.Finalement,
pourbâtiruncircuitd’encodageàpartird’ungénérateurdustabilisateurseulement,ilsuﬃt
d’appliqueritérativementdesopérationsélémentairesenpartantducodetrivialgénérépar
{Zi,Xj}.Pourchaquegénérateur,nousprocédonsdelamanièresuivante.Enboucle,nous
exprimonslegénérateurdésiréenfonctiondeceuxobtenusjusqu’alorsetnouschoisissons
arbitrairementuneopérationélémentairenousrapprochantdenotreobjectif.Unefoisle
générateurdésiréobtenu,nouspassonsaugénérateursuivantetainsidesuitejusqu’àce
quenousayonsconstruitlecircuitcomplet.Ceteprocédureestloind’êtreoptimale,c.-à-d.
qu’ilpourraitexisterdescircuitsmoinslongs,maiséquivalents.Pourdescodesfaisant
intervenirdepetitsnombresdequbits,commec’estlecasdansl’article,cetefaçonde
faireestsuﬃsante.Nousrenvoyonsà[23]pouruneméthodebeaucouppluseﬃcace,mais
peut-êtremoinsintuitive.
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2.5 Eratum
LedénominateurdeladeuxièmeetdelatroisièmeéquationdelasectionIIIdevraitêtre
sousuneracinecarréetelquel’indiquel’Eq.(2.10).
cos2θ0|0+sin2θ0|1
cos4θ0+sin4θ0
(2.10)
2.6 Article
DistilationofNon-StabilizerStatesforUniversalQuantumComputation
GuilaumeDuclos-Cianci1,∗andKrysta M.Svore2,†
1D´epartmentdePhysique,Universit´edeSherbrooke,Sherbrooke,Qu´ebec,J1K2R1(Canada)
2QuantumArchitecturesandComputation Group,
MicrosoftResearch, Redmond, WA98052(USA)
(Dated:April19,2015)
Magicstatedistilationisafundamentaltechniqueforrealizingfault-tolerantuniversalquantum
computing,andproduceshigh-ﬁdelityCliﬀordeigenstates,caledmagicstates,whichcanbeused
toimplementthenon-Cliﬀordπ/8gate. Weproposeaneﬃcientprotocolfordistilingothernon-
stabilizerstatesthatrequiresonlyCliﬀordoperations,measurement,andmagicstates.Onecritical
applicationofourprotocoliseﬃcientlyandfault-tolerantlyimplementingarbitrary,non-Cliﬀord,
single-qubitrotationsin,onaverage,constantonlinecircuitdepthandpolylogarithmic(inpreci-
sion)oﬄineresourcecost,resultinginsigniﬁcantimprovementsoverstate-of-the-artdecomposition
techniques.Finaly,weshowthatourprotocolisrobusttonoiseintheresourcestates.
PACSnumbers:03.67.Lx,03.67.Pp,03.65.Fd
Keywords:statedistilation,Solovay-Kitaevdecomposition
I. INTRODUCTION
Givenrecentprogressinquantumalgorithms,quan-
tumerrorcorrection,andquantumhardware,ascalable
quantumcomputerisbecomingcloserandclosertoreal-
ity.Formanyproposedquantumcomputerarchitectures,
e.g.,topologicalsystemsbasedonthebraidingofnon-
Abeliananyons[1–3]orthesurface-codemodelbasedon
codedeformation[4],Cliﬀordoperations,stabilizer-state
preparations,andmeasurementscanbeimplementedeﬃ-
ciently.However,theseoperationsalonearenotsuﬃcient
forquantumuniversalityandcanbesimulatedclassicaly
[5]. Magicstatedistilation[6–9]producesCliﬀordeigen-
states,whichinturncanbeusedtorealizeanon-Cliﬀord
operation,e.g.,thesingle-qubitπ/8gate,T.
Inthispaper,wepresentaneﬃcientprotocolfordis-
tilingothernon-stabilizerstates.Ourprotocolusesonly
|H -typemagicresourcestates,Cliﬀordoperations,and
measurements,andisrobusttonoiseintheresource
states.Onenotableapplicationofourprotocolisproduc-
inganarbitrarysingle-qubit,fault-tolerantunitaryoper-
ation. Previously,asingle-qubitunitaryUwasdecom-
posedintoadiscretesetofgates,typicaly{H,T},using
Solovay-Kitaevdecomposition[10,11],whicheﬃciently
producesanapproximatefault-tolerantimplementation
ofUwithcircuitdepthΘ(logc(1/)),where isthepre-
cisionandcisaround3.97[11,12].Remarkably,eﬃcient
decompositionalgorithmshaverecentlybeenproposed
whichlowercto1[13,14].EachTgateinthedecom-
posedsequencerequiresanumberofcopiesofaquantum
magicstate|H ,dependentonthespeciﬁcstatedistila-
tionprotocolandpurityofthestate[6–9]. Weshowthat
ourprotocolrequires,onaverage,onlyconstantonline
circuitdepthandfewerresourcesthanstate-of-the-art
decompositiontechniques,enablingamuchcheaper(in
numberofqubitsandgates)physicalimplementation.
InSectionI,wereviewthetwo-qubitcircuitnecessary
toapplyasingle-qubitrotationusingaresourcestate.
InSectionII,weshowthatthesamecircuitcanbeused
todistilafamiliyofresourcestates.InSectionIII,we
showhowtoeﬃcientlyusethisfamilytoimplementan
arbitrarysingle-qubitrotationeﬃciently.InSectionIV,
weshowhowtoobtaintuneabletradeoﬀsbetweenon-
lineandoﬄinecosts.Finaly,inAppendixA,weshow
numericalevidencethatourprotocolisrobusttosmal
imperfections.
II. DISTILLING MAGICSTATESAND
IMPLEMENTINGROTATIONS
Weﬁrstreviewhowtoperformanarbitraryrotation
abouttheZ-axisusingaresourcestate,andinparticu-
lartheTrotation. Astate|ψ ismagicifwecan“dis-
til”apurer|ψ statefromaCliﬀordcircuitappliedto
nnoisycopiesof|ψ. Wefocusonthe+1eigenstateof
theHadamardoperationH,|H =cosπ8|0+sinπ8|1.WeassumethroughoutthatCliﬀordoperationsareper-
fectsuchthatarbitrarilypureresourcestatescanbeob-
tainedbyapplyingadistilationprotocolrecursively[6–
9]. Weconcentrateonsingle-qubitstatesfoundineither
theXZ-orXY-planeoftheBlochsphere;notethata
statecanberotatedfromoneplanetotheotherthrough
applicationoftheCliﬀordHS†Hoperation.
Considerstatesoftheform|Z(θ)=|0+eiθ|1and
|ψ =a|0+b|1. Thecircuittoimplementarotation
aroundtheZ-axisusing|Z(θ)asaresourcestateispre-
sentedinFig.1.Uponmeasurementoftheﬁrstqubitin
thecomputationalbasis,weobtaineither
m=0−−−→a|0+beiθ|1,or
m=1−−−→aeiθ|0+b|1=a|0+be−iθ|1,
eachwithprobability1/2. Thus,therotationangleis
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FIG.1.Circuittorotatebyangle±θaroundtheZ(X
|Z(✓)i X(Z) |mi
| • Z(X)((1)m✓)| i
|H0i X |0i(|1i)
|Hi • |Hi+1i(|Hi1i)
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|H0i(|+i) • • H 0
|H0i H X • • H H| 0(1)i
|H0i X Z X 0
|H0i • • H 0
|H0i X X H | 2i
|H0i • X 0
|H0i X • 0
1
)-axis.
FIG.2. Two-qubitcircuitusedtoobtainnew|Hi states
frominitialresourcestates|H . Uponmeasuringthe0(1)
outcome,theoutputstateis|Hi+1 (|Hi−1).
randomlyeitherθor−θ,uptoglobalphase.Ananalo-
gouscircuitperformsarotationabouttheX-axis[4].
Asanexample,considertheXY-planeversionof|H :
|Z(π/4)=HS†|H =|0+eiπ/4|1.
UsingthecircuitinFig.1,wecanimplementaZ-rotation
ofangle±π/4,producingatrandomeithertheTgate
oritsadjoint,T†. Wecandeterministicalycorrectthe
anglebyapplyingthephasegateS:ST†|ψ =T|ψ.For
generalrotations,deterministiccorrectionisnotpossible
usingonlyCliﬀordgates.
III. DISTILLINGOTHER NON-STABILIZER
STATES
Wenowpresentourprotocolforproducingothernon-
stabilizerstatesusingaverysimpletwo-qubitCliﬀord
circuitand|H statesasaninitialresource.
ConsiderthecircuitofFig.2. Onecaneasilyverify
thatitmeasurestheparityofthetwoinputqubitsand
decodestheresultingstateintothesecondqubit. Con-
siderthetwoinputstobe|H statesanddeﬁneθ0= π8and|H =|H0 =cosθ0|0+sinθ0|1.Thenuponappli-
cationofthecontroled-NOTgateΛ(X),
|H0|H0 Λ(X)−−−→cos2θ0|00+sin2θ0|01
+cosθ0sinθ0(|11+|10).
Uponmeasurementmoftheﬁrstqubit,wehave
m=0−−−→cos
2θ0|0+sin2θ0|1
cos4θ0+sin4θ0 ,or
m=1−−−→ 1√2(|0+|1).
Wedeﬁne θ1suchthat
cosθ1|0+sinθ1|1=cosθ
20|0+sinθ20|1
cos4θ0+sin4θ0 ,
from which wededucecotθ1 =cot2θ0. Wedeﬁne
|H1 =cosθ1|0+sinθ1|1,anon-stabilizerstateob-
tainedfrom|H states,Cliﬀordoperations,andmeasure-
ments.Ifthemeasurementoutcomeis1,thenweobtain
FIG.3.Obtainingnon-stabilizerstatesfrominitial|H states.
Using|Hi and|H0 statesprobabilisticalyyieldsa|Hi−1 or
|Hi+1 usingthecircuitofFig.2.Eachladderstepcostsone
|H0 state,excepttheﬁrstonewhichcoststwo.
astabilizerstateanddiscardtheoutput(seeFig.2).The
measurementoutcomesoccurwithrespectiveprobabili-
tiesp0=cos4θ0+sin4θ0=34andp1=1−p0=14.Wenowrecurseonthisprotocolusingthenon-
stabilizerstatesproducedbythepreviousroundofthe
protocolasinputtothecircuitinFig.2. Wedeﬁne
|Hi =cosθi|0+sinθi|1,wherecotθi=coti+1θ0.Us-
ingasinputthepreviouslyproduced|Hi stateanda
new|H0 state,wehave
|H0|Hi Λ(X)−−−→cosθ0cosθi|00+sinθ0sinθi|01
+sinθ0cosθi|10+cosθ0sinθi|11.
Uponmeasurementoftheﬁrstqubit,wehave
m=0−−−→(cosθ|0+sinθ|1),
m=1−−−→(cosθ|0+sinθ|1),where
cotθ = cotθicotθ0=coti+2θ0=cotθi+1,
cotθ = cotθitanθ0=cotiθ0=cotθi−1.
Thus,ifwemeasurem=0,weobtainthestate|Hi+1
andifwemeasurem=1,weobtain|Hi−1.Theproba-
bilityofmeasuring0isgivenby
p0,i=cos2θicos2θ0+sin2θisin2θ0.
Notethat34≤p0,i<cos2π8=0.853...Wecanviewthisrecursiveprocessasasemi-inﬁnite
randomwalkwithbiasednon-homogeneousprobabilities,
asFig.3ilustrates.Everytimeastepistakenalongthis
“ladder”ofstates,one|H ≡|H0 isconsumed,except
attheﬁrststepoftheladderwhenwerequiretwo|H
states;ifm=1attheﬁrstnode,wediscardtheoutput
andstartwithtwonew|H states.
Wecanproduceadenserladderofstatesbyusingaddi-
tionalresourcestates|ψ0,1,20 .TheCliﬀordcircuitgiveninFig.4(a)takesasinputfour|H states.Itmeasures
thestabilizercodegiveninTableI(a). Withprobability
3(2+√2)/32≈0.320,themeasurementoutcomeis000
andtheresultingstateis|ψ00 =cosφ00|0+sinφ00|1with
φ00=π2−cot−1 2+3
√2
6+5√2 ≈0.446.Otherwisetheoutputisdiscarded.Sincetheprobabilityofsuccessis0.320and
everytrialconsumesfourcopiesof|H0,theaveragecost
toproduce|ψ00 is12.50|H0 states.Anotherinterestingstateisobtainedusingthesame
circuitwithoneinputstatereplacedwitha|+ state.
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3(a)
S ± 0123
s0+XZX.
s1+. XZX
s2+X. XZ
Z +ZZZZ
(b)
S ± 0123
s0+XXXX
s1+Z. Z.
s2+Z. . Z
Z +ZZZZ
TABLEI.Thestabilizercodedecodedbythecircuitof(a)
Fig.4(a)and(b)Fig.4(b).
Measurement000isobtained withprobability(6+√2)/32≈0.232,resultinginthestate|ψ10 =cosφ10|0+
sinφ10|1withφ10=π2−cot−1 2
√2
3+√2 ≈0.570.Sincetheprobabilityofsuccessis0.232andeverytrialconsumes
three|H0 states,theaveragecosttoproduce|ψ10 is12.95|H0 states. Fig.4(a)showsacircuitwhichpro-
ducestheoutputstate|ψ20 =cosφ20|0+sinφ20|1with
φ20= π2−cot−1 76√2 ≈0.690,whenmeasurement000
isobtained(withprobability11/32≈0.344).Theprob-
abilityofsuccessis0.344andtheaveragecosttoproduce
|ψ20 is11.64|H0 states.Nowwecanuseoneofthesenon-stabilizerstatesasin-
puttothecircuitinFig.2inplaceofthetop|H0 state.
Beginwithstates|ψi0 and|H0.Ifm=1,thestateisdis-carded.Otherwise,weobtain|ψi1 =cosφi1|0+sinφi1|1,wherecotφi1=cotφi0cotθ0.Asbefore,wedeﬁne|ψji =
cosφji|0+sinφji|1,wherecotφji=cotφj0cotiθ0.Ifwe
inputstates|ψji and|H0,weobtain
|H0|ψji Λ(X)−−−→cosθ0cosφji|00+sinθ0sinφji|01
+sinθ0cosφji|10+cosθ0sinφji|11,
suchthattheoutputstateis,dependingonthemeasure-
mentoutcome,
m=0−−−→|ψji+1 , or m=1−−−→|ψji−1.
Denser“ladders”ofstatescanbeobtainedusing|ψ0,1,20asinputsinplaceofthetop|H0 state.
Apriori,noiseinthe|H0 resourcestatescouldbe
ampliﬁedbythecircuitinFig.2andaﬀectthepurity
ofthe|Hi states.However,thisisnotthecase,andin
factanimprovementinonlineandoﬄinecostscanbe
obtainedsinceourcircuitsalownoisier|H statestobe
usedattheﬁrststepoftheladder;seeappendixAfor
details.
IV. APPLICATIONTOSINGLE-QUBIT
ROTATIONS
Wenowshowhowtousetheladdersofstatestoen-
ablethefault-tolerantapproximationofanysingle-qubit
rotation. Resultsdonotincludetheseimprovementsin
oﬄinecost,soanadditionalgainfactorbetween2and
10,dependingon,isexpected.Recalthecircuitgiven
inFig.1.IfweinputeitherHS†H|Hi orHS†H|ψjiinplaceofthetopqubit,weobtainrotationZ(±2θi)on
|ψ.Notethatthereisafactoroftwodiﬀerencebetween
theangleθiinvolvedinthedescriptionofthestateand
therotationapplied,e.g.,the|H0 stateisoverθ0= π8,andcanbeusedtoimplementaπ4rotation.Also,since0<θi< π4(∀i),thediscontinuityofcotangentisnotaproblem.
AlthoughthecircuitinFig.1randomlyapplies±θ,
ourprotocolsstilresultineﬃcientapplicationofthe
desiredZ-rotation. Weproposethefolowingprotocolto
approximateaZ-rotationZ(φ):
1.Setdesiredaccuracy.
2.Pickatargetrotationangle0<φ<2π.
3.Findthestate|Hi (ordenserstate|ψji)suchthat2θiisclosetoφ.
4.Simulateaninstanceoftheladdertoobtainthat
stateandadditscosttotheoﬄinecost.
5.Applyarotationusing|Hi (ordenserstate|ψji)asinputtothecircuitofFig.1andaddonetothe
onlinecost.
6.Recurseonsteps3through5untilthedesiredac-
curacyisreached.
Thus,onehastoimplementasequenceofjrotations
{Z(2θij)}on|ψ usingthesequenceofstates{|Hij },suchthatZ(φ)≈ jZ(2θij). Thenumberofrotations
requiredisgivenby{|Hij }(i.e.,onlinecost,seebelow).Wedeﬁnetheaccuracyoftheappliedrotation Vcom-
paredtothetargetrotationU=Z(φ)as
max|ψ D(U|ψ ψ|U
†,V|ψ ψ|V†),
whereD(ρ,σ)isthetracedistancebetweenstatesρ
andσ.IfUandVarerotationsaboutthesameaxis,
whichisourcase,onecanshowthatforsmal an-
glesofrotation,thisreducestothediﬀerenceofrota-
tionangles: = ∆φ. In[12],thedistance measure
usedisD(U,V) = (2−|tr(UV†)|)/2. Inthecase
ofrotationsaboutthesameaxis,itcanbereducedto
1−|cos(∆φ)|≈∆φ/√2forsmal ∆φ.
Wedeﬁneanonlineandoﬄinecosttoapplyaunitary
gate. Theonlinecost,Con,istheexpectednumberof
|Hi statesrequiredtoimplementtheunitary. Theof-
ﬂinecost,Coﬀ,isthetotalnumberofdistiled|H0 states
requiredtoobtainaloftheintermediate|Histatesused
toperformthegivenunitary.ForSolovay-Kitaevdecom-
position,theoﬄinecostequalstheonlinecostandis
givenbythetotalnumberofTandT†gatesinthede-
composition.Inbothcases,wedonotcountthecostof
initialydistiling|H0 states.
Wesimulated∼1.8×104instancesofour|H protocol,
eachforarandomangleφandtargetaccuracybetween
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(a) (b)
FIG.4.(a)Circuittoproduce|ψ00 (|ψ10)states.(b)Circuittoproduce|ψ20 states.
(a)
(b)
FIG.5. (Coloronline)Simulationoftargetaccura-
ciesforrandomangles. (a)Fulline: Fitoftheaverage,
ln(Con)=−0.21+1.23ln(ln(1/)).Dashedlines:standardde-
viationaroundthemean,ln(∆Con)=−0.30+0.83ln(ln(1/)).
(b) Fulline: Fitoftheaverage,ln(Con) =−0.44+
2.22ln(ln(1/)).Dashedlines:standarddeviationaroundthe
mean,ln(∆Con)=0.02+1.87ln(ln(1/)).
10−12< <10−4. WeassumethatCon∼lncon(1),andCoﬀ∼lncoff(1),whereConandCoﬀaretheonlineand
oﬄinecosts,respectively,suchthatlnCon∼conlnln(1),
andlnCoﬀ ∼ coﬀlnln(1). Theresultsaregivenin
Fig.5. Fromlinearﬁtstothedata,weﬁndln(Con)=
−0.21+1.23ln(ln(1/))withastandarddeviationaround
themeanofln(∆Con)=−0.30+0.83ln(ln(1/)),and
ln(Con) =−0.44+2.22ln(ln(1/)) withastandard
deviationaroundthe meanofln(∆Con) = 0.02+
1.87ln(ln(1/)). Wededucethatcon∼1.23andcoﬀ∼
2.
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22forourprotocol.
Forthedenserprotocol,theoﬄinecostsare12.50,
FIG.6.(Coloronline)Dots:Rotationanglesachievableusing
the|Hi,|ψ0i,|ψ1i,|ψ2i protocol,respectively.
12.95,and11.64for|ψ00,|ψ10,and|ψ20,respectively.Thedensersetofstatesresultsinimprovedscalings
forboththeonlineandoﬄinecosts:con∼ 1.04andcoﬀ∼1.64,where denotesthedenserprotocol. How-ever,theoﬄinecostsofournewstates|ψi0 areimprovedonlywhenprecisionsaresmalerthen ≈1.28×10−5.
Fig.6showstheanglesthatareobtainableusingourfour
protocols.
Fig.7showsthebehavioroftheprotocolsonZro-
tationsandarbitraryrotations. Foranarbitraryrota-
tion,recalthatasingle-qubitunitaryUiscomposed
ofthreerotationsaroundtheX-andZ-axes[15]:U∝
X(α)Z(β)X(γ),forsomeanglesα,β,γ. Wecanuseour
protocoltoimplementbothZandXrotationsasprevi-
ouslyoutlined.Fig.7(a)plotstheﬁtforSolovay-Kitaev
decomposition[12](solidline),theonlinecost(dashed),
andoﬄinecost(dotted).Foralpracticalprecisions,the
onlinecostofourproposedschemeisconsistentlysmal-
est.Theoﬄinecostisadvantageouswhen ≤4.41×10−4
forZ-rotationsand<1.03×10−6forrandomunitaries.
V. MINIMIZINGONLINECOST
Wecanfurtherminimizetheonlinecostbyconsider-
inginsteadthefolowingprotocoltoimplementaZro-
29
5Ε
(a)
Ε
(b)
FIG. 7. (Color online) Cost of (a) randomZ-rotations and
(b) random unitaries as a function of precision. Solid line:
SK decomposition [12]. Dotted line: Oﬄine cost using|H ,
or{|ψ0,|ψ1,|ψ2}as initial resources. Dashed line: On-
line cost using|H ,or|ψ0,|ψ1,|ψ2}as initial resources.
The shaded regions around the dashed and dotted lines repre-
sent the standard deviation around the mean. (a) ln(CZSK)=−4.88 + 4.41 ln(ln(1/)); ln(CZOn)=−0.46 + 1.04 ln(ln(1/));ln(CZOﬀ) =0.96 + 1.64 ln(ln(1/)). (b) ln(CSK) =−2.67 +3.40 ln(ln(1/)); ln(COn) =−0.46 + 1.04 ln(ln(1/)) + ln 3;ln(COﬀ)=0.96 + 1.64 ln(ln(1/)) + ln 3.
tation by angleφ: Prepareoﬄinethe state|Z(φ)using
the protocol described to apply|Z(φ)to a|0 ancila.
Then, use|Z(φ)onlineto apply the rotation to the de-
sired qubit. With probability12, the rotationZ(φ)isapplied and the online cost is 1. If it fails, prepareoﬄine
|Z(2φ); with probability12,Z(φ) is applied online andthe online cost is 2. If it fails, prepareoﬄine|Z(4φ),
and so on. The probability that the procedure requires
exactlyniterations decreases exponentialy withn;the
process is a negative binomial of parameterp= 12andthe expected number of online rotations for success is
∼ 1p= 2. We simulated this process for random angles
0<φ<2πand accuracies 10−12< <10−4and found
the expected number of online rotations isCon =1.99and the oﬄine cost iscoﬀ∼1.75. Note that any methodcan be used to prepare the ancila state oﬄine, and here
we use our protocol for preparation. We discovered after
writing that a similar technique was described in [16].
θ C =10−4 =10−8 =10−12
π/16 CSK 43.83 2646 29120
Con 10.20 24.52 41.95
Con 5.88 12.48 19.38Coﬀ 73.06 349.8 874.4
Coﬀ 98.29 306.1 595.0
π/128CSK 53.84 2879 29530
Con 5.47 18.96 39.27
Con 3.32 9.27 16.91Coﬀ 49.18 313.0 923.9
Coﬀ 52.60 234.1 560.8
π/1024CSK 128.1 2594 15075
Con 7.99 23.08 42.93
Con 3.00 8.37 15.23Coﬀ 77.42 381.3 969.1
Coﬀ 65.75 245.5 530.7
TABLE I I.ConandCoﬀare online and oﬄine costs using only
|H states, to precision.ConandCoﬀrefer to the costs forthe denser protocol.CSKis the extrapolated cost using [12].
´
´
Z-Rotation Online Cost
FIG. 8. (Color online) Comparison of online (solid) and of-
ﬂine (dashed) costs to decompose Z rotations vs. accuracy
. Methods plotted includeCPAR [16],CPS [13],CBS [12],
CF [17].COn,COﬀ,COn,COﬀ,COn,COﬀ represent our|Hladder, dense ladder, and minimal online cost with the dense
ladder, respectively. The oﬄine costs forC{BS,PS,F}are equal
to their online costs.
Table II lists the expected cost of Solovay-Kitaev
decomposition [12] compared to our protocols forZ-
rotations of anglesConandCoﬀare the online and of-
ﬂine costs using only|H states,ConandCoﬀrefer to thecosts for the denser protocol, andCSKis the extrapolated
cost averaged over al unitaries [12]. In al cases, the on-
line cost is minimal when our proposed scheme enhanced
by{|ψ00,|ψ10,|ψ20}is used. For rougher precision, e.g.,10−4, a Solovay-Kitaev decomposition may be desirable,
while for ﬁner precision, e.g., 10−8or 10−12,thecostof
the Solovay-Kitaev decomposition becomes prohibitive,
indicating the necessity and signiﬁcant advantage of our
proposed protocol.
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6Fig.8comparesthecostofstate-of-the-artdecompo-
sitiontechniqueswithourprotocols.Theplothighlights
thetradeoﬀsbetweenthevariousmethods. Notethat
weonlyplottedtwomethods,ourprotocolC andCPAR
(whichusesCFtopreparethestate),usingtheminimal
onlineframework,buttheothertechniquescouldalsobe
usedtopreparethestateoﬄine,yieldinganexpected
onlinecostof2andaroughlydoubledoﬄinecost.Our
protocolsC,C,andC exhibitaverycleartradeoﬀbe-
tweenonlinecircuitdepthandoﬄinecost.Forexample,
ifoperationsonlogicalqubitsmustbeminimized(due
tonoise),thentradingoﬄineresourcesforlowonline
circuitdepthisdesirable,makingC,C,andC advan-
tageouscomparedtoC{BS,F,PS}.C iscompetitivewith
theminimal-onlineversionsofCF(plottedasCPAR)and
CPS (notplotted).Inpractice,severaldecomposition
techniqueswilbeusedthroughoutthecompilationofa
quantumalgorithm.
Finaly,ourprotocolcanbeusedtofault-tolerantly
implementelementsoftheV basis,whichconsistsof
V{1,2,3}=(I+2i{X,Y,Z})/
√5andtheirinverses.TheV
basiswasshowntobeeﬃcientlyuniversal,guaranteeing
decompositionstobeofdepthO(log(1/))[18].Itwas
previouslydismissedasacandidatebasisfordecompo-
sitionduetotheinabilitytoimplementthegatesfault-
tolerantly. However,ourprotocolenablesfault-tolerant
implementation:V=Z(π/4)Z(2θ2),whichisaTgate
folowedbyarotationusingthe|H2 resourcestate(see
Appendixof[19]).Thishaspromptedthedevelopment
ofdecompositionalgorithmstargetedtotheVbasisthat
mayoutperformthoseforthe{H,T}basis[19].
VI. CONCLUSIONSANDFUTURE WORK
Wehaveproposedaprotocoltodistilnon-stabilizer
stateseﬃcientlyusingmagicstates,Cliﬀordoperations,
andmeasurements. Oneapplicationofourprotocolis
implementingarbitrarysingle-qubitrotationswithlower
resourcecostthanstate-of-the-artdecompositionmeth-
odsandconstantonlinecircuitdepth.However,ourpro-
tocolsandotherdecompositiontechniquesarenotexclu-
sive.Someunitariesmaybebetterimplementedusing
otherdecompositionmethods,whileourschememaybe
bettersuitedforZ-rotations,whicharecommonamong
quantumalgorithms.
Anextensionofourworkistostudyotherstabilizer
circuitsas“ladders”ofstates,ortouseSHeigenstates
distiledusingtheprotocolsof[6,8].Anotherinteresting
extensionistoformalizewhattypesofstatescanbedis-
tiledusingprobabilisticcircuitconstructions. Finaly,
optimizingthesequenceofanglesrequiredtoimplement
thedesiredrotation,ordeterminingwhentouseagiven
decompositiontechnique,wilbeanecessarycomponent
ofanyquantumcompiler.
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AppendixA: NoisyStates
Apriori,noiseinthe|H0 resourcestatescouldbe
ampliﬁedbythecircuitinFig.2andaﬀectthepurityof
the|Hi states. However,weshowthisisnotthecase.
We measuretheaccuracyoftheimperfect |Hi states
usingthetracedistanceonstatesρandσ:D(ρ,σ)=
tr( (ρ−σ)†(ρ−σ))/2. Weassumeerrorsonlyoccur
onthe|H0 states. Wenumericalystudythreetypes
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7oferrors.Fortheﬁrsterror,weassumethatthemixed
state,ρa0,isonthelinejoiningthecenteroftheBlochsphereandthetheperfectstate,i.e.,
ρa0(p)=(1−p)|H0 H0|+p|−H0 −H0|,
where|−H0 =sinπ8|0−cosπ8|1isthestateorthogonalto|H0. Wedenotetheimperfectversionof|Hiobtained
fromρa0statesasρai. Wecanalwaysbringanymixedstateintothisformusingtwirling[7].Fortheprotocol
tobepractical,werequireittoremainstableunderthe
twofolowingtypesoferrors,whereweassumethestate
ispureandtherotationisoﬀofthedesiredaxisbyδ:
ρb0(δ)=12 I+sin
π
4+δX+cos
π
4+δZ ,
ρc0(δ)=12 I+sin
π
4cosδX+sin
π
4sinδY+cos
π
4Z .
Wenumericalygenerated1000pseudo-randomin-
stancesoftheprotocoltoproduce|Hi statesfordiﬀer-
entvaluesofiforeacherrortypeandfornoisestrengths
10−4,10−6,and10−8. Figure9(a)showsanexponen-
tialdecayofthedistancebetweenerroneousandideal
states;ifwestartwitha|H0 statedistiledtoourtarget
accuracy,alsubsequentderived|Hi stateswilalsobe
distiledtothataccuracy.Thisfurthersuggeststhatfor
largervaluesofi,noisier|H0 statescouldbeusedto
stilachievethedesiredaccuracy,andinturndecrease
thenumberofdistilationrecursions(andresources)nec-
essarytopreparethe|H0 states.
ExtrapolatingfromFig.9(a),onecouldforexample
prepareρ12stateswithaccuracy10−9usingonlyinput
|H0 statesofaccuracy10−6,savingatleastoneroundof
distilationpriortoourprotocol,reducingthetotaloﬄine
cost(includingmagicstatedistilation).Usingstatesas
noisyaspossibleandusingthecostsandaccuraciespre-
sentedinTableIof[7],wewereabletoestimate,vianu-
mericalsimulations,theimprovementfactortobegained
inoﬄinecostfordiﬀerentrotationsandprecisions.The
resultsarepresentedinFig.9(b).Twoimportantbehav-
iorsarenoted.First,foranygivenrealtiveprecision/φ,
theimprovementfactorincreasesastheabsolutepreci-
sion goesdown.Second,andmoreimportantly,thereis
asmuchasanorderofmagnitudetobegainedforrota-
tionanglesthatarecomparabletothedesiredaccuracy
,e.g.,for =5×10−10andφ∼100,thereisafactor
∼11reductioninresourceoﬄinecost.
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FIG.9.(a)Evolutionofthetracedistancebetweenimperfectρaiandperfect|Hi stateswithnoisep. Exponentialdecayﬁtsgive(2.08∗10−3)×2.31−i,(1.63∗10−5)×2.28−iand(1.26∗10−7)×2.24−iforthecircle,squareanddiamonddataset,
respectively.(b)Improvementfactorofthetotaloﬄinecostusingthenoisiest|H0 statestodistil|Hi statesofprecision as
afunctionoftherelativeprecisionoftherotation/φ.
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2.7 Complémentderésultats
Notezbienqu’ilestpréférabled’avoirlul’articleavantdelirecetesection.
2.7.1 Coûtsdesétatsdel’échele
Danscetesous-section,nousfournissonsuneestimationducoûtmoyendeproduction
desétatsdel’écheleàpartird’unebanqued’états|H etàl’aideducircuitdepréparation
présentéàlaﬁgure2del’article.LaFig.2.2présentececoûtmoyen,plusoumoinsunécart-
type.Lecoûts’exprimeennombred’états|H requis.LeTab.2.1présentelesrégressions
linéairesdesrésultats.Notreanalysenenouspermetpasdeconclurequ’unedroitedela
formemx+bsoitvéritablementlacourbeverslaquelecesdonnéesconvergent.Toutefois,
l’accordaveclesrésultatsestsuﬃsantpourlegenred’estiméquenousdésironsaccomplir
ici.Uncalculdétailéimpliqueraitunemarchealéatoireavecdesfrontièresabsorbanteset
desprobabilitésdetransfertsdépendantesdei.
2.7.2 Coûtsassociésàl’échele«densiﬁée»
Danscetesous-section,nousfournissonslesrésultatsdel’estimationducoûtmoyen
pourappliquerdesrotationsd’anglesaléatoiresavecl’écheledensiﬁéeàl’aidedesétats
racinesψ0,1,2 présentésàlasectionIII,plusprécisémentàlaﬁgure4etautableauIde
l’article.LaFig.2.3estl’analoguedelaﬁgure5del’articlepourConetCof.Nousavons
échantilonnéenviron1.8×104anglesderotationsdemanièreuniformémentaléatoire
suruneéchelelogarithmiquepourdesprécisionsciblesde10−12< <10−4.L’anglede
rotationétaittoutefoistoujourschoisidemanièreàêtreplusgrandquelaprécisioncible.
2.7.3 Analysedesereurs
Danscetesous-section,nousfournissonsdesrésultatssupplémentairesrelatifsàl’ap-
pendicequidiscutedel’eﬀetdeserreurssurlesétatsd’entréeρH≈|H H|.Iln’estpas
évident,àpriori,queleprotocolesupprimeleserreurspouvantseretrouversurlesétats
ρHinitiaux.Or,ilsemblequecesoitlecas.Dansletexte,lesrésultatspourseulementun
typed’erreurssontfournis.ÀlaFig.2.4,nousprésentonslesdonnéescomplétantceles
fourniesàlaﬁgure9adel’article.NousrappelonsauxEqs.2.11-2.13lestroisdiﬀérentstypes
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Figure 2.2Coût, en nombre de|H, nécessaire à la production des états|Hi. Les points
centraux donnent le coût moyen alors que ceux au-dessus et au-dessous donnent
l’écart-type. La région ombragée représente donc l’intervale de coût typique. Tous
les points ont des barres d’erreurs représentant l’erreur statistique de l’échantilon
de taile 1000 pour les valeurs1≤i≤40. L’erreur sur la moyenne est de l’ordre
de la taile du point lui-même. L’erreur sur l’écart-type est naturelement plus
importante.
Coût moyen Écart-type
1.67+1.42i 2.10+0.172i
Tableau 2.1Régressions linéaires des données de la Fig.2.2.
(a)ln(Con)=−0.46+1.04 ln ln(1/)ln(ΔCon)=−0.072+0.619 ln ln(1/)
(b)ln(Cof)=0.96+1.64 ln ln(1/)ln(ΔCof)=1.46+1.21 ln ln(1/)
Figure 2.3Coûts direct(Con)et diﬀéré(Cof)en fonction de la précision désirée.
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(a)ErreursdutypeEq.(2.12
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). (b)ErreursdutypeEq.(2.13).
Figure2.4Suppressiondeserreurs«non-diagonales»parlecircuitdeproductiondesétats
|Hi.L’axehorizontal,i,étiquetelesétatsproduits|Hietl’axeverticaldonnela
distancedetraceentreceux-cietl’étatidéal.Lestroiscourbescorrespondentde
hautenbasàδ=10−4,10−6et10−8.
δ erreursa erreursb erreursc
10−4 (2.08×10−3)2.31−i (1.17×10−3)2.31−i (8.28×10−4)2.31−i
10−6 (1.63×10−5)2.28−i (1.03×10−5)2.30−i (7.32×10−6)2.30−i
10−8 (1.26×10−7)2.24−i (7.50×10−8)2.25−i (5.30×10−8)2.25−i
Tableau2.2Décroissancesexponentielesajustéesauxdonnéespourleserreursdetypesa,b
etc,décritesauxEqs.2.12,2.12et2.13,respectivement.
d’erreursquenousavonsétudiés.
ρa=121l+(1−2δ)sin
π
4X+cos
π
4Z (2.11)
ρb=121l+sin
π
4+δX+cos
π
4+δZ (2.12)
ρc=121l+sin
π
4cos(δ)X+sin
π
4sin(δ)Y+cos
π
4Z (2.13)
LeTab.2.2listelesdiﬀérentescourbesexponentielesajustéesauxdonnées.Commeles
erreursdetouslestypessontsuppriméesparlecircuit,nousconcluonsqu’ils’agitbiend’un
circuitdedistilation.Toutefois,lasuppressionestplutôtfaible,carelen’estqu’exponentiele.
Rappelonsquelecoûtdedistilationl’estaussi.Ilestdoncnécessaireengénéraldeprendre
desétatsracines|H debonnequalité,c.-à-d.ayantétédistilésàquelquesreprisesau
préalable.Deplus,notonsqueleserreursdetypeasontcelesquisontsuppriméesleplus
lentement,c’estpourquoinousn’avonsinclusqueceles-cidansl’article.
Chapitre3
Article:
Reducingthequantumcomputingoverhead
withcomplexgatedistilation
GuilaumeDuclos-Cianci,DavidPoulin,Reducingthequantumcomputingoverheadwith
complexgatedistilation,Phys.Rev.A91,042315(2015).
3.1 Contexte
Dansladernièreannéedemondoctorat,j’aicherchéàpousserlesidéessurlesqueles
j’avaistravailéchezMicrosoftResearch.Danscetarticle,nousétudionsunefamiled’états
magiquesrécemmentintroduiteparLandahletCesare[24]quej’aiindépendammentconsi-
déréepeuaprèsmonstageàl’été2012.L’intérêtdecetefamileestsastructureélégante,par
oppositionàceleintroduitedansl’articleprécédent.J’aidécouvertqu’uningrédientcrucial
àleurdistilationestlacapacitéd’appliquerunerotationd’angleπautourdel’axedéﬁnisur
lasphèredeBlochparl’étatàdistiler.Or,j’aiensuiteréaliséqu’onpouvaiteﬀectuercete
rotationpourunétatàl’aidedeceluiquileprécèdedanslafamile.Enmebasantencoreune
foissurunprotocolededistilationexistant,j’aimontréqu’onpouvaititérativementdistiler
touscesétats.Àl’aidedecetefamileétendue,j’aiensuitenumériquementmontréquedes
gainssigniﬁcatifsétaientaccomplisdansl’applicationdecertainesportes.J’aiprésentéces
résultatsaugroupedeJohnPreskillorsdemavisiteàCaltechendécembre2013etàla
rencontredel’APSen2014(Marchmeeting).
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θ3=π/4
θ4=π/8
θ2=π/2
Y
Z
X
Figure 3.1Quelques états de la famile|Yk. Ils se retrouvent tous sur le méridienXZde lasphère de Bloch.
3.2 Résumé
La section I de l’article discute du problème de goulot d’étranglement dans le cadre du
calcul tolérant aux fautes. La section II introduit la famile d’états magiques et reformule
le problème de la compilation dans ce contexte. Davantage de détails sont donnés dans la
section3.3ci-dessous. La section III introduit le circuit de distilation et analyse ses perfor-
mances. Certaines précisions sont apportées aux sections3.4et3.5. La section IV discute
d’un problème où l’utilisation de cete famile d’états est particulièrement appropriée : la
simulation en chimie quantique. Ele propose aussi quelques façons d’améliorer encore da-
vantage le protocole proposé. L’appendiceAdonne des détails supplémentaires concernant
l’analyse d’erreurs et l’appendiceBmontre que la décomposition en angles d’Euler d’une
petite rotation n’implique que de petits angles.
3.3 Famile d’états magiques
La famile d’états magiques que nous considérons s’exprime simplement : pourk≥2,
posons|Yk =cos(θk/2)|0+sin(θk/2)|1,oùθk=2π/2k. Tous ces états se retrouvent
le long du méridienXZde la sphère de Bloch comme le montre la Fig.3.1. À l’aide de
l’injection d’états, ceux-ci sont utilisés pour appliquer des rotations d’angleθk. Il se trouve
que ces rotations permetent de déﬁnir à leur tour une famile d’opérateurs indispensables
à leur propre distilation, opérateurs que nous notonsWk. Ils consistent en une rotation
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Z
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|Y4
|Y4
Figure 3.2Exemple de rotationW4. Nous appliquons d’abord la rotationZd’angleπ(en
vert), qui correspond à une réﬂexion du planXZ. Puis, nous appliquons la rotation
Yd’angle2θ4=θ3à l’aide de l’état|Y3 (en rouge).
d’angleπautour de l’axe déﬁni par la base{|Yk,Yk}.1Pour ce faire, nous appliquons
d’abord la rotationZd’angleπ, qui correspond à une réﬂexion du planXZ. Puis, nous
appliquons la rotationYd’angle2θkà l’aide de l’état|Yk−1. La Fig.3.2ilustre l’exemple
|Y4. Le calcul de l’Eq. (3.1) nous convainc que l’opérateur unitaireWkest hermitien.
W†k=(RY(2θk)X)†=XRY(−2θk)
=RY(2θk)X (3.1)
=Wk
Ses valeurs propres sont donc +1 et−1et ces états propres|Yk etYk. Il s’agit en fait de
l’opérateur phase dans la base correspondante.
3.4 Circuit de distilation
Les états magiques de la famile introduite ci-haut ne peuvent être préparés avec une
précision arbitrairement grande. Or, la précision de ces états limite directement la précision
des portes appliquées par leur injection. Dans le but de les rendre de plus en plus précis,
nous les distilons. Cela est fait à l’aide du circuit présenté à la Fig.3.3, circuit que nous avons
conçu, inspirés par les travaux de Meier, Eastin et Knil [25]. Nous notonsρkune préparation
imparfaite de|Yk. Nous verrons à la section suivante pourquoi ce circuit permet en eﬀet
d’améliorer la précision des états d’entrée.
1. Dans ce chapitre la barre au-dessus des états signiﬁe⊥plutôt que « encodé », contrairement aux autres
chapitres.
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|+ • • X m
ρk × ×
ρk × Wk ×
Figure3.3Circuitdedistilationpourlafamiled’états|Yk.
LesportesapparaissantdanscecircuitsontWk,déﬁnieci-haut,etΛ(Swap),oùSwapest
laporteéchangeantdeuxqubits.Ilestimplicitequel’applicationdeWknécessitel’injection
d’unétat|Yk−1,préparéaupréalableetsuﬃsammentdistilé.CommeSwapéchangedeux
qubits,laporteΛ(Swap)échangelesdeuxqubitsciblesàconditionquelequbitdecontrôle
soitdansl’état|1.Danslecasquinousintéresse,lequbitdecontrôleétantpréparédans
l’état|+,lecircuitappliquéjusqu’àlamesureexclusivementapoureﬀetdesuperposer
«qubitsintacts»et«qubitséchangés».
3.5 Analysedesereurs
Lapaired’états{|Yk,Yk},oùYk estl’étatorthogonalà|Yk,déﬁnitunebase.Un
étatquelconquepeuttoujourss’exprimercommeunematricedensitédanscetebase:
ρk=


1− ∆
∆∗

. (3.2)
Commeρkestunepréparationimparfaitedel’étatmagique|Yk Yk|,nousavons,∆ 1.
Danslalitérature,onsupposetypiquementquel’erreurn’estquediagonale,c.-à-d.qu’on
pose∆=0.Cecin’estengénéralpasjuste,maislorsquel’étatétudiéest|Y3 (θ3=π/4),
nouspouvonsnousenassurer.Eneﬀet,appelonsWψl’opérateurphasedanslabasedéﬁnie
parunétatquelconque|ψ :
Wψ|ψ =|ψ, (3.3)
Wψ ψ =− ψ . (3.4)
EnsupposantquenoussachionsappliquerWψ,nouspouvonstoujourséliminerlestermes
hors-diagonauxdeρψ(Eq.(3.2))eneﬀectuantlatransformationde«tournoiement»(twirling)
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|+ • • X 0
|Yk × ×
|Yk × Wk ×
(a)Sansaucuneerreur.
|+ • • X 1
Yk × ×
|Yk × Wk ×
(b)Avecuneerreursurlepremierétatma-
gique.
|+ • • X 1
|Yk × ×
Yk × Wk ×
(c)Avecuneerreursurledeuxièmeétatma-
gique.
|+ • • X 0
Yk × ×
Yk × Wk ×
(d)Avecuneerreursurlesdeuxétatsma-
giques.
Figure3.4Résultatsdemesurepossiblesenfonctiondediﬀérentsétatsd’entrée.
[25]suivante:
ρ→ 12ρ+
1
2WψρW
†ψ. (3.5)
Or,WY3=W3=HestuneopérationdeCliﬀord.Elepeutdoncêtreréaliséeeﬃcacementet
demanièretoléranteauxfautes.Engénéral,nousn’avonspascetechance.Danscestravaux,
nousnesupposonsdoncpasquel’erreurestdiagonaleetnousconsidéronsdesétatsdela
formegénérale,cf.Eq.(3.2).
Pourseconvaincrequelecircuitproposéestbienuncircuitdedistilation,regardons
deplusprèssoneﬀet.LaFig.3.4résumelesrésultatsdemesurepossiblesétantdonnées
diﬀérentesentrées.Siaucuneerreurn’aﬀectelesqubitsd’entrée(Fig.3.4a),alorsl’étatinitial
estunétatpropre+1deΛ(Swap)etdeWketdoncrienneseproduitetlamesureest0.Si
uneerreuraﬀectelepremierqubit(Fig.3.4b)alorsl’étatévoluedelamanièresuivante
+YkYk Λ(Swap)−−−−→ 0YkYk + 1YkYk ,
Wk−→ 0YkYk − 1YkYk , (3.6)
Λ(Swap)−−−−→ −YkYk ,
etlerésultatdemesureest1.Unraisonnementsimilaires’appliquesiuneerreuraﬀecte
plutôtledeuxièmequbit(Fig.3.4c).Finalement,silesdeuxqubitssonterronés(Fig.3.4d),
alorsl’étatd’entréeestunétatpropre+1deΛ(Swap)et−1deWk.Donclerésultatde
mesureest0,carseulementunephaseglobale−1estajoutéeàl’état.Nousdistinguonsdeux
casdeﬁgure:sil’étatd’entréeestaﬀectéparuneseuleerreur,lamesureﬁnaledonnele
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résultat1,alorsquesiaucuneoudeuxerreurssontprésentes,lamesureﬁnaledonne0.En
sélectionnantàpostériorilesinstancesoù0estlamesureobservée,nousnousassuronsque
soitaucune,soitdeuxerreurssesontproduites.End’autresmots,nousavonssuppriméle
termedepremierordre.Évidemment,cecisupposequeleserreurssurlesétatsd’entréene
sontpascorrélées.Nousfaisonscetesupposition.
L’analysesetransposedirectementaucasoùlesentréessontenfaitdesmatricesdensités,
cequinouspermetdecouvrirlecasleplusgénérald’erreursindépendantes.Danscecas,
l’étatd’entréeρks’exprimecommelemontrel’Eq.(3.7).
ρk=(1−δ)|Yk Yk|+δ|Yk Yk|+∆|Yk Yk|+∆∗|Yk Yk| (3.7)
Aprèsl’applicationducircuit,maisavantlamesure,l’étatdevient
|+ +|⊗ρk⊗ρk→12|00|(ρk⊗WkρkW
†k)+|11|(WkρkW†k⊗ρk) (3.8)
+|01|(ρkW†k⊗Wkρk)+|10|(Wkρk⊗ρkW†k)
Ensélectionnantàpostériorilerésultatdemesure0,c.-à-d.enprojetantl’étatdel’Eq.(3.8)
surl’état|+ +|1etprenantlatracepartielesurlequbitmesuré,nousobtenons
ρout∝14(ρk⊗WkρkW
†k)+(WkρkW†k⊗ρk)+(ρkW†k⊗Wkρk)+(Wkρk⊗ρkW†k) (3.9)
=(1−δ)2|Yk Yk|Yk Yk|+δ2|Yk Yk|Yk Yk|
−∆2|Yk Yk|Yk Yk|−(∆∗)2|Yk Yk|Yk Yk| (3.10)
Encalculantlatracedeρout,nousobtenonslaprobabilitédemesurer0,cf.Eq.(3.11).En
prenantplutôtlatracepartielesurledeuxièmequbit(l’étatestsymétrique),nousobtenons
l’étatdesortiequiseraréutilisédanslaprochaineétapededistilation,cf.Eq.(3.12).
Tr(ρout)=1−2δ+2δ2 (3.11)
Tr2(ρout)=(1−δ)2|Yk Yk|+δ2|Yk Yk| (3.12)
Cesexpressionssupposenttoutefoisquel’applicationducircuitestparfaite.Or,d’unepart,
cenepeutêtrelecas,carΛ(Swap)n’estpasuneportedeCliﬀord.Elesortducadrede
notresuppositioninitialequiestquenouspuissionsréalisereﬃcacementetdemanière
robustelesportesdeCliﬀord.Un«gadget»estdoncnécessaire:nousutilisonsuncode
stabilisateuràquatrequbitscommeintermédiaire.D’autrepart,Wkimpliquel’injection
d’unétatmagiquequiestlui-mêmeimparfait.Ilfauttenircomptedeceteimprécisiondans
notrecalculd’erreur.L’appendiceAdel’articleexpliquecommenttenircomptedeserreurs
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dansl’opérateurphaseWketdansl’applicationduΛ(Swap)àl’aidedugadgettolérantaux
fautes.L’expressioncomplèteestbeaucouptropencombrantepourquenouspuissionsla
manipuler.Eleadoncététrouvéeetutiliséeàl’aidedeMathematica.
3.6 Article
Reducingthequantumcomputingoverheadwithcomplexgatedistilation
GuilaumeDuclos-CianciandDavidPoulin
D´epartementdePhysique,Universit´edeSherbrooke,Qu´ebec,Canada
(Dated:April19,2015)
Inleadingfault-tolerantquantumcomputingschemes,accuratetransformationsareobtainedby
atwo-stageprocess.Inaﬁrststage,adiscrete,universalsetoffault-tolerantoperationsisobtained
byerror-correctingnoisytransformationsanddistilingresourcestates.Inasecondstage,arbitrary
transformationsaresynthesizedtodesiredaccuracybycombiningelementsofthissetintoacircuit.
Here,wepresentaschemewhichmergesthesetwostagesintoasingleone,directlydistilingcomplex
transformations. Weﬁndthatourschemecanreducethetotaloverheadtorealizecertaingatesby
uptoafewordersofmagnitude.Incontrasttootherschemes,thiseﬃcientgatesynthesisdoesnot
requirecomputationalyintensivecompilationalgorithms,andastraightforwardgeneralizationof
ourschemecircumventscompilationandsynthesisaltogether.
I. INTRODUCTION
Theaccuracythresholdtheorem[1–5]statesthatifa
physicaldevicecanrealizeone-andtwo-qubitoperations
toanaccuracyofapproximately1%[6,7],thenfault-
toleranttechniquescanbeusedtoreliablyquantum-
computewiththisdeviceforarbitrarylongtimes.This
comesatthecostofconsumingadditionalgatesand
qubits,butinprinciplethisoverheadgrows‘only’poly-
nomialywiththelogarithmofthedurationofthealgo-
rithm. Whiletherearetodayafewarchitectureswithac-
curaciesnearorbelowthreshold,e.g.,[8,9],fault-tolerant
quantumcomputingremainselusive,andamajorbottle-
neckistheprohibitivefault-toleranceoverhead.Partof
theproblemisthatthedevices’accuraciesaretooclose
tothethreshold;theyshouldidealyoperateoneortwo
ordersofmagnitudebelowthreshold. Buteveninsuch
idealcircumstances,theoverheadwouldremainexces-
sivelyhighduetothecostofdistilation[10–12]andgate
synthesis[13–15].
Becauseoftheircontinuousnature,itisnotpossi-
bletoerror-correctarbitraryquantumoperations.In-
stead,fault-tolerantschemesrealizeaﬁnitesetofdis-
crete,near-perfectuniversaloperations. Thisuniver-
salsetoffault-tolerantoperations(USFTO)typicaly
includes Cliﬀordoperations,sincetheyarenaturaly
fault-tolerantinmanyencodingschemes,e.g.,[1,7,16].
Addinganynon-Cliﬀordoperationtothissetrendersit
universal[17]. Magicstatedistilationandinjection[18]
isamongstthemosteﬃcientwaystogeneratethesenon-
Cliﬀordoperations.
Stateinjectionappendsanancilaryregisterprepared
inamagicstatetothedataregister,performsaClif-
fordtransformationonthejointregisters,andmeasures
aPaulioperatorontheancilaryregister. Theresult-
ingeﬀectonthedataregisterisatransformationR(m)
whichdependsonthemeasurementoutcomem,cf.,Fig.
1a).Near-perfectmagicstatesareobtainedfromnoisy
onesusingstatedistilation,aprocessthatusesonly
Cliﬀordoperations. Distilinga magicstatetoaccu-
racy1δrequiresanumberofnoisyinputstateswhich
grows‘only’polynomialywithlog(1/δ),butevenwith
thebestdistilationprotocolsthiscostremainssubstan-
tial[10,11,19,20].
Operationsfromthis USFTOcanbeassembledto
approximatelysynthesizeanylogicalgatetoaccuracy2
δ. Thecostofsynthesizingincreases‘only’polynomi-
alywithlog(1/δ)[3,21],butagainforrealisticapplica-
tions,thiscostissubstantial[13–15]. Moreover,unlike
error-correctionanddistilationoverheads,improvingthe
physicaldevicesisofnohelp;onlysoftwareimprovements
canreducethegatesynthesisoverhead.Thisistheprob-
lemofgatecompiling. Onlyveryrecentlyhaveeﬃcient
compilersbeendiscovered[14,15],andourapproachof-
fersanindependentandverydiﬀerentsolutiontothe
compilingproblem.
Inthisarticle,wepresentaschemetodistilarich
familyofquantumtransformations,whichoﬀersseveral
advantages.1)Thetotaloverheadofourschemecanbe
afewordersofmagnitudeslowerthanwhatisachieved
combiningstate-of-theartdistilationandsynthesistech-
niques.2)Thisisachievedbyaneﬃcientcompilation
algorithm.3)Ageneralizationofourschemecanreduce
thegatesynthesiscostofanysingle-qubitgatetoacon-
stant.
Togetasenseoftheoverheadassociatedtodistilation
andsynthesis,supposethatweareusingaquantumcom-
putertosimulateamoleculewithabout100electronic
orbitals.Recentanalyses[22–24]showthatthisrequires
about1012non-Cliﬀordrotations,eachofatinyangle
θ∼10−7,soeachneedtobeaccurateto12digitsto
preventimperfectionsfrombuildingupandscrambling
theinformation. AssumingthatCliﬀordoperationscan
beexecutedperfectly(thusignoringtheerror-correction
costasisusualydoneinsuchanalysis)andusingstate-
of-the-artcompilingsequences[13,15],thisimpliesthat
eachlogicalgaterequiresabout100operationsfromthe
USFTO,foratotalof1014fortheentirealgorithm.In
1Accuracyofdistiledstatesismeasuredusingtracedistance.
2Theaccuracyofchannelsismeasuredusingtheoperatornorm
inducedbythetracedistance.
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2turn,thisimpliesthatmagic-statedistilationmustbe
accuratetoatleast14digits.Folowingconventionand
assumingthatnoisymagicstatescanbepreparedtoac-
curacy1%,state-of-the-artdistilationprotocols[11]re-
quirenearly300suchnoisyinputstatestodistilone
ofsuﬃcientquality. Concludingthisexample,theto-
taloverheadassociatedtodistilationandcompilationis
over3·104magic-stateinputsonaverageperlogicalgate
(andevenmoreCliﬀordoperations,whichareignoredin
ouranalysis).Thisrepresentsamajorroadblocktowards
physicalrealizationoffault-tolerantquantumcomputa-
tion.
Therestofthisarticleisorganizedasfolows.Insec-
tionII,wepresenttheintuitionbehindourmethodand
highlightkeyideas.InsectionIII,wepresentthedis-
tilationcircuitandanalyzeitsperformance.Inthedis-
cussionsectionIV,werevisittheabovequantumchem-
istrysimulationproblemandpropose modiﬁcationsof
ourschemetofurtherreducetheoverheadinthissetting.
Wealsopresentapossibleimprovementofourscheme
anddiscussfutureresearchdirections.
II. APPROACHOVERVIEW
ToreducetheoverheadmentionedinsectionI,weem-
ployaUSFTOwhichisover-complete,inthesensethat
someoperationscouldberemovedfromitwithoutaﬀect-
ingitsuniversality. However,removingsuchredundant
gateswouldaﬀectthesynthesiscost.Speciﬁcaly,ourset
comprisestheCliﬀordgates(generatedbycontroled-not
Λ(X),HadamardH,andphasegateS),andtheinﬁnite
familyRY(θk)=exp(−iπY/2k),k=3,4,...,whicharerotationsofangleθk=2π/2karoundthey-axisoftheBlochsphere.Notethatthecasesk=1andk=2result
inCliﬀordoperations,whilek=3correspondstotheT
gatewhichiscommonlyusedtocompletetheUSFTO.
Also,notethatinconcreteapplicationswhereeachgate
needsonlybeimplementedtoadesiredaccuracyδ,we
caneﬀectivelytruncatethefamilysinceforlargeenough
k,therotationRY(θk)canbesubstitutedbytheidentitytoyieldanerrorofmagnitudeδ≈2−k.Forthisreason
wewillimitourstudytok<90sincelargervalueshave
noconceivableutility.
WerealizethegatesRY(θk)bydistilingtheassociatedmagicstates|Yk =cos(θk/2)|0+sin(θk/2)|1. Thesestatesareinjectedintothequantumcomputationusing
thequantumcircuitofFig.1a),whichconsumesone
state|Yk andCliﬀordoperationstorealizearotationRYbyanangle±θk.Thesignoftherotationiscompletelyrandombutknown.Thisrandomnessdoesn’trealyim-
pactthesynthesiscostaswenowexplain.
Considerasinglequbitrotation Uˆn(θ)ofangleθaroundaxisnˆ. Existingsynthesisschemescanap-
proximatethisunitarytransformationtoabsoluteac-
curacyδatcostclogb(1/δ)wherecandb
a)|Yki • Y m
| i Y RY((1)m✓k)| i
b)|+i1 • •X(⇢k)2⇥ ⇥
(⇢k)3⇥Wk⇥
aresome
constants. Aswenowdemonstrate,thecompilation
costusingour USFTOscalesinstead withtherela-
FIG.1. a)Stateinjectioncircuit. Thecontroledqubitis
initialypreparedinmagicstate|Yk andthetargetisinan
arbitrarystate.FolowingtheapplicationofΛ(Y),themea-
surementofthecontroledqubitalongtheyaxiswithoutcome
m=±1resultsinarotationof±θkofthetargetqubit.b)
Distilationcircuitfor|Yk.TheΛ(SWAP)gatesareusedto
projecttwonoisyversionsρkof|Yk ontotheeven-paritysub-
space,leadingtoaquadraticimprovementoftheiraccuracy.
tiveaccuracyεrel= δ/|θ|as3log(6/εrel)/2+3. Wedecomposethegateusing EuleranglesasUˆn(θ) =RZ(α)RY(β)RX(γ) =HS†RY(γ)SHRY(β)S†RY(α)S,soitrequiressixCliﬀordgatesandthreeRYrotationsofangles|α|,|β|,|γ|≤2|θ|(seeappendixB),eachneed-
ingtobeexecutedtorelativeaccuracyεrel/6. Thismeansthateachoftheseanglescanbeexpressedwith
=log(6/εrel)signiﬁcantbits. Withαk∈{0,1},α=h+
k=hαk2π/2kisarotationofmagnitude2−hwrittentorelativeaccuracy2− ,andisstraightforwardlyexpressed
withat most gatesfromourUSFTOasRY(α) =RY(θh)αhRY(θh+1)αh+1...RY(θh+)αh+ .These gatesareexecutedsequentialy,startingfromk=h+ down
tok= .Atstagekofthisexecution,supposethestate
injectioncircuitFig.1producestheoutcome−1.Thero-
tationshouldhavebeenbyangleθkbutthisoutcomehasproduced−θkinstead,sothestateneedstoberotated
byangle2θk=θk−1.Thiscanbeﬁxedbysubstitutingα← α+θk−1,andpursuingtheexecutionofthecir-
cuitatk−1.Becauseofthisintrinsicrandomness,this
executionwilrequire/2+1gatesonaverage.
III. DISTILLATIONCIRCUITANDANALYSIS
Wenowexplainhowtodistilthemagicstates |Yk.LandahlandCesarehaveproposedadistilationproto-
colforthesestatesthatusesafamilyofshortenedReed-
Mulercodes[12].Unfortunately,theReed-Mulercodes
arehighlyineﬃcient,soanysynthesisoverheadgained
fromthisapproachisoverwhelmedbyanincreaseddistil-
lationcostathighnoiserate,althoughtheirapproachcan
oﬀersomeadvantagesiftheinputmagicstatesareofsuf-
ﬁcientlyhighquality.Theoverheadofdistilingthenext
simplestnon-trivialgateRY(θ4)(√Tgate)usingthescheme[12]canbeestimatedasfolows.Thedistilation
requirestheuseofthe31-qubitquantumReed-Muler
code. Thereare1240undetectableerrorsofweight3
inthiscode,sotoleadingorder,anerrorratepissup-
pressedbyp→ 1240p3. Theaveragenumberofinput
magicstatesNusedincreasesasN→ 31N/Pacc,wherePaccistheprobabilitythatnoerrorisdetected. Thus,Paccislowerboundedbytheprobabilityofone-andtwo-
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FIG.2. Detailedimplementationofthedistilationcircuit.
a)Encodingcircuitfora4-qubiterror-detectingcode. b)
Inthiscode,theHadamardgateappliedtoeveryqubithas
theeﬀectofswappingthetwoencodedqubits(andthetwo
ancilaryqubits).c)Overalcircuitcombiningtheprimitives
ofa),b)toimplementthecircuitofFig.1b). Wedenote
Rk=RY(θk)forcompactness.
qubiterrors. Recursingontheserelationsweﬁndthat
1.38×105inputmagicstatesofaccuracy1%arerequired
todistilonestateofaccuracy3×10−15.
Instead,webuildourprotocolontheschemeintro-
ducedbyMeier,Eastin,andKnil[10]andimprovedby
BravyiandHaah[11]todistil|Y3.Letusdescribetheirprotocolinthemoregeneralsettingofcurrentinterest.
Thehigh-leveldistilationcircuitforthesestatesisshown
atFig1b),detailedimplementationsaresummarizedin
Fig.2.
Giventheorthogonalbasis |Yk,|Yk = Y|Yk =isin(θk/2)|0−icos(θk/2)|1,wedeﬁnethephaseﬂip
operatorWk =|Yk Yk|−|Yk Yk|. Adirectcalcula-tionshowsthatWk=RY(θk−1)Z,sothegateWkcan
berealizedbyinjecting|Yj stateswithj <k. ThecircuitofFig.1.b)performsameasurementofthetwo-
qubit‘parity’operatorMk=Wk⊗Wk.Tounderstandhowthisleadstoerrorsuppression,supposeforsimplic-
itythateachinputqubitispreparedinthefaultymagic
state√1− |Yk +√|Yk (theargumentgeneralizestoarbitraryformsofnoise,seeappendixA),suchthat =0
correspondstoaperfectmagicstate.Theirjointstateis
(1−)|Yk,Yk+|Yk,Yk+ (1− )|Yk,Yk +|Yk,Yk .
Theﬁrsttwocomponentsofthisstateare+1eigenstates
ofWk⊗Wksincetheyhaveevenparity,whilethelasttwohaveeigenvalue−1sincetheyhaveoddparity.Thus,a
measurementofWk⊗Wkproducesresult+1withprob-ability1−2+22,inwhichcasethepost-measurement
statewilbeproportionalto(1− )|Yk,Yk + |Yk,Yk.Sincethe magnitudeoftheerrorcomponenthasde-
creasedfromO(√)toO(),weseethattheerrorhas
beensuppressedquadraticaly. Ontheotherhand,the
result−1isobtainedwithcomplementaryprobability
2(− 2),inwhichcasethequbitsarediscarded. This
protocoldistilsapairofmagicstatesandinducescorre-
latederrors,butthesecorrelationscanbeignoredinour
analysisasexplainedin[11].
Animmediatediﬃcultywiththisdistilationprotocol
isthatthegateΛ(SWAP)itusesisnotaCliﬀordtrans-
formation.Torealizeit,weencodeapairofqubitsinto
a4-qubiterror-detectingcode.TheCliﬀordcircuitCof
Fig.2a)performstheencodingandmapsthesingle-qubit
PaulioperatorsZiandXiasfolows:
(Z1,X1)→(ZZZZ,XIXX) (1)
(Z2,X2)→(XXXX,IZII) (2)
(Z3,X3)→(ZIIZ,XIXI) (3)
(Z4,X4)→(XIIX,ZIZI). (4)
Theﬁrsttwoqubitsarestabilizerqubitsandthelasttwo,
logicalqubits.Akeypropertyseeninthistransformation
isthatexchangingX’sforZ’shastheeﬀectofswapping
thelasttwolinesoftheequation,whichcorrespondsto
swappingthetwoencodedqubits.SincetheHadamard
gaterealizestheX-Zexchange,wededucethatH⊗4
performsthelogicalSWAP,cf.Fig.2b).
WecanthereforesubstitutetheΛ(SWAP)withfour
Λ(H),butthesearestilnotpartoftheCliﬀordgroup.
However,usingtheidentity H = RY(θ3)ZRY(−θ3),wecanexpress Λ(H) = Λ[RY(θ3)ZRY(−θ3)] =RY(θ3)Λ(Z)RY(−θ3). WeconcludethatΛ(H),andtherefore Λ(SWAP),canbeimplemented withgates
RY(θ3)fromourUSFTOandΛ(Z),whichisaCliﬀordoperation,cf.,Fig.2c).
Torecapitulate,thedistilationofstates|Yk requires
1)twonoisyinputstates|Yk,2)onenear-perfectcol-lectionofstates|Yj foralj <kusedtoimplement
thephaseinversiongateWk=RY(θk−1)Z,and3)six-teennear-perfectstates|Y3 usedtoimplementthegates
Λ(SWAP).Thisdistilationprotocollendsitselftoare-
cursiveprocedure[25]wherepreviouslydistiledstates
|Yj forj<kareusedtodistilstates|Yk.
Togettherecursionstartedatk=3,wedirectlyuse
theprotocolofBH[11]todistil|Y3 states.Usingthese,werecursivelydistil |Yk forhighervaluesofk. NotethatthegatesRY(θ3)areusedinsideanerror-detectingcode,cf. Fig.2c),sotheyneednotbeperfect. A−1
measurementoutcomeattheoutputofthecircuitC†re-
vealsthatoneormoreerrorsoccurredintheexecutionof
theencodedSWAPgate.Rejectingtheinstanceswhere
suchanon-trivialerrorsyndromeisfoundsuppressesany
ﬁrstordererror,thuspreservingthequadraticerrorsup-
pressionoftheidealcircuitofFig.1b).
Ingeneral,wecanexpressanoisymagicstateρkinthe|Yk,|Yk basisas
ρk= 1− k ∆k∆∗k k (5)
with0≤ k≤1/2and0≤|∆k|2≤ k− 2k,thecase∆k= k=0correspondingtotheperfectmagicstate
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4|Yk.Foraﬁxedkandgivenasetofinputnoiseparam-eters(3,∆3,4,∆4,...,k,∆k),usingcomputer-assistedcalculationwecanderiveanexactexpressionfor1)the
averageoutputnoiseparameter(k,∆k)ofthedistiledstate,and2)theexpectednumberNkjofconsumedre-sourcestatesρjofeachkind3≤j≤k.Theexpectations
aretakenovertheintrinsicrandomnessoftheprotocols,
averagingoverpossiblemeasurementoutcomes.Thiscal-
culationisrealizedbyexactlysimulatingthequantum
circuitofFig.2c),whichistractablesinceitonlyin-
volves5qubits(seeappendixA).
Figure3showstheoverhead,deﬁnedasthenumberof
noisymagicinputstates,requiredtodistilastate|Yk toadesiredaccuracyδ.Consistentlywithpreviousstudies
[10,11],weassumedthatthestates|Yk canbepreparedtoaccuracy1%.Notehoweverthatfork>8,thestate
|0isbetterthana1%accurateapproximationto|Yk,andsowesubstitutedalnoisyinputmagicstatesby|0
fork>8. Whilewecouldhaveperformedthatsubsti-
tutionforalk>3 —inwhichcase|Y3 stateswouldhavebeentheonlynon-Cliﬀordinputstoourprotocol
—weobtainedaslightlyloweroverheadwiththispre-
scription. Thegreendotsonthebottomoftheﬁgure
whichroughlyfolowthedashedgreenlinelabeledBH
aretheresultsfoundin[11]. Thedashedgreenlineis
aﬁtofthepointsassumingthatcost=alogc(1/δ)+b.
Thegreendotsabovethemarealthedistilationcosts
of|Yk forvariousnumbersofroundsofdistilationandfor4≤k≤45.Theywererecursivelyobtainedfromthe
discretedotsofBHusingtherulesofthumbdescribed
inappendixA.Rememberthatafterk=8,theinitial
statesare|0,whicharefreeandaremoreandmoreac-
curate,askincreases. Moreover,their“error”ispurely
oﬀ-diagonalsincetheyarepurestates. Combinedwith
oursuboptimalrulesofthumb,thisexplainswhythe
dotsseemtobehavenonmonotonicaly.Asampleofthe
dataisgiveninAppendixC.Thedarkdiamondsarethe
costsofimplementingtheθ4rotationusing|Y4 and|Y3statesdistiledtovariousprecisions.Thebluelinerun-
ningthroughisaﬁtofthesepoints. Thedarksquares
arethecostsofimplementingthesmalestrotationsuch
thatθk<8δforvariousprecisions,usingstatesdistiledonce,twiceorthreetimes.Thebluelinerunningthrough
isalsoaﬁt.Theredcurveswerederivedusingﬁts,they
thereforeprovideanunrealisticadvantagetothecorre-
spondingschemessincetheyignorethediscretenessof
theaccessiblerotations.First,weusedtheﬁtofthevar-
iousprotocolstoobtaintheT-countforagivenaccuracy
δ. Then,weusedtheﬁtofBHdotstoobtainthecost
ofTrotationsofaccuracyδ/T
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FIG.3.(Coloronline)Overhead,measuredasthenumberof
inputnon-Cliﬀordstates,torealizeagatetoaccuracyδ.The
diamondsaretheoverheadtorealizeRY(θ4).Greendotsare
distilationcostsof|Yk,with4≤k≤log2(2π/δ)(smaleranglesθk<δcanbesubstitutedby0toaccuracyδ.)Squares
representthecostofanarbitraryrotationofangleθ≤8δ.
Redlinesareobtainedbycombiningthedistilationscheme
BHof[11]withthegatesynthesisKMM-RSofeither[13]or
[15](bothgiveverysimilaroverhead),orPSof[26],orJones
of[20]. Notethatinthelattercase,theresourcestateisa
registerofsizelogδ.
IV. DISCUSSION
A. Quantumchemistrysimulation
Returningtoourmoleculesimulationexamplewitha
δ=10−12targetaccuracy,weseeonFig. 3(KMM-
RSline)the104overheadobtainedbycombiningthe
distilationscheme[11]andsynthesisscheme[13]. This
overheadistorealizethetargetgateRZ(1/10),butwe
notethattheseprotocolsarelargelyinsensitivetothe
targetgate.Incontrast,theoverheadofourprotocol
dependsonthetargetgate,anditrangesbetween100-
10,000(greendotsonFig. 3)forthefamilyofgates
RY(θk). WhilethisimprovementisrealizedforspeciﬁcsinglequbitgatesRY(θk),forarbitraryrotations,theoverheadshownonFig.3increasesonlywiththeloga-
rithmoftherelativeaccuracyoftherotation(εrel∼10−5formoleculesimulation),asexplainedabove.
Wenowexplainhowtomodifythequantumsimula-
tionalgorithmtocircumventthislogarithmiccompila-
tionoverheadaltogether. Thesimulationofquantum
mechanicalsystemsonquantumcomputersisbasedon
theTrotter-Suzukidecomposition
eA+B=limn→∞(e
A/neB/n)n
which,forﬁniten,givesanapproximationwitherror
O(1/n).Foramany-bodyHamiltonianrelevantforthe
simulationofmoleculesH= aha,thetimeevolutionoperatorU=e−iHtcanthereforebeapproximatedby
U=Vn= e−ih1t/ne−ih2t/n...n (6)
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5whereeache−ihat/nis(uptoCliﬀordtransformations)a
rotationRY(θa)bysomeangleθaofmagnituderoughly10−7 2π/220. Moreover,eachoftheserotationsneeds
tobeimplementedtoaccuracy10−12,soeachθacanbewritteninbinarywithabout16signiﬁcantbits. The
ideaofcoalescingistoreplacethenidenticalrepeti-
tionsofthesequenceVasinEq.(6)byarepetitionof
nnon-identicalsequencesV1V2,...Vn.EachsequenceVj
contains(uptoCliﬀordtransformations)onlyrotations
RY(θ20). Therotationassociatedtothetermhaap-
pearsineachsequenceVjwithprobabilityθa/(2π/220),insuchawaythattheaveragerotationpersequenceis
preciselyθa. ThisshowsthatthegatesRY(θk),whichhavenocompilationcostinourscheme,cannaturaly
occurinquantumsimulations. Morebroadly,theyoc-
curverynaturalyinmanyquantumalgorithms;forin-
stancetheyaretheonlynon-Cliﬀordgatesappearingin
thequantumFouriertransformcircuit[27].
Lastly,forarbitraryrotations,ourschemedoesslightly
worstthanexistingschemes. Wenotehoweverthatit
canbegeneralizedstraightforwardlytothedistilation
ofthefamilyofstates|Ymk =|Y(m2π/2k)foraﬁxedinteger0<m<2k:distilationof|Ymk canberealizedgivenaccesstodistiled|Ymj withj=3,4,...k−1.
Sinceanyrotationcanbewrittenasm2π/2ktokbits
ofaccuracy,thisprovidesawayofrealizinganyrotation
RY(θ)usingonaverageonlytwodistiledmagicstates.Thisapproachentirelyavoidstheneedtocompile(aside
fromanEulerangledecomposition),hasaconstantgate
synthesiscost,andpushesalthegatesynthesisoverhead
intothedistilation.Thislastfeatureisimportantsince
distilationoccursoﬀ-line,i.e.itdoesnotinvolvethe
dataqubits. Similarprotocolswereintroducedin[29]
and[30].
B. Furtherimprovements
Inthissectionwediscusspossiblewaysoffurther
reducingthecompilation/distilationoverheadofour
scheme. Fromthestart,wenotethatourprotocolis
equivalentto[11]whendistilingtheTgate(i.e.k=3),
andthatthisformsthebaseofourrecursion.Thevast
majorityofstudiesonmagicstatedistilationhasfocused
ontheTgate,andanyfutureimprovementtherecanbe
directlyincorporatedintoourprotocolbysubstitutingit
fortheﬁrststepofourrecursion.
Oneclearpathtoimprovementsistousethesame
distilationtoolswithathoroughlyoptimizeddistilation
schedule(seeappendixA).Inournumericalanalysis,we
haveusedaruleofthumbwhichconsistsinsettingthe
contributiontotheﬁnalerrorfromeverynoisesourceto
beequal,ignoringthefactthatdiﬀerentcomponentshave
diﬀerentcosts.Accountingforthesecostswouldleadto
areducedoverhead:thescheduleshouldpermitalarger
contributiontotheﬁnalerrorfromacostlycomponent.
Thecentralcomponentofthedistilationschemeis
thecontroled-SWAPgate. Folowing[10],itisimple-
mentedinsidea4-qubitquantumcodewhereitcanbe
substitutedby4Λ(H),andeachofthosecanfurtherbe
substitutedbytwo|Y3 stateinjections.Sinceonedis-tilationroundrequirestwoΛ(SWAP)anddistilstwo
qubits,weobtainarateof1/8distiledqubitper|Yk
statesconsumed.Increasingthisratewouldreducethe
overhead.
Forthedistilationofstates|Yk withk>3,arate1/7
canbeobtainedbyrealizingtheΛ(SWAP)directlyonthe
data,notmakinguseofanycode.Indeed,theΛ(SWAP)
canberealizedwithsevenTgates[28]. However,by
doingsowewouldloosethebeneﬁtoftheadditionalnoise
suppressionoﬀeredbythecode,soitisnotobviousthat
thiswouldbebeneﬁcial,atleastearlyinthedistilation
schedulewhenthenoiseisrelativelyhigh.
Itispossibletoreplacethe4-qubitcodewithadiﬀer-
entcodetoachievearatem/4(m+1),wheremisany
positiveinteger. Thisisasymptoticalyatwo-foldim-
provementoftheyield,andgiventherecursivenatureof
ourprotocolthisgaincanbeampliﬁedtoamoresubstan-
tialvalue.Speciﬁcaly,thecodefamilyhasparameters
[2m+2,2m,2];itisdescribedbythestabilizergenera-
torsZ⊗2m+2andX⊗2m+2andhaslogicaloperators
Zj=
2j+1
i=0
Zi,Xj=X2j+1X2j+2 for0≤j≤m−1
(7)
Zj=
2j+1
i=0
Xi,Xj=Z2j+1Z2j+2 form≤j≤2m−1.
(8)
The4-qubitcodeusedabovecorrespondstothespecial
casem=1.Justlikethe4-qubitcode,thiscodehasthe
propertythatswappingalX andZoperators,which
isrealizedwiththetransversalHadamardgate,hasthe
eﬀectofswappingpairsoflogicalqubitsjwithj+m.
Thus,thisenablesanm-foldparalelizationofourorig-
inalschemeathigherencodingrate.Notehoweverthat
thiscodestildetectsonlyasingleerror,andthatby
increasingmwecreatemoreopportunitiesforerrorsto
accumulate.Asaconsequence,ifeach|Y3 stateusedtoimplementtheΛ(H)isaccurateto,theprobabilityof
detectinganerrorscaleslikem,andtheprobabilityofa
harmfulundetectederrorscaleslikem22. Whilethisisa
deteriorationoverthecasem=1,itoﬀersanadditional
ﬂexibilityinthedistilationschedulethatcanbegreatly
beneﬁcial,aswenowexplain.
AscanbeseenontheBHdataofFig.3,onlyvery
sparsevaluesoftheaccuracyδcanberealizedwithstan-
darddistilationprotocols. Thisisbecausetheerroris
essentialysquaredateachiterationwithaﬁxedpre-
factor,i.e., → c2,leadingtothediscretesetofvalues
,c2,c(c2)2,etc.Thiscoarsenesshasthedrawbackthat
wewilsometimesbeforcedtouseun-necessarilyaccu-
rateandcostlygates,simplybecausethereisalargegap
intherangeofavailableaccuracies.Thisproblemoccurs
notonlyduringtheimplementationofthealgorithm,but
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FIG.4.(Coloronline)AsinFig.3. Approximateoverhead
ofarotationRY(θ)byangleθ<8δ(relativeaccuracy1/8).
Comparestheoriginalprotocolm=1withaprotocolalowed
tousehigherratecodesmopt.Foraprecisionof =10−13,a
factorimprovementof∼3.2isobserved.
inthedistilationprocedureitselfwherepreviouslydis-
tiledstates|Yj areusedtoassistthedistilationof|Ykwithk >j. Withtheenlargedcodefamilyproposed
here,wecanusetheparametermtoﬁnetunetheaccu-
racyofthedistiledstates.Combinedwiththeimproved
rate,thishasthepotentialtoleadtosubstantialsavings.
Fig.4showsgainsobtainedbychoosingtheoptimalvalue
ofmateachstepofthedistilation,anddemonstratesup
to3-foldimprovementoverthecasem=1.
Wenotethatthiscalculationwasrealizedusingthe
leadingorderexpansiondescribedintheappendixA,
adaptedtothecasem>1. Moreover,duringthedis-
tilationof|Yk,weassumedthatstates|Yj withj<k
ofarbitraryaccuracyjcouldbeaccessedatacostCj(),wherethiscostfunctionwasobtainedbyﬁttingadiscrete
setofachievedaccuracies.Inotherwords,weignored
thecoarsenessoftheachievableaccuracies.Sinceoneof
themainadvantageoftheschemeswithm> 1isthe
possibilitytoﬁnelytunetheaccuracy,weexpectamore
completecalculationtoyieldanevenlargerimprovement
overthem=1case.
V. CONCLUSION
Inconclusion,wehavepresentedaschemetodistil
complexmagicstateswhichcanoﬀersigniﬁcantsavings
overthetraditionaldistilation/synthesisapproaches.
Therearemanyforeseeablewaystoobtainfurthergains
fromourscheme. Wehaveinvestigatedageneralization
ofourschemebasedonafamilyofhighratecodesthat
achieveam/4(m+1)yieldforintegerm,resultingin
anadditional3-foldreductionoftheoverhead.Further
savingscouldbeobtainedusingtheapproachof[26]to
ﬁndmoreeﬃcientdistilationcircuits. Also,sincethe
improvementsweobtainareparticularlydrasticforthe
speciﬁcgatesRY(θk),wecouldgeneralizethealgorithmof[15]tooptimizecompilingsequencesforCliﬀordand
thesegates.
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AppendixA:ErrorAnalysis
Inthisappendixwegivethedetailsofthecalculations
andsimulationsforthecircuitsofFig.2c).Ingeneral,
wecanexpressanoisymagicstateρkinthe|Yk,|Ykbasisas
ρk= 1− k ∆k∆∗k k . (A1)
Foraﬁxedkandgivenasetofinputnoiseparame-
ters(3,∆3,4,∆k,...,k,∆k),usingcomputer-assistedcalculationwecanderiveanexactexpressionfor1)the
averageoutputnoiseparameter(k,∆k)ofthedistiledstate,and2)theexpectednumberNkjofconsumedre-sourcestatesρjofeachkind3≤j≤k.Theexpectationsaretakenovertheintrinsicrandomnessoftheprotocols,
averagingoverpossiblemeasurementoutcomes.
Toleadingorder,weexpectthefolowingscalingfor
thediagonalnoiseparameter
outk ≈ 2k+2 82
23+ k−1+12k−2+
1
4k−3...+
1
2k−4 3,
whereitisimplicitlyassumedthat j=0forj<3(Clif-fordoperations). Theﬁrsttermcomesfromtheideal
distilationcircuitofFig. 1b)whichquadraticalyre-
ducestheerror. Thesecondtermcomesfromthe8
RY(θ3)gatesusedtoimplementtheΛ(SWAP)insidetheerror-detectingcode.Ittakes2faultsoutofthese
8gatestoproduceanundetectederror.Theextrafactor
of2accountsforthetwooccurrencesoftheΛ(SWAP)
intheprotocol. Finaly,thelasttermscomefromthe
Wk=RY(θk−1)gatewhichconsumesone|Yk−1 state,consumesone|Yk−2 statewithprobability1/2,etc. Wenotethatingeneral,wecanuse|Y3 statesofdiﬀerentac-curaciestoimplementtheWkandtheΛ(SWAP),sincethelatterappearsinsideacode,butwewilomitthis
detailhereforsimplicity.
Similarly,wecanestimatetheexpectednumberNkjofstatesρjconsumedduringonedistilationroundof|YktobeNkj=[2j−k+1+16δj,3]¯r,whereδj,3istheKroneckerdeltaandr¯≈(1+163+2k)istheaveragenumberoftimestheprotocolneedstoberepeatedbeforealﬁve
measurementoutcomesinFig.2c)returnthevalue+1.
A−1outcomecanbeobtainedeitherwhenoneofthe
16RY(θ3)gateisfaultyorwhenoneofthetwoinput|Yk statesarefaulty. Thebehaviouranddependenceoftheoﬀ-diagonalterms∆kismorediﬃculttoderiveintuitively,butwenotethattheirvaluehadessentialy
noeﬀectontheexactcalculation;settingal ∆j=0hadnosigniﬁcantimpactonourresults.
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7Tocompletetheanalysis,weneedadistilationsched-
ule. Todistilastate|Yk toaccuracyδ,ourschememakesuseofpreviouslydistiled|Yj statesforj <kwithgivennoiseparameters(j,∆j).Towhataccuracyshouldtheseresourcestateshavebeenpreviouslydis-
tiled?Iftheywerenotsuﬃcientlydistiled,theirusein
thedistilationof|Yk couldactualyincreaseitserror.Ontheotherhand,usingstates|Yj thatweredistiled
toamuchgreaterprecisionthanthetargetedaccuracyδ
iswasteful. Whilewehavenotthoroughlyoptimizedthe
distilationschedule,weusedthefolowingruleofthumb.
Aperfectdistilationcircuitgives outk =(ink)2. Withtheuseofimperfectmagicstates|Yj,thisoutputaccuracy
isinsteadoutk ≈(ink)2+ j<kαjβjj forsomeintegersαjandβj. Giventhis,weuseresourcestates|Yj ofaccu-
racyj≈[(ink)2/αj]1/βj.Theintuitionbehindthisruleisthateachsourceoferrorwilcontributeequalytothe
outputerror outk .Inpractice,wehadoneruleforthe|Y3 statesin-volvedintheΛ(SWAP)andanotherruleforthestates
involvedinWk. Fortheﬁrstone,wechose|Y3 stateswithbiggesterrorsuchthatitisstilsmalerthan ink/4,i.e. 3< ink/4. Giventhatfourcopiesareinvolved,theﬁrstordererrorrateis4× ink/4andsinceﬁrstorderer-rorsaresuppressed,thecontributiontotheoutputerror
isO(ink)2. Forthesecondrule,wesimplytook|Yk
stateswithbiggesterrorsuchthatstil 2j<10(ink)2.Thefactorof10wasfoundbytrialanderror,theprob-
lembeingthatwithoutit,ifj ink,thentheprotocolwouldtakethe|Yj distiledonemoreroundsuchthatin
theendj∼(ink)2,whichisanoverkil. Withthischoice,thecontributiontotheoutputerrorisstilO(ink)2.Inthefolowingsections,wegiveamoredetailedac-
countoftheerroranalysis.
1. ImperfectWk
PerformingthephaseﬂipoperatorWkrequirestheuseofresourcestates|Yj (0≤ j <k)whichareimper-fect.First,thestate|Yk−1 isinjectedusingthecircuitofFig.1a).Inordertoaccountforerrorsinthemagic
state,wewritedownitseﬀect(welabelthetopwire1
andthebottomwire,2)
ρk−1⊗ρ→|±i±i|1Λ(Y2)(ρk−1⊗ρ)Λ(Y2)|±i±i|1(A2)
wherewedropnormalizationandwherethe±signis
determinedbythemeasurementoutcome.Ifρk−1isper-fect,thenthecircuitappliesRY(±θk−1)toρk. Other-wise,recalthat|Yk−1 =Y|Yk−1.Since,Y=iXZandthata)Z1commuteswithanycontroledunitaryΛ(U2),andthatb)X1propagatestoX1⊗U2ifU2isself-adjoint,thenY11l2propagatestoY1Y2throughΛ(Y2). Tracingovertheresourcestate,theeﬀectofinjectinganimper-
fectstateis
ρm=±1−−−−→ (A3)
(1− k−1)ρ±+ k−1Yρ±Y±∆k−1Yρ±±∆∗k−1ρ±Y,
wherewetakeadvantageofthefactthat[RY(θ),Y]=0
andwherewehavedeﬁnedρ+ =RY(θk−1)ρR†Y(θk−1)correspondingto measurementoutcome+1andρ− =
RY(−θk−1)ρR†Y(−θk−1)correspondingtomeasurementoutcome−1. Thestatesρ+ andρ− areobtainedwith
equalprobabilities. Whenρ− isobtained,aRY(θk−2)correctionisrequiredwhichinvolvesanotherfaultyre-
sourcestate.Errorspropagateagainandcombinewith
previousones.However,errorsarealwaysofY-type.For
example,ifweinjectanotherrotation,inordertohaveno
overalerror,thesameerrorhastohappenonbothinjec-
tions.SimilarlyaYρerrorintheﬁrstinjectionandaρY
errorinthesecondoneresultsinaYρYerror,etc. We
deﬁnetheerroramplitudevector k=(1− k,k,∆k,∆∗k)forimperfectresourcestateρk. Thesecombinationsof
errorsdeﬁneaproduct,noted×,onsuchvectors:
(a,b,c,d)×(e,f,g,h)def= (A4)
(ae+bf+cg+dh,af+be+ch+dg,
ag+bh+ce+df,ah+bg+cf+de).
Usingtranspositions,τij,thiscanberewritten
A×B (A5)
=(A·B,A·τ12τ34B,A·τ13τ24B,A·τ14τ23B),
where“·”istheusualscalarproductofvectors.
Wenote k− =(1− k,k,−∆,−∆∗),theerrorap-pliedwhenthemeasurementoutcomeis−1. Usingthe
vectorproductjustdeﬁned,theimperfectapplicationof
RY(θk−1)givesanexpressionforWk,
Wk= 12k−3(
k−1
j=3
j−)+
k−1
i=3
1
2k−i(
k−1
j=i+1
j−)× i.(A6)
Theﬁrsttermcorrespondstohavingtoapplyalrota-
tionsk>j≥3. Thisoccurswithprobability1/2k−3.
Thesecondtermsumsoveralotherpossibilities:for
agivenvaluei,weassumeinjectionsk>j >ihave
measurementoutcome−1andthattheithmeasurement
outcomeis+1.Thishappenswithprobability1/2k−i.
Usingtheresultingerrorvector Wk,theimperfectphaseoperatorasthefolowingeﬀect(omittingnormal-
ization)
W˜k(ρ)→(Wk)1WkρWk+(Wk)2YWkρWkY
+(Wk)3YWkρWk+(Wk)4WkρWkY. (A7)
2. Λ(Swap)gadget
ThecircuitofFigure2.c)showsthataΛ(Swap)gad-
getuseseightRY(θ3)rotations,eachrequiringa|Y3
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FIG.5. Passingthenoisethroughthegadget. Thedashed
boxesrepresenttheresultingeﬀectivestochasticnoisemaps.
injection. AsexplainedinappendixB.1,errorsinthe
resourcestatetranslateintoerrorsonthetargetqubit.
However,sinceW3 = H (Cliﬀord), wecanperfectlytwirlal|Y3 statessuchthattheerrorisalwaysdiag-onal:ρ3=(1−γ)|Y3 Y3|+γ|Y3 Y3|. Consequently,
weaccountforerrorsintheΛ(Swap)gadgetbyfolowing
eachRY3 rotationsbyaY-Paulichannelofstrengthγ:ρ→(1−γ)ρ+γYρY.
Tokeepthesimulationononlythreequbits,wepush
theseerrorsthroughthegadgetandprojectonthetrivial
syndrome,asisshowninFig.5.Inthefolowing,welabel
wires0to4fromtoptobottom.TopropagateYierrorsthroughaΛ0(Hi),wenotethat{Yi,Hi}=0impliesYiΛ0(Hi) =Λ0(Hi)Z0Yi. Then,wecanpropagateYierrorsthroughthedecodingcircuitC†,usingEqs.(1-4).
Bydeterminingtheeﬀectofeverysingle-qubitYerror
thisway,wecandeducetheeﬀectivestochasticmapΓ,
seeFig.5.Notethatthewayitisnowdeﬁned,Γisnot
tracepreserving. WedeﬁnePr(1,2)Λ(Swap) =Tr(Γ(ρ(1,2))),theprobabilityofmeasuringthetrivialsyndromeinthe
ﬁrstorsecondΛ(Swap)gadget.
3. ErrorCalculationandSimulationDetails
Usingtheresultsofthetwoprevioussubsections,we
calculatethesingle-qubitoutputstateasafunctionof
thevariousinputsinthefolowingmanner:
1.Setρ=|+ +|⊗ρk⊗ρk
2.Setρ(1)=Γ(Λ(Swap)ρΛ(Swap)†)
3.ComputePr(1)=Tr(ρ(1))
4.Normalizeρ(1)←ρ(1)/Pr(1)
5.Setρ(Wk)=W˜k(ρ(1))
6.Setρ(2)=Γ(Λ(Swap)ρ(Wk)Λ(Swap)†)
7.ComputePr(2)=Tr(ρ(2))
8.Normalizeρ(2)←ρ(2)/Pr(2)
9.Post-selecton measuringthetrivialsyndrome:
ρout=Tr1,2(|+ +|⊗1l⊗1lρ(2))
10.ComputeProut=Tr(ρout)
From normalized ρout, wecanextract out =
out(γ,k,δk)and ∆out= ∆out(γ,k,δk). Usingthesequantities,wedeﬁnethecostofadistilationround:
Costk(out,∆out)= (A8)
1
2
2Costk(k)+8Cost3(3,Λ(Swap))
Pr(1)
+CostWk({j,∆j})
+8Cost3(3,Λ(Swap)) 1Pr(2)Prout
where3≤j<k.The1/2prefactoraccountsforthefact
thatwedistiltwocopiesofρk.ThecosttoapplyaWk
operatoristhesumofthecostofalstates3≤j<k
multipliedbytheprobabilityofbeingneeded:
CostWk({j,∆j})=
k−1
j=3
Costj(j,∆j)
2k−1−j . (A9)
For3≤k≤8,weinitializethecosttoCostk(0.01,0)=1andthestatetoρk=0.99|Yk Yk|+0.01|Yk Yk|.Fork≥9,thestate|0isactualycloserintracedistanceto
theresourcestatethananimperfectlypreparedversion
with1%error.Inthiscase,weinitializeρk=|00|andCostk(k,0,∆k,0)=0,wherek,0and∆k,0areobtainedbyexpressing|00|inthebasisdeﬁnedby|Yk. Weﬁnd
k,0=sin2(θk/2)and∆k,0=sin(θk)/2.Inthiscase,theerrorispurelyoﬀ-diagonal,i.e.itsaturatesthebound
|∆|2≤ − 2derivedfromthepositivityofρk.Fork=3,thecosttableisgivenbytheschemeof[11].
Startingatk=4,twocopiesCost4(0.01,0)=1areusedtodistiltwoimprovedcopies. Thisgivesanewvalue
Costk(k,1,∆k,1)=Costk(out,∆out). Usingtwocopiesofthisimprovedstate,anotherroundofdistilationis
performedandsoon.Rememberthattheprecisionsand
costsoftheinputsarechosenaccordingtotheruleof
thumbsdiscussedearlier. Onceasetofvalueshasbeen
obtainedforthedistilationof|Yk,|Yk+1 canbedis-tiledandsoon,bootstrappingontheprotocolof[11].
4. Errors measures
Inthiswork,errorsonmagicstatesweremeasuredus-
ingthetracedistanceandgateerrorsresultingfromthe
injectionofthesestatesweremeasuredusingtheoperator
norminducedbythetracedistance.Bothare1-norms.
Inotherpapers,theerrormeasureforstatesisalsothe
tracedistance. However,theerrormeasureforcompi-
lationsequencesisa2-normonunitaries.Inorderto
comparethesediﬀerentmeasures,wenotethatthe2-
normupperboundsthe1-normbyaconstantfactor√2.
Wetookthisfactorintoaccountintheﬁgures,butnote
thatitisnegligibleontheloglogscaleofthex-axisof
Fig.3.
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9AppendixB:Eulerangledecomposition
Inthisappendix,wedemonstratetheclaimmadein
the maintextthatasmal-anglesingle-qubitrotation
Rˆn(θ)canbedecomposedintoasequenceofrotationsRZ(α)RY(β)RX(γ)aroundthethreeaxesoftheBlochsphere,al withanglesofmagnitudeboundedby2θ.On
onehand,intheaxis-anglerepresentation,therotation
matrixtakestheform
Rˆn(θ)=

 cosθ+n
2x(1−cosθ) nxny(1−cosθ)−nzsinθnxnz(1−cosθ)+nysinθnynx(1−cosθ)+nzsinθ cosθ+n2y(1−cosθ) nynz(1−cosθ)−nxsinθnznx(1−cosθ)−nysinθnzny(1−cosθ)+nxsinθ cosθ+n2z(1−cosθ)

. (B1)
Ontheotherhand,intheEulerangledecomposition,thisrotationmatrixis
RZ(α)RY(β)RX(γ)=

 cosβcosα cosγsinα+sinγsinβcosαsinγsinα−cosγsinβcosα−cosβsinαcosγcosα−sinγsinβsinαsinγcosα+cosγsinβsinα
sinβ −sinγcosβ cosγcosβ

. (B2)
Bychangingorientationofnˆ,wecanassumewithout
lossofgeneralitythat0≤θ≤π/4.Equatingthesetwo
matricesandnotingthat|nx|,|ny|,|nz|≤1,element(3,1)yieldstheinequality
|sinβ|≤1−cosθ+sinθ≤sin2θ, (B3)
whichimpliesthat|β|≤2θ. Weproceedsimilarlyforthe
otherangles. Equatingelement(2,1)ofthesematrices
yields
|sinα|≤(1−cosθ+sinθ)/|cosβ| (B4)
≤(1−cosθ+sinθ)/cos2θ≤sin2θ, (B5)
whichimpliesthat|α|≤2θ.Finaly,theboundonγis
obtainedfolowinganidenticalreasoningusingelement
(3,2)ofthematrixequality.
AppendixC: Data
Inthisappendix,wegiveasampleofthedataresulting
fromourdistilationprotocolof|Yk states.|Y3 statesaregivenbytheprotocolofBH[11],sotheyarenot
listedbelow. TableIlistspairsof log10(1/δ),Cost
asafunctionofk,labelingthestates,andthenumber
ofroundsofdistilation. Theaccuracyδisthetrace
distancebetweentheresourcestateand|Yk.Notethatfork≥9,|0istheinitialresourcestate.Itispureand
inthissense,wesaythatitserrorispurelyoﬀ-diagonal.
TableIIlistsasampleoftheresourcesusedtoperform
distilation.Thestatesarelabeledbytwoparameters:k
thelevelofthestateinthefamilyand“#rounds”,the
numberoftimesithasbeendistiled.Thus,a(6,3)state
isa|Y6 statedistiled3times.Theﬁrstcolumnlistsa
sampleofthestatestobedistiled.Thesecondcolumn
giveswhichstates|Y3 areusedintheΛ(Swap)gadgets.
Thethirdcolumngivesthestatesthatshouldbeused
toperformtheWkoperation. Thesenumberswerealobtainedusingour“rulesofthumb”.
[1]P. W.Shor,inProceedingsofthe37thSymposium
ontheFoundationsofComputerScience(IEEEpress,
Los Alamitos, California, 1996) pp. 56–65, quant-
ph/9605011.
[2]D.Aharonovand M.Ben-Or,inSTOC’97Proceedings
ofthetwenty-ninthannualACMsymposiumonTheory
ofcomputing(1997)quant-ph/9611025.
[3]A.Y.Kitaev,Russ.Math.Surv.,52,1191(1997).
[4]E.Knil,R.Laﬂamme, and W.H.Zurek,Phil.Trans.
R.Soc.Lond.A.,454,365(1998),quant-ph/9702058.
[5]J.Preskil,Proc. R.Soc.Lond. A,454,385(1998),
quant-ph/9705031.
[6]E.Knil,Nature,434,39(2005),quant-ph/0410199.
[7]R.RaussendorfandJ.Harrington,Phys.Rev.Lett.,98,
190504(2007).
[8] M.DevoretandR.Schoelkopf,Science,339,1169(2013).
[9]P.Schindler,D.Nigg,T. Monz,J.T.Barreiro,E. Mar-
tinez,S.X. Wang,S.Quint,M.F.Brandl,V.Nebendahl,
C.F.Roos,M.Chwala,M.Hennrich,andR.Blatt,New
J.Phys.,15,123012(2013).
[10]A. M. Meier,B.Eastin,andE.Knil,Quant.Info.and
Comp.,13,0195(2013),arXiv:1204.4221.
[11]S.BravyiandJ.Haah,Phys.Rev.A,86,052329(2012).
[12]A.LandahlandC.Cesare,“Complexinstructionsetcom-
putingarchitectureforperformingaccuratequantumz
rotationswithlessmagic,”(2013),arXiv:1302.3240.
[13]V.Kliuchnikov,D. Maslov, and M. Mosca,Phys.Rev.
Lett.,110,190502(2013),arXiv:1212.6964.
52
10
k\#rounds 0 1 2 3
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Chapitre4
Article:
Fault-tolerantconversionbetweentheSteane
andReed-Mulercodes.
JonasT.Anderson,GuilaumeDuclos-Cianci,DavidPoulin,Fault-TolerantConversion
betweentheSteaneandReed-MulerQuantumCodes,Phys.Rev.Let.113,080501(2014).
4.1 Contexte
Cestravauxontvulejourdurantl’étudedel’article«Usingconcatenatedquantum
codesforuniversalfault-tolerantquantumgates»[1].Eneﬀet,c’estl’interprétationquej’en
aifaitequialancélaréﬂexion.J’aipureformulerleurapprochecommeundécodagepartiel
suividel’applicationd’uneportenon-encodée,puisd’unré-encodage.Nousavonspu
généraliserceteidéepourconvertirlecodedeSteaneendiﬀérentscodesdeReed-Mulerde
manièretoléranteauxfautes.L’intérêtvientdufaitquelecodedeSteanepermetd’appliquer
legroupedeCliﬀordalorsquelescodesdeReed-Mulerpermetentderéaliserdesrotations
d’anglesinférieursàπ/2.Toutescesportesformentunensembleuniversel.L’idéeestdonc
depassereﬃcacementetdemanièretoléranteauxfautesd’uncodeàl’autreenfonction
delaprochaineporteàeﬀectuer.Ceteapprochenenécessitedoncpasd’injectiond’états
magiques.J’aiparticipéàl’élaborationdestransformationspermetantcesconversionsde
codes.
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4.2 Résumé
DanslasectionCodes,nousrévisonslescodeslinéairesclassiquesetleursanalogues
quantiques,lescodesstabilisateurs.LasectionTheReed-Mulercodedéﬁnitdemanière
récursivelafamiledescodesdeReed-Muler.Plusieursdeleurspropriétésimportantesy
sontaussiénumérées.Àl’aidedeceux-ci,nousmontronscommentconstruirelescodesde
Reed-Mulerquantiques.LesgénérateursducodedeReed-Mulerquantiqueà15qubitset
ducodeàseptqubitsdeSteanesontdonnésauxTab.4.1et4.2,respectivement,delasection
4.3.DanslasectionTransversalGates,nousprésentonsl’ensembledesportestransversesde
cescodes.Finalement,lasectionConversionprésenteleprotocoledeconversionàproprement
parlerquipermetdepasserducodeàseptqubitsdeSteaneaucodedeReed-Mulerà15
qubits.
4.3 Commentairesurl’article«Usingconcatenatedquantumcodesforuni-
versalfault-tolerantquantumgates»
Danslamesureoùl’article«Usingconcatenatedquantumcodesforuniversalfault-
tolerantquantumgates»[1]ainspirélestravauxprésentésdanslenôtre,ilestpertinent
demetreenévidencel’interprétationquenousenavonsfaite.Danscetarticle,lesauteurs
proposentd’utiliserdeuxcodes,lecodedeSteaneetlecodedeReed-Mulerà15qubits
etdelesconcaténerdanslebutderéaliserdemanièretoléranteauxfautesunensemble
universeldeportes.
LesTab.4.1et4.2présententrespectivementlesopérateursdéﬁnissantslecodedeReed-
Mulerquantiqueà15qubits QRM(15) etlecodeàseptqubitsdeSteane,quicorrespond
enfaitauQRM(7).Lesopérateurschapeautésd’untraitsontdesopérateurslogiques.Dans
lecasquinousconcerne,QRM(15)estconcaténéauQRM(7),c’estpourquoilesopérateursà
unqubitduTab.4.2apparaissenttousavecuntraitetc’estpourquoilesopérateurslogiques
sontchapeautésdedeuxtraits,c.-à-d.qu’ilssontdoublementencodés.Deplus,nousavons
placédanschacundestableauxdesboîtesmetantenévidencelanaturerécursivedescodes
QRMdéﬁnisàpartirdeséquations2,3et4denotrearticle.
Énuméronslesportestransversesdecesdeuxcodes.QRM(7)alesportestransverses
H=H⊗7,Λ(X)=Λ(X)⊗7etS=S⊗7.CesportesgénèrentlegroupedeCliﬀord.QRM(15)
aplutôtlesportesΛ(X)=Λ(X)⊗15etT=T⊗15 T=√S transverses.Or,Tcombinéau
groupedeCliﬀordestuniversel.Àpartirdelà,voyonscommentlesdiﬀérentesportessont
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
S1 X X . X X . . X X . X X . . .
S2 . X X . X X . . X X . X X . .
S3 . . . X X X X . . . X X X X .
S4 . . . . . . . X X X X X X X X
S5 Z Z . Z Z . . . . . . . . . .
S6 . Z Z . Z Z . . . . . . . . .
S7 . . . Z Z Z Z . . . . . . . .
S8 . . . . . . . Z Z . Z Z . . .
S9 . . . . . . . . Z Z . Z Z . .
S10 . . . . . . . . . . Z Z Z Z .
S11 . . . . . . . Z Z Z . . . . Z
S12 Z Z . . . . . Z Z . . . . . .
S13 . Z Z . . . . . Z Z . . . . .
S14 Z . . Z . . . Z . . Z . . . .
X X X X X X X X X X X X X X X X
Z Z Z Z . . . . . . . . . . . .
Tableau4.1GénérateursdustabilisateuretopérateurslogiquesducodedeReed-Muler
quantiqueà15qubits.
1 2 3 4 5 6 7
S1 X X . X X . .
S2 . X X . X X .
S3 . . . X X X X
S4 Z Z . Z Z . .
S5 . Z Z . Z Z .
S6 . . . Z Z Z Z
X X X X X X X X
Z Z Z Z . . . .
Tableau4.2GénérateursdustabilisateuretopérateurslogiquesducodedeSteaneàsept
qubits,concaténéaucodeduTab.4.1,résultantenuncodeà105qubits.
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Figure4.1ReproductiondelaFigure2del’article[1].Cecircuitpermetd’appliquerlaporte
Tdemanièretoléranteauxfautes.
appliquéessurlecodeconcaténé.PremièrementnousavonsΛ(X)=Λ(X)⊗7=Λ(X)⊗105,
c.-à-d.queceteporteesttransversepourlecodeconcaténéaussi.Deuxièmement,H=H⊗7,
maisHn’estpastransversepourQRM(15).Nousdécidonsdel’appliquersurchaquecopie
deQRM(15)d’unemanièrequin’estpastoléranteauxfautes.1Or,cecin’estpasunproblème,
caruneseuleerreurphysiquedansl’applicationdeH=H⊗7nepeutsetraduirequepar
uneseuleporteHerronée.QRM(7)peutdonclacorriger.Troisièmement,Testappliqué
àl’aideducircuitprésentéàlaFig.4.1.Aupoint1ducircuit,lecodeestmodiﬁéparles
deuxopérationsΛ(X).LesopérateursdécrivantlecoderésultantsonténumérésauTab.4.3.
Remarquonsquel’opérateurlogiqueZaétépartielementdécodépourcoïncideravec
l’opérateurZdutroisièmeQRM(15).Ils’ensuitque
T=exp(−iZπ/4)=exp(−iZ3π/4)=T3. (4.1)
Or,TestuneportetransversedeQRM(15).Elepeutdoncêtreappliquéedemanièretolérante
auxfautes.Lecodeestﬁnalement«ré-encodé»danssaformeinitiale.Deplus,sideserreurs
s’introduisentlorsdel’applicationdesΛ(X),lescodesQRM(15)aﬀectéspeuventlescorriger.
Cestroisportes,{H,T,Λ(X)},formentunensembleuniversel.
LepointcléestdereconnaîtrequelecircuitdelaFig.4.1nedoitpasêtreinterprété
commeuneseuleporteeﬀective.Ildoitenfaitêtrecomprisentroisétapes.Toutd’abord,
nouspassonsducodeconcaténéaucodeduTab.4.3.Ensuite,nousappliquonslaporteTde
cenouveaucode.Finalement,nousretournonsaucodeconcaténé.Unefoisquenousavons
ceteperspective,nouspouvonsnousdemandersiceteprocédureesteﬃcace.Eneﬀet,ele
1.Unefaçonnaived’yparvenirseraitdetoutsimplementdedécoderlecodeà15qubits,d’appliquerHau
qubitlogique,puisderé-encoder.
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1 2 3 4 5 6 7
S1 X . . X X . .
S2 . X . . X X .
S3 . . . X X X X
S4 . Z . Z Z . .
S5 Z . Z . Z Z .
S6 . . . Z Z Z Z
X X . X X X X X
Z . . Z . . . .
Tableau4.3Générateursdustabilsateuretopérateurslogiquesducodeintermédiaireobtenu
àlalignepointilée1delaFig.4.1.Ils’agittoujoursd’uncodeà105qubits.
utilise105qubits,cequimotivelarecherched’uneméthodemoinsgourmandeentermes
dequbitsphysiques.Or,lestravauxprésentésdansnotrearticlerépondentàcetequestion
parl’aﬃrmative.Nousavonsmontréqu’ilestpossibledepasserdirectementduQRM(7)au
QRM(15)demanièretoléranteauxfautes,évitantainsicomplètementlaconcaténation.Le
nombredequbitsrequisestdonc15plutôtque105.Deplus,commenousl’avonsvuci-haut,
l’ensembledesportestolérantesauxfautesapplicablessurcesdeuxcodesestuniversel.
4.4 Article
Fault-tolerantconversionbetweentheSteaneandReed-Mulerquantumcodes
JonasT.Anderson,GuilaumeDuclos-Cianci,andDavidPoulin
D´epartementdePhysique,Universit´edeSherbrooke,Sherbrooke,Qu´ebec,Canada
(Dated:June27,2014)
Steane’s7-qubitquantumerror-correctingcodeadmitsasetoffault-tolerantgatesthatgenerate
theCliﬀordgroup,whichinitselfisnotuniversalforquantumcomputation. The15-qubitReed-
Mulercodealsodoesnotadmitauniversalfault-tolerantgatesetbutpossessesfault-tolerant T
andcontrol-control-Zgates.CombinedwiththeCliﬀordgroup,eitherofthesetwogatesgenerate
auniversalset. Here,wecombinethesetwofeaturesbydemonstratinghowtofault-tolerantly
convertbetweenthesetwocodes,providinganewmethodtorealizeuniversalfault-tolerantquantum
computation.Oneinterpretationofourresultisthatbothcodescorrespondtothesamesubsystem
codeindiﬀerentgauges.OurschemeextendstotheentirefamilyofquantumReed-Mulercodes.
Aprominenttechniqueoffault-tolerantquantumcom-
putationistheuseoftransversalgates[1].Inanarchitec-
turewhereeachlogicalqubitisencodedinacodeblock
whichcanprotectagainstuptoterrors,agateissaidto
betransversalifitdoesnotcouplequbitsinsideagiven
block. Asaconsequenceoftransversality,thenumber
oferrorsorfaultsinablockcannotincreaseunderthe
applicationofagate:thenumberoferrorsafterthegate
isatmostthenumberofinitialerrorsonthedataplus
thenumberoffaultsintheexecutionofthegate.Single-
qubiterrorscanpropagatetosingle-qubiterrorsinother
blocks,butthesewilbecorrectedindependentlyoneach
block.Inthisway,anerror-rate becomesct+1 after
error-correction,wherecisatmostthenumberofdiﬀer-
entwaysofgettingt+1faultsinasingleblock.Recursing
thisprocedureleadstothecelebratedaccuracythreshold
theorem[1–5].
Unfortunately,itisnotpossibletoconstructaquan-
tumcodewhichadmitsauniversalsetoftransversal
gates[6],soadditionaltechniquesarerequired.Inmany
circumstancesitispossibletofault-tolerantlyimplement
theCliﬀordgroup,aﬁnitesub-groupoftheunitarygroup
whichisnotuniversal.Inparticular,alcodesoftheCSS
familyhavetransversalcontroled-notoperations[7],and
codedeformationcanbeusedtoimplementtheentire
Cliﬀordgroupintopologicalcodes[8]. Magic-statedis-
tilationandinjection[9]isthemostcommontechnique
tocompletetheuniversalgateset.
Recently,othertechniqueshavebeenproposedto
circumventthisno-goontransversalgates. Jochym-
O’ConnorandLaﬂamme[10]useda“relaxed”notion
oftransversalitywhichonlydemandsthatgatesdonot
transformasingleerrororfaultintoanuncorrectableer-
ror,withoutprohibitingthatitcouplesqubitsfromthe
sameblock. Thesameideaisresponsibleforthesuc-
cessofcodedeformation[8,11],whichchangestheerror-
correctingcodeinsuchawaythatafulcyclereturning
totheoriginalcodeimplementsagate.Becauseeachstep
inthedeformationactsonanumberofqubitswhichis
lessthantheminimumdistanceofthecodes,thetrans-
formationisfault-tolerantdespitebeingnon-transversal
[12].Therefore,schemesfortopologicalquantumcompu-
tation[13]areaformofcodedeformation.Paetznickand
Reichardt[14](seealsoarelatedideaofKnil,Laﬂamme,
andZurek[15])proposedaschemewheretransversal
gatestakethesystemoutsidethecodespace,butasubse-
quentroundoferrorcorrectionrestoresit.Aswediscuss
below,thisisconceptualyequivalenttoBomb´ın’sscheme
[16]wheretransversalgatesareappliedtoasubsystem
code[17,18],alteringthegaugedegreesoffreedomwhile
applyingalogicalgatetotheencodeddata.Thegauge
canbereturnedtoastandardstatebeforeanewgateis
applied.
Here,weproposeaschemethatconvertsbetweentwo
codeswhich,jointly,possessauniversalsetoftransver-
salgates. Cliﬀordgrouptransformationsarerealized
inSteane’s7-qubitcode[19],whiletheT=Z1/4gate
and/orthecontrol-control-Zgatearerealizedusingthe
15-qubitReed-Mulercode[15];eitheroftheselasttwo
gatesissuﬃcienttocompletetheuniversalgateset,but
anover-completesetcanreducethecompilationoverhead
[20]. Whileitisalwayspossibletoconvertbetweencodes
bypreparingaspecialancilaryentangledstatetotele-
portthedata,ourmaincontributionisafault-tolerant
schemewhichdirectlyconvertstheinformationinplace.
Muchlikeintheapproachesoutlinedabove,thecodeis
modiﬁedduringthecomputation.Oneimportantdiﬀer-
encehereisthatthecodesinvolvedhavediﬀerentnum-
bersofqubits,anaspectthatshouldbetakenintoac-
countwhenoptimizingresourcestorealizeagivenquan-
tumcircuit.Similarlytotheproposalsof[14]and[16],
ourschemecanbeseenasasubsystemencoding[17,18]
withdiﬀerentgaugeﬁxing.Infact,ourapproachshould
beseenascomplementaryto[14,16],whichenablesa
muchrichersetoftransversalgatesandextendstothe
entirequantumReed-Mulercodefamily.
Therestofthispaperisorganizedasfolows.Aftera
briefreviewofclassicalandquantumcodes,wepresent
thefamilyofquantumReed-Mulercodesandhighlight
someoftheirkeyproperties.Then,wereviewtransversal
gateconstructionsforthesecodes. Wethenexplainthe
conversionscheme,whichessentialyreliesonarecursive
deﬁnitionoftheReed-Mulercodes.Lastly,wepresent
analternativederivationintermsofsubsystemcodes,
andconcludebydiscussingpossibleapplicationsofour
scheme.
Codes—Ann-bitclassicallinearcodeencodingkbits
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2isdeﬁnedasthenul-spaceofa(n−k)×nparity-check
matrixH(inZ2arithmetic),i.e.C={x∈Zn2:Hx=0}.Itsminimumdistancedistheminimumnumberofbit-
ﬂipsrequiredtomaponecode-wordtoanother.Givenan
erroneousstringx=x+eobtainedfromacodewordx
anderrore,theerrorsyndromeisgivenbys=Hx =He
andcanunambiguouslyidentifyanyerroractingonless
thanorequalto(d−1)/2bits. Thecodecanalsobe
deﬁnedastherow-spaceofak×ngeneratormatrixG,
i.e.C=row(G),whichisthedualofH,i.e.,HGT=0.
Astabilizercodeencodingkqubitsintonqubitsis
speciﬁedbyasetAofn−kindependentstabilizergen-
erators,whicharecommutingandhermitianelements
ofthen-qubitPauligroup(obtainedfromn-foldtensor
productofthe2×2identityIandthePaulimatricesX,
Y,andZ).ThecodespaceCisasubspaceofthen-qubit
HilbertspacestabilizedbyA:
C={|ψ ∈(C2)⊗n:A|ψ =|ψ ∀A∈A}. (1)
Equivalently,itcanbedeﬁnedastheimageofthecode
projectorPA = A∈AI+A2 = 12|A| S∈SSwhereSisthestabilizergroupgeneratedbyA. Whenacodestate
|ψ ∈CundergoesaPaulierrorE,errorcorrectionis
realizedby measuringthestabilizergenerators. The
±1 measurementoutcomeof measuringAj∈ Aindi-
cateswhetherAjcommutesoranti-commuteswithE:Aj(E|ψ) =±EAj|ψ = ±(E|ψ). Logicaloperatorstransformthestatebutpreservethecodespace,i.e.they
areelementsofN(S)−S,whereNdenotesthenormal-
izerofagroup.Acodehasdistancedifittakesanerror
ofweightdor moreto mapacodewordtoadistinct
codeword. Theseparametersofacodearecolectively
denoted(n,k,d)intheclassicalsettingand[n,k,d]in
thequantumsetting.
TheReed-Mulercode—TheReed-Mulercodesoforder
1canbedeﬁnedrecursively[21]:thecodeRM(1,1)has
generatormatrix
G1= 1101 (2)
andthecodeRM(1,m+1)hasgeneratormatrix
Gm+1= Gm Gm0 1 . (3)
(andboldsymbols0and1designatestringsof0sand1s
oflengthsﬁxedbythecontext). ThedualofRM(1,m)
isRM(m−2,m)andhasgeneratormatrixHm. Quan-tumcodesarederivedfromshortenedReed-Mulercodes
RM(1,m),wheretheﬁrstrowandcolumnaredeleted
fromGm. WecansimilarlydeﬁneshorteneddualcodesRM(m−2,m)withgeneratormatrixHm. Hence,thegeneratormatricesofRM(1,m)obeytherecursivedeﬁ-
nition
Gm+1= Gm Gm 0
T
0 1 1 (4)
(wehavepermutedthecolumnsforlaterconvenience).
NotethatRM(m−2,m)isnotthedualofRM(1,m).
Usingthisdeﬁnition,thefolowingFactscaneasilybe
veriﬁed(seeAppendixA)byinductionform≥2:
1.Forx∈RM(1,m)orRM(1,m),|x|=0 mod2m−1.
2.Form≥3,RM(1,m)iscontainedinitsdual,i.e.,
GmGTm =0.
3.The minimum distance ofthe dualcodeto
RM(1,m)is3.
4.RM(1,m)iscontainedinthedualofRM(m−2,m),
i.e.HmGTm =0.
5.RM(1,m)iscontainedinRM(m −2,m),i.e.
row(Gm)⊂row(Hm).
6.Forx1,x2,...xp∈RM(1,m),x1·x2·...xp=0mod2m−p.
ThequantumReed-Mulercodes[22]QRM(m)derived
fromRM(1,m)codesareCSScodes,meaningthattheir
stabilizergeneratorsbreakintotwosetsAxm andAzm [23,24].ElementsofAxm areobtainedfromrowsofGm,bysubstituting1sbyXsand0sforIs.ElementsofAzm areobtainedinasimilarway,butfromthegeneratormatrix
oftheshorteneddualcodeRM(m−2,m).
InaCSScode,Axdetectsz-typeerrorsandAzdetects
x-typeerrors.ItfolowsfromFact3thatQRM(m)have
minimumdistanced=3,sotheparametersofthecode
are[n=2m−1,k=1,d=3].Thelogicaloperatorsare
givenbytherowsthatwereremovedintheshortening
procedure,theyareXm =X⊗nandZm =Z⊗n.Finaly,
notethatthecommutationofthestabilizergenerators
folowsfromtheorthogonalityofRM(1,m)andRM(m−
2,m)(Fact4).
Transversalgates —Thelogical0stateofacodeshould
beasimultaneous+1eigenstateofZandalelementsof
A.Thestate|0 isalreadya+1eigenstateofZandof
alAzm,soweobtainthelogical0byprojectingitontothe+1eigenspaceofelementsofAxm:
|0S=
A∈Axm
I+A
2 |0 (5)
= 1|Sx|S∈Sxm
S|0 (6)
= 1|Sx|x∈row(Gm)
|x. (7)
Thelogical1isobtainedbyapplyingXm tothisstate,soitis|1 = 1|Sx| x∈row(Gm)|x⊕1.Itfolowsfrom
Fact1that|0isthesuperpositionofstringsofweight
0 mod2m−1and|1 isthesuperpositionofstringsof
weight−1 mod2m−1.
Considernowthesingle-qubitgateZ(ω)=diag(1,ω)
whereω isthethrootofunity. Observethatforany
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3n-bitstringx,Z(ω)⊗n|x =ω|x||x =ω(|x|mod )|x.
Fromtheaboveconsiderationontheweightsofthebasis
statesappearinginthelogicalstates|0and|1,itfolows
thatfor =2m−1,thetransversalgateZ(ω)⊗nactsas
thelogicalZ(ω)†onQRM(m)[25–27].
Thecodes QRM(m)alsohaveatransversalk-fold
controled-Z gatefork ≤ m −2. Notethatthe
transversalk-foldcontroledgateactsonabasisstate
|x1|x2 ...|xk+1 byintroductionofaphasefactor(−1)x1·x2·...xk+1. Alogicalstate|¯y isthesuperposi-
tionofstatesoftheform|x+y1 wherex∈RM(1,m).
Whenactedonbyatransversal k-foldcontroled-Zgate,
alogicalstate|¯y1|¯y2 ...|¯yk+1 wilpickupaphasefac-tor(x1+y11)·(x2+y21)·...(xk+1 +yk+11)wherexj∈RM(1,m)foralj. Expandingthisproduct,altermscontainingxsproduceatrivialphaseduetoFact
6,soonlythetermy1y2...yk+1contributestothephase,
whichproducesthedesiredtransformation.
The7-qubitSteanecodeisderivedfromtheclassi-
calcodeRM(1,3),a.k.a.theclassical(7,4,3)Hamming
code.Thisisaspecialcaseasitisself-dual,whichimplies
thatAx3andAz3areequaluptoexchangingXsforZs.AsaconsequenceithastransversalCliﬀordgates. The
HadamardgateHexchangesXandZ.Itisthusclear
thatthetransversalgateH⊗7preservesthecodespace
(asitonlyswapsAx3withAz3)andactsasthelogicalHadamardbyexchangingX withZ. TheCNOTact-
ingontwoqubitsmapstheoperators(IX,XI,IZ,ZI)
to(IX,XX,ZZ,ZI). ThetransversalgateCNOT⊗7
thereforeactsonthelogicaloperatorsasalogicalCNOT,
andmapsthesetofgenerators{IAx3,Ax3I,IAz3,Az3I}ofS3⊗S3to{IAx3,Ax3Ax3,Az3Az3,Az3I},whichissimplyadiﬀerentsetofgeneratorsforS3⊗S3,sothecodeispre-served.Finaly,thephasegatePcorrespondstoZ(ω4)deﬁnedaboveandistransversalaswehaveseen.
Conversion—ThekeyfeatureofquantumReed-Muler
codeswhichenablesourconstruction,andwhichfolows
fromFact5RM(1,m)⊂RM(m−2,m),isthatAzm con-tainsthesameoperatorsasAxm withXsreplacedbyZs,plussomeadditionaloperators.Inotherwords,ifwe
considerthechecksAzm obtainedbyreplacingX byZ
inAxm,thenAzm =Azm∪A˜zm forsomesetofz-stabilizer
generatorsA˜zm.SinceelementsofAxmcanunambiguouslydiscriminatealsingle-qubitz-errors,itfolowsthatAzmcanunambiguouslydiscriminatealsingle-qubitx-errors,
i.e.operatorsfromA˜zm aresuperﬂuous.Startingfromthe“relevant”stabilizersAxm andAzm,therearemanywaystocompletethelistofstabilizersinordertoobtain
avaliderror-correctingcode.Ourschemewil makeuse
ofthisfreedomtoconvertbetweendiﬀerentcodes.
ItfolowsfromEq.(4)thattherelevantstabilizersAxmandAzm canbedeﬁnedrecursively. GiventwoorderedsetsA={A1,A2,...}andB={B1,B2,...},weintro-ducethenotationA×B={A1⊗B1,A2⊗B2,...},and
write
Axm+1= A
xm × Axm ⊗ I,I⊗n ⊗ Xm ⊗ X , and (8)
Azm+1= A
zm × Azm ⊗ I,I⊗n ⊗ Zm ⊗ Z . (9)
LetusﬁrstexplainhowtoconvertfromQRM(m)to
QRM(m+1). Webeginwithsomeinformationencoded
inan(2m−1)-qubitstateofQRM(m),|ψm. Weprepare
a2m-qubitquantumstate|Φ = 1√2(|0m|0+|1m|1)consistingofamaximalyentangledstatebetweenabare
qubitandaqubitencodedinRM(m).Viewingthejoint
state|ψm ⊗|Φ asanencodedstateofa(2m+1−1)-qubitcode,wecanwritethegeneratorsforthis“extended
quantumReed-Mulercode”as
Azm ⊗ I⊗n ⊗ IAxm ⊗ I⊗n ⊗ II⊗n ⊗ Azm ⊗ II⊗n ⊗ Axm ⊗ II⊗n ⊗ Zm ⊗ Z
I⊗n ⊗ Xm ⊗ X
(10)
Wecanchangethegeneratingsetwithoutchangingthe
codeandinsteaduse
Azm × Azm ⊗ IAxm × Axm ⊗ II⊗n ⊗ Zm ⊗ Z
I⊗n ⊗ Xm ⊗ X
A˜zm × A˜zm ⊗ IAzm ⊗ I⊗n ⊗ IAxm ⊗ I⊗n ⊗ I
(11)
Weimmediatelyrecognizetheﬁrst2m+2generatorsof
thislist[ﬁrstfourrowsofEq.(11)]asgeneratingtherel-
evantstabilizersofQRM(m+1),i.e. Axm+1 andAzm+1.Indeed,comparetoEqs.(8,9).Thus,onlyoperatorsfrom
thelastthreelinesofEq.(11)diﬀer,andmustbesub-
stitutedbyA˜zm+1 toconvertintoQRM(m+1).Infact,onlythemstabilizersofthelastlineareaproblem,since
A˜zm×A˜zm⊗IandAzm⊗I⊗n⊗I⊂A˜zm+1.Butasexplainedinthepreviousparagraphs,these
mstabilizersaresuperﬂuousinthesensethattheyare
notrequiredtodiagnosesingle-qubiterrors.Thus,ifwe
fault-tolerantly measurealstabilizersofQRM(m+1)
onthestate|ψm ⊗|Φ,wecanusethesyndromefromtheﬁrstsixrowsofEq.(11)todiagnoseerrors,andre-
moveanysyndromeassociatedtothelast m stabiliz-
ersbyafault-toleranterror-correctionprocedure(orby
adaptingthePauliframe). Speciﬁcaly,givenasetof
stabilizergeneratorsA={A1,...An−k}andlogicalop-eratorsL={Xa,...Xk,Z1,...Xk},thereexistsasetof“pureerrors”T={T1,...Tn−k}suchthatTjcommuteswithalelementsofL,T,andAexceptAjwithwhichitanti-commutes.AsyndromeAj=−1revealedbyoneofthelastmstabilizersj=n−k−m,...n−kiscorrected
byapplyingTj.
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4Tosummarize,toconvertfromQRM(m)toQRM(m+
1),weﬁrstfault-tolerantlypreparethe2m-qubitstabi-
lizerstate|Φ,appendittothesystem,fault-tolerantly
measurethestabilizergeneratorsofQRM(m+1),error-
correctgiventheﬁrst2m+1−m−2syndromebits(ﬁrst
sixrowsofEq.(11))andrestorethelastm syndrome
bitsusingtheirassociatedpureerrors.
ToconvertfromQRM(m+1)toQRM(m),wesim-
plyfault-tolerantlymeasurethestabilizersofEq.(11),
usetheﬁrst2m+1−m−2syndromebits(ﬁrstsixrows
ofEq.(11))todiagnoseerrors,andrestorethelastm
syndromebitsusingtheassociatepureerrors. Wecan
thenremovetheadditional2m qubitsandbeleftwith
the(2m−1)-qubitstate|ψm encodedinQRM(m).
Subsystemcodeinterpretation—Itispossibletorecast
theaboveconversionschemeusingthesubsystemcode
formalism[17,18],whichhighlightsitssimilaritywith
thePaetznickandReichardt[14]andtheBomb´ın[16]
schemes. Wecandeﬁneastabilizercodefromthestabi-
lizersthatarecommontoQRM(m+1)andtheextended
QRM(m). Thereare2m+1−m−2oftheseandthey
aregivenbytheﬁrstsixlinesofEq.(11). Thus,this
codeencodesk=m+1logicalqubitsandhasminimum
distanced=3,soitcanerror-correctanysingle-qubit
error.
Oneoftheselogicalqubits,whichwelabel0,isthe
oneencodedintheoriginalcodeandhaslogicalopera-
torsX0=XmandZ0=Zm.Theotherlogicaloperators
associatedto“gaugequbits”,Xjwithj=1,...,mcorre-
spondtoelementsofthelastlineofEq.(11).Theircon-
jugatepartnersZjaregeneratedbyelementsofA˜zm+1.Weobtainasubsystemcodebychoosingtoencode
informationonlyintheﬁrstlogicalqubitofthecode.
Theotherlogicalqubitsj=1,2,...mcarrynoinforma-
tion,andcanbeﬁxedtoanarbitrarystate. Thecon-
versionschemedescribedabovethensimplyconsistsin
ﬁxingthesemgaugequbitsalinstate|0oralinstate
1√2(|0+|1).Theﬁrstscenariocanberealizedbymea-
suringtheoperatorsZj,andﬂippingthequbitusingXj
iftheoutcomeis−1. Thisprocedurebringsthestate
totheextendedquantumReed-Mulercode,andthelast
2m qubitscanbediscardedtoobtainastateencodedin
QRM(m). Thesecondscenariocanberealizedbymea-
suringtheoperatorsXj,andﬂippingthequbitusingZj
iftheoutcomeis−1.Thisprocedurebringsthestateto
QRM(m+1).
Thus,weseethatthediﬀerentquantumReed-Muler
codesalcorrespondtothesamesubsystemcodewith
diﬀerentgaugeﬁxing. Dependingonthechosengauge,
somequbitsbecomeunentangledwiththepartofthe
codesupportingthedata,andcanbediscarded.Atthe
bottomofthishierarchyisSteane’s7-qubitcode,which
realizestheentireCliﬀordgrouptransversaly.Aboveis
aninﬁnitefamilyofquantumReed-Mulercodeswhich
admitincreasinglycomplextransversalgates[28].
Conclusion&Outlook—Wehavepresentedascheme
todirectlyandfault-tolerantlyconvertbetweenafam-
ilyofquantumerrorcorrectingcodes.Bycombiningthe
transversalgatesetsofthesecodes,weobtaina(over-
complete)universalgateset. Ourresultoﬀersadeeper
understandingofarecentproposal[14]andcomplements
itinmanyways.
Animportantadvantageofourconversionschemeis
itspotentialreductionofoverhead. Wecanenvisionan
architecturewherespecialareasinthecomputerareded-
icatedtotheexecutionofnon-Cliﬀordgates.Inthose
areas,theencodingusesconcatenatedReed-Mulercode,
whiletherestofthecomputerisencodedwithconcate-
natedSteanecodes,animportantoverheadreduction
over[14]whenfewnon-Clifordgatesareexecutedinpar-
alel.Qubitsarebroughtintothesespecialareastoreal-
izenon-Cliﬀordgates.
Finaly, wenotethatthehigher-orderReed-Muler
codesRM(r,m)obeyasimilarrecursivedeﬁnition
Gr,m+1= Gr,m Gr,m0 Gr−1,m (12)
andaredual-containingwhentheirratesismorethan
1/2[21],soourconversionprocedurecanbeextended
tothisbroaderclassofcodes(seeappendixB).Thetwo
mainmotivationtostudythesecodesisthattheycan
havealargerminimaldistanceandadmitarichersetof
transversalgates[27]. Moreover,theReed-Mulercode
familycanbeusedtodistil magicstates[14,25–27].Dis-
tilationisaprocedurewhichusesCliﬀordoperationsto
increasetheﬁdelityofnon-stabilizerstates,whichcanbe
injectedinthecomputationtorealizenon-Cliﬀordtrans-
formations[9]. Higher-orderReed-Mulercodesofmin-
imaldistancegreaterthan3couldbeusedtoimprove
magicstatedistilationprotocols.
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AppendixA—Inthisappendixweprovethe6prop-
ertiesoftheshortenedReed-Mulercodeslistedinthe
maintextasFacts.Itwilbeusefultomakeuseofan
alternativerecursivedeﬁnitionofthesecodes[1]:
RM(1,m+1)={(x,x),(x,x+1):x∈RM(1,m)}.(1)
Fact1. ForRM(1,m),thebasecasem =2canbe
veriﬁeddirectly.Supposethatthefactholdsform,which
meansthatthealowedweightsofelementsofRM(1,m)
arewm =0,2m−1,or2m.UsingEq.(1),weseethattheweightofelementsofRM(1,m+1)wilbeeither2wmorwm+(2m−wm),sotheconditionissatisﬁed. WhenweshortenthecodetogetRM(1,m),weremovearow
fromGm whichcontainsal1sandthenremoveacolumncontainingal0s.Thus,wehave
RM(1,m)=(0,x),(1,x+1):x∈RM(1,m). (2)
Thus,theset{(0,x):x∈RM(1,m)}isasubsetof
RM(1,m),sothepropertyholdsforRM(1,m)aswel.
Fact2. Thebasecasem=3iswelknown,itcorre-
spondstotheHammingcode(Steane’scode). Thein-
ductionyields
Gm+1GTm+1= 0 Gm·1
T
1·GTm 0 . (3)
NotingthatGm ·1T issimplythevectorofweights
mod2oftherowsofGm andthattheseareevenbyFact1provesFact2.
Fact3.Sinceweareinterestedinthedualcode,we
shouldthinkofGm astheparitycheckmatrixofacode.Thebasecasem =2correspondstotheparity-check
matrix
G2= 101011 . (4)
The minimumdistanceisobviouslyboundedbythe
lengthofthecoded≤3. Thisparity-checkmatrixcan
uniquelyidentifyanysinglebiterrorsincealitscolumns
aredistinct,soithasminimum-distance3.Initsrecur-
sivedeﬁnitionEq.(4,maintext),Gm+1 containsthreeblocksofbits:theﬁrsttwoofsize2m−1andthelastof
size1.Itisclearthattheminimumdistanceform+1
isnogreaterthantheminimumdistanceform,sincean
∗David.Poulin@USherbrooke.ca
erroroccurringintheﬁrstblockisonlyseenbyGm.Ontheotherhand,asingle-biterroroccurringindiﬀerent
blockswiltriggerdiﬀerentsyndromepatterns.Ifitisin
block1itsﬁrstmsyndromebitswilbenon-trivialand
itslastsyndromebitwilbetrivial.Ifitisinblock2
itsﬁrstmsyndromebitswilbenon-trivialanditslast
syndromebitwilbenon-trivial.Ifitisinblock3itsﬁrst
msyndromebitswilbetrivialanditslastsyndromebit
wilbenon-trivial. Moreover,ineachcasethesyndrome
canuniquelyidentifytheerrorbyinduction,provingthe
fact.
Fact4.Toprovethisfactitisimportanttoknowthat
forshortening,therowwhichisdeletedfromHm isal1sandthatthesubsequentlydeletedcolumnisal0s.
ThefactthatHm containsanal1srowsimplyreﬂectsthefactthatelementsofRM(1,m)haveevenweightfor
m≥2. Thefactthattherestoftheﬁrstcolumnisal
0scanalwaysbeobtainedbyGaussianelimination.By
deﬁnition,GmHTm =0,orinotherwords

11...1
0
0 Gm
0




10...0
1
1 HTm1

 (5)
= 0 Hm·1
T
1·HTm GmHTm =0. (6)
Fact5. First,weprovethatrow(Gm)⊂row(Hm).ThisfolowsfromthefactthatGmGTm =0,whichweprovebyinduction:
Gm+1GTm+1= 0 Gm·1
T
1·GTm 0 . (7)
Ther.h.sis0sincerowsofGm haveevenweightfromFact1. ThefactfolowsfromtheobservationthatGmandHm areobtainedfromGm andHm bythesameshorteningprocedure:ﬁrstremoveanal1srowandthen
removeanal0scolumn.
Fact6:ForthisFactitisconvenienttodeﬁneRM(1,m)
asbooleanpolynomialswithaltermsofdegree1[1].
Then,x1·x2·...xpisabooleanpolynomialwithaltermsofdegreep,andthesehaveweights0 mod2m−p
[1].
AppendixB—Inthisappendixwediscussthegener-
alizationtohigherrankReed-Mulercodes,deﬁnedre-
cursivelyby[1]
RM(r,m+1)= (8)
{(x,x+y):x∈RM(r,m),y∈RM(r−1,m)},
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2orequivalentlybyEq.(12,maintext).
DenoteGr,mthegeneratormatrixofRM(r,m). WechooseapairofcodesRM(m−r−1,m)andRM(m−
r,m+1)bothofratesgreaterthan1/2.Suchcodescon-
taintheirdual[1],soinparticulartheﬁrstcodecontains
RM(r,m),whichimpliesthatRM(r,m)isself-orthogonal,
andthesamereasoningappliestoRM(r,m+1).Since
RM(m−r,m)hasarategreaterthanRM(m−r−1,m),it
folowsthatRM(r−1,m)isalsoself-orthogonal.Inshort,
wehavejustshownGr,mGTr,m=0,Gr−1,mGTr−1,m=0,
andGr,m+1GTr,m+1 =0.Thislastequalitycombinedto
Eq.(12,maintext)impliesthatGr,mGTr−1,m=0.Asaconsequenceoftheseorthogonalityconditions,
wecanusetherowsofGr,mtobuildaself-dualCSS
codeQRM(r,m). Similarly, wecanbuildaself-dual
CSScodeGfromtheunionoftherowsofRM(r,m)
andRM(r−1,m). ThecodeGhasminimumdistance
≥dr−1,m.Therearemanyinequivalentwaysofbuilding
subsystemcodesfromthese,byconvertingsomelogical
qubitsintogaugequbits,byshorteningthecodes,andby
addingadditionalstabilizersA˜r,morequivalentlyﬁxingthegaugeinvariousways.Belowwebrieﬂydiscussone
possibleconstruction,whichconvertsbetweentwosub-
systemcodeswithstabilizersgivenbyQRM(r,m)and
QRM(r,m+1),andhasminimumdistancedr,m=2m−r.m+1→mconversion: Webegininasubsystemcode
withstabilizersQRM(r,m+1). AsofEq.(12, main
text),wecannaturalypartitionthe2m+1 qubitsinto
twoblocksof2m qubits. Wecanmeasurethestabilizers
ofGonthesecondblock,andcorrectanyerrorsitre-
veals.ThisleavestheﬁrstblockinthecodeQRM(r,m).
ThelogicaloperatorsofQRM(r,m)actingontheﬁrst
blockarepreservedbythisprocedure.
m → m+1conversion: Webegininthestabilizer
codeQRM(r,m). Weappendtothesystemastateρ
preparedinthecodeG.Theresultingstateisstabilized
byQRM(r,m+1). Wecanmeasureanyadditionalstabi-
lizersandusetheirassociatedpureerrorstorestoretheir
+1valueinordertorestoreagivengauge. Thelogi-
caloperatorsofQRM(r,m)actingontheﬁrstblockare
preservedbythisprocedureprovidedthattheydonot
conﬂictwiththegaugechoice.
Notethat,whiletheconversionschemepresentedhere
andinthemaintextareconceptualyidentical,thecodes
presentedinthemaintextarenotaspecialcaseofthe
quantumcodesQRM(r,m)sincethesehavenotbeen
puncturedorshortened.Itisaninterestingopenproblem
tostudythevariouswaysinwhichReed-Mulercodescan
bepuncturedandshortenedtoproducequantumcodes
withinterestingtransversalgatesandcodeparameters.
Wenoteforinstancethatapplyingthestandardpunc-
tureandshorteningprocedure(removetheal-1column
androw)toRM(2,7)yieldsa[127,1,7]quantumcode
withtransversalTgate[2],whichcouldbeimportantfor
magicstatedistilation.
[1]F.J.MacWiliamsandN.J.Sloane,TheTheoryofError-
Correcting Codes (North-HolandPublishing Company,
1977)
[2] The online encyclopedia of interer sequences
http://oeis.org/a006006
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Deuxièmepartie
Codestopologiquesstabilisateurs
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Chapitre5
Article:
Universaltopologicalphaseof
two-dimensionalstabilizercodes
BombinH.,Duclos-CianciG.,PoulinD.,Universaltopologicalphaseoftwo-dimensional
stabilizercodes,NewJournalofPhysics,14(7),073048(2012).
5.1 Contexte
Durantl’intervaledetempsoùjeterminaismonmémoiredemaîtriseetcommençait
mondoctorat,jemesuispenchésurledécodageducodedecouleurs.Durantcetemême
période,HéctorBombin,inventeurdescodesdecouleurs[15,26],visitaitl’universitéde
Sherbrooke.Nosdiscussionsnousontamenésàplusieursconclusions.Toutd’abord,pour
cequiestdudécodage,ilpeuttoujoursêtreformuléentermesd’homologiedelignesdevies
d’excitations.Grâceàcefaitsimple,j’arrivaisàtransformerlesdéfautsducodedecouleursen
défautsducodetopologiquedeKitaev(CTK),cequipermetaitsondécodage.Deplus,par
observationdirecte,lesexcitationsducodedecouleurspeuventêtreidentiﬁéesauxdéfauts
dedeuxcopiesduCTK,c.-à-d.legroupedechargeestgénérépardeuxpairesdesemions
indépendants.Ilsemblaitalorsnatureldesedemanders’ilexistaitunetransformationde
Cliﬀord«simple»(locale)permetantdepasserducodedecouleursàdeuxcopiesduCTK.
Assezrapidement,nousavonsconstruituneteletransformation.Laquestionalorsétaitde
savoirsicetetransformationsegénéralisaitàtouslescodesstabilisateurstopologiques.J’ai
tentédeprouverceteaﬃrmationsanssuccès,alorsqu’Héctoryestarrivé.Macontribution
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adoncétédeconstruiredesexemplesexplicitesdetelestransformationsavantquela
preuven’existepourdeuxsystèmesenparticulier,lecodedecouleurs4.8.8etlecodede
couleursàsous-systèmescorrespondant,puisdelesappliqueràleurdécodage.J’aiprésenté
cesrésultatslorsdesconférencesannuelesSouthwestQuantumInformationandTechnology
(SQuInT)Workshop2011,APSMarchMeeting2011etQuantumInformationProcessing(QIP)
2011.
5.2 Résumé
Lerésultatprésentédansl’articleestcomplexeetcepréambule,quiseveutuneintroduc-
tionpédagogiqueaurésultat,estégalementrelativementcomplexe.Nousavonsdémontré
explicitementl’équivalencetopologiqueentrediﬀérentscodes,cequinécessitedenom-
breusesétapes:l’étudedeschargestopologiques,l’organisationdugroupedechargesen
fonctiondechargesélémentaires,lesopérateursdedéplacementdecharges,etﬁnalement
lesbouclesdedéplacementdechargesquideviendrontdesstabilisateurs.Nousespérons
quecepréambule,quiseconcentresurl’exempleconcretducodedecouleurs4.8.8[27],
permetraaulecteurdesaisirlesprincipalesétapesutiliséespourdémontrerl’équivalence.
Lestravauxprésentésdanscetarticles’intéressentdemanièregénéraleauxcodes
topologiquesstabilisateursàdeuxdimensionsetinvariantssoustranslation(CTS-IT).Plus
précisément,ils’agitdescodesstabilisateurs2Dpourlesquelsilexisteunensemblede
générateursdustabilisateurquisoitinvariantsoustranslationetoùchaquegénérateura
unetaileﬁnie,indépendantedelataileduréseau.Lecodedecouleurs4.8.8etleCTKen
sontdeuxinstances.LessectionsIetIIintroduisentlesCTS-ITetdiscutentdelanotion
d’équivalencedephase.LasectionIIIénoncelerésultatprincipal:touslescodesCTS-IT
sontéquivalents.Entermesphysiques,celarevientàdirequetouslesCTS-ITappartiennent
àlamêmephasetopologique.Entermesdecorrectiond’erreursquantique,celaveutplutôt
direquecescodessontliésparunetransformationdeCliﬀordlocale.Cetesectiondétaile
l’ensembledesétapesquipermetentlapreuvedurésultat.Cesontcesdiﬀérentesétapes
quenousilustronsàl’aidedel’exempletraitéci-bas.LasectionIVdiscuteducasdescodes
àsous-systèmes.Finalement,lasectionVmontrecommentutiliserlerésultatpourdécoder
desCTS-IT.
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f
δf
(a)Réseau 4.8.8 sur lequel se trouve un qubit par
sommet. Nous avons mis en évidence une face
fet la frontière d’une autre,δf.
(b)Réseau d’arêtes coloriées. La couleur d’une
arête est déterminée par la couleur des faces
qu’ele relie.
Figure 5.1
5.3 Déﬁnition du code de couleurs 4.8.8
Considérons un réseau 4.8.8 (cf. Fig.5.1a). Il est nommé ainsi, car chaque sommet est
entouré d’un losange et de deux octogones, qui ont quatre et huit côtés, respectivement.
Notons que ce réseau est trivalent, ce qui nous permet d’y déﬁnir un code de couleurs. En
eﬀet, nous pouvons ainsi munir le réseau d’un coloriage en trois couleurs : les losanges sont
rouges, la moitié des octogones verts et l’autre moitié, bleus. Nous en proﬁtons aussi pour
colorier les arêtes (cf. Fig.5.1b) : la couleur d’une arête est donnée par la couleur des deux
faces qu’ele rejoint. L’utilité de ce coloriage apparaitra plus loin. Le code stabilisateur se
déﬁnit comme suit :
1. Un qubit réside sur chaque sommet.
2. Nous déﬁnissons deux stabilisateurs sur chaque facef(cf. Fig.5.1a):
SfX=∏
q∈δf
Xq, SfZ=∏
q∈δf
Zq,
oùδfest l’ensemble des qubits à la frontière de la facef.
3.Le code est le sous-espace propre +1 de tous les stabilisateurs ou de manière équiva-
lente, le sous-espace fondamental du hamiltonien
H=−∑
f
SfX−∑
f
SfZ.
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5.4 Chargestopologiques
Lorsquelesystèmeestdanslecode,c.-à-d.danssonétatfondamental,etquedeserreurs
dePauliseproduisent,desexcitationsapparaissentsurleréseau.L’ensembledecesexcita-
tionsformecequenousappelonsuneconﬁgurationd’excitations.Leschargestopologiques
sontdéﬁniescommeétantlesclassesd’équivalencedesconﬁgurationsd’excitations:deux
conﬁgurationsd’excitationssontéquivalentess’ilexisteunopérateurdePauliausupport
ﬁnipermetantdepasserd’uneàl’autre.Nousalonsmontrerquelecodedecouleurs4.8.8
exhibe16chargestopologiquesquel’onpeutréduireàquatrecharges«fondamentales»
quigénèrentles12autresparcomposition.Pourcefaire,introduisonslestroissous-réseaux
associésauxtroiscouleursdiscutéesci-haut.Nousappelonssous-réseaurouge,l’ensemble
deslosangesrouges,sous-réseauvert,l’ensembledesoctogonesvertsetsous-réseaubleu,
l’ensembledesoctogonesbleus.Cessous-réseauxincluentaussitouslesqubitsparticipant
auxfacesconcernées.Danscecas-ci,chaquesous-réseaucontienttouslesqubitsdusystème.
Nousdéﬁnissonsaussilescheminsdediﬀérentescouleurs.Unchemind’unecouleurdonnée
estunealternancedefacesetd’arêtesdecetecouleur,telequechaquefacetoucheàl’arête
suivanteetvice-versa.
Danscequisuit,nousdisonsd’uneexcitationdontlesupportseréduitàunseul
générateurdustabilisateurqu’eleestponctuele.Deplus,nousdisonsqu’uneexcitation
ponctueleestSX(SZ)sielecorrespondàunevaleurpropre−1d’unstabilisateurSfX(SfZ)
pourunefacefquelconque.Aussi,nousdisonsquedeuxexcitationsponctuelessontdu
même«type»siceles-civiventsurunmêmesous-réseauetsielessonttoutesdeux,soit
SX,soitSZ.Parexemple,uneexcitationponctuelecorrespondantàlavaleurpropre−1
d’unstabilisateurSfXoùfestunoctogonebleuestdutypeSX-bleu.
Proposition1.Lesexcitationsponctuelesdumêmetypeinclusesdansunerégionconnexepeuvent
êtreréduitesauvide(àuneexcitation)parunopérateurdePaulidontlesupportestrestreintàcete
régionsileurnombreestpair(impair).
Démonstration.Considéronsdeuxexcitationsponctuelesdumêmetypecontenuesdans
unerégionRconnexe.ChoisissonsensuiteuncheminγquelconquedansRdelacouleurdes
excitationsetreliantceles-ci.Cecheminexistetoujours,carlarégionestsupposéeconnexe.
SicesexcitationssontSX(SZ),nousvériﬁonsdirectementquel’opérateurPγZ=∏q∈γZq
(PγX=∏q∈γXq)apourseuleﬀetdefusionnerlesdeuxexcitations.LaFig.5.2donneun
exemplepourchaquecouleurdechemins.LesexcitationsdumêmetypedansRpeuvent
alorsêtrefusionnéesdeuxàdeuxpardesopérateursdePaulin’agissantqu’àl’intérieurde
larégiond’intérêtR.
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(a)Deux défauts verts aux extrémités
d’un chemin vert.
(b)Deux défauts bleus aux extrémités
d’un chemin bleu.
(c)Deux défauts rouges aux extrémités
d’un chemin rouge.
Figure 5.2Exemples de chemins de chacune des trois couleurs mis en évidence par les traits
gras. En appliquant desZ(X)sur les qubits le long du chemin considéré, des
défautsSX(SZ)de la même couleur sont créés/annihilés.
Proposition 2.Une excitation ponctueleSX-rouge (SZ-rouge) est équivalente à une paire d’exci-
tations ponctueles, uneSX-bleue (SZ-bleue) et uneSX-verte (SZ-verte).
Démonstration.Imaginons une région ne contenant qu’une excitation ponctueleSX-rouge,
c’est-à-dire vivant sur un losange, comme le montre la Fig.5.3. L’application d’un opérateur
Zsur n’importe lequel des sommets du losange transforme cete excitation en une paire
d’excitations (SX-vert,SX-bleu) sur les octogones adjacents au dit sommet. Un raisonnement
similaire s’applique aux excitations du typeSZ-rouge.
Figure 5.3UnZ(X)sur un qubit du losange (le qubit de droite ici) transforme un défaut
SX-rouge (SZ-rouge) en une paire des défautsSX-vert,SX-bleu (SZ-vert,SZ-bleu).
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Àl’aidedespropositions1et2,nouspouvonsfacilementmontrerquetouteslesconﬁ-
gurationsd’excitationspeuventêtreclasséesen16chargestopologiques.
Proposition3.Lecodedecouleurs4.8.8possède16chargestopologiquesdistinctes.Deplus,la
charged’unerégionestcaractériséeparlaparitédunombred’excitationsdechacundestypesqu’ele
contient.
Démonstration.Étantdonnéunerégionetuneconﬁgurationd’excitationsqu’elecontient,
nousnotonsNrX,lenombred’excitationsponctuelesSX-rouge.Demanièresimilaire,déﬁnis-
sonsNrZ,NvX,NvZ,NbXetNbZ.Parlaproposition2,débarrassons-nousdetouteslesexcitations
rouges.NousavonsalorsNβα← Nβα+Nrαpourtoutα∈{X,Z}etβ∈{b,v}.Parlapropo-
sition1,réduisonslenombred’excitationsdechacundesquatrestypesrestantsà0ou1.
Cesnombresd’excitationsrésiduelessontdonnésparlesparités:
π(Nβα)=π(Nβα+Nrα)=π(Nβα)⊕π(Nrα), (5.1)
oùα∈{X,Z}etβ∈{b,v}etoùπestl’opérateurdeparitéet⊕,lasommebinaire.
Lapreuvemetenévidencequeles«types»d’excitationsponctuelesétiquetentenréalité
diﬀérenteschargestopologiquesducode.Inspirésparlapreuveprécédente,nouschoisissons
SX-bleu,SZ-bleu,SX-vertetSZ-vertcommechargesélémentaires.Eneﬀet,commecelaestfait
danslapreuve,nouspouvonstoujoursréduireuneconﬁgurationd’excitationsd’unerégion
àunproduitdechargesélémentairesponctueles.Dorénavant,parsoucisdeconcision,nous
notonsleschargesélémentairescβαavecα∈{X,Z}etβ∈{b,v}.LegroupedechargeCest
legroupegénéréparlacompositiondesdiﬀérenteschargesélémentaires
C= cbX,cbZ,cvX,cvZ. (5.2)
Toutcommecelaestfaitàlasection3.1.1del’article,ilestpréférabledefaireunegranu-
lation(coarse-graining)duréseaupourqu’ainsichaquechargetopologiquesoitreprésentée
surchaquesiteduréseaugranulé.Lafaçonlaplussimpled’yparvenirestdedécouperle
réseauinitialenrégionscontenantdeuxfacesoctogones-verts,deuxfacesoctogones-bleus
etquatrefaceslosanges(cf.Fig.5.4).Surleréseaugranulé,nousnefaisonsplusladistinc-
tion«sitescontenantdesqubits»et«facescontenantdesgénérateursdustabilisateur».
Plutôt,nousratachonstoutauxsites.Commelesupportd’unstabilisateurcouvreplusieurs
sitesengénéral,nouslesratachonsauxsitesdemanièrearbitraire,maissystématique.La
Fig.5.4donneunexempled’untelétiquetage.Aveccechoixdegranulation,leréseau4.8.8
devientunréseaucarrédesitesà16qubitsetchacunpeutconteniraumoinsuneexcitation
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Figure 5.4Granulation du réseau 4.8.8 pour en faire un réseau carré. Chaque site granulé
contient 16 qubits. Tous les générateurs du stabilisateur ont une dimension linéaire
d’au plus deux sur le nouveau réseau. La ﬁgure montre comment ratacher chaque
générateur du stabilisateur à un seul site.
ponctuele de chaque charge élémentaire. De plus, chaque stabilisateur a une taile linéaire
d’au plus deux sur le réseau granulé.
Ce n’est pas absolument nécessaire de le faire à cete étape-ci, mais dans le but de
simpliﬁer les discussions à venir, nous redéﬁnissons les générateurs du stabilisateur pour
qu’un site ne contienne qu’un générateur par charge élémentaire et que tous les autres soient
de charge triviale. Pour ce faire, nous avons besoin de la proposition4.
Proposition 4.Considérons deux générateurs du stabilisateurS1etS2de chargesc1etc2respec-
tivement. Si nous remplaçons le générateurS1parS1=S1S2, alorsS1a une chargec1etS2a une
chargec2=c1c2.
Plutôt que de la démontrer, nous étudions un exemple d’application de la proposition.
Prenons les deux générateursSAXetSFXde la Fig.5.5. DéﬁnissonsSFX=SAXSFX. Puis, rempla-
çons la paire de générateursSAX,SFXpar la paireSAX,SFX. Le groupe généré reste inchangé, car
nous pouvons facilement retrouverSFXà partir deSAXetSFX. Voyons maintenant quele est
leur charge respective. Un opérateur n’anti-commutant qu’avecSFXdans l’ancien générateur,
n’anti-commutera qu’avecSFXdans le nouveau générateur. Nous en déduisons queSFXala
même charge que cele deSFXdans l’ancien générateur, c.-à-d.cvX. Par contre,SAXa mainte-
nant une charge triviale. En eﬀet, commeSAXetSFXavaient la même charge dans l’ancien
générateur, alors il existe un opérateur de Pauli localPn’anti-commutant qu’avec ces deux
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Figure 5.5Un site du réseau granulé qui contient 16 qubits et auquel est associé huit géné-
rateursXdu stabilisateur ainsi que huit générateursZ. L’opérateurPobtenu en
appliquant desZaux deux qubits du trait vert foncé n’anti-commute qu’avecSAXetSFX.
opérateurs. Il est ilustré à la Fig.5.5par le trait vert foncé. Or, il s’ensuit quePcommute
avecSFX. Donc, dans le nouveau générateur,Pn’anti-commute qu’avecSAX. Ce dernier a
une charge triviale, car son excitation peut être créée ou annihilée localement. Il est très
important de remarquer que la charge d’un stabilisateur dépend du choix de l’ensemble
générateur.
Pour n’avoir qu’un générateur par charge élémentairecβαsur un site donné, il suﬃt
de choisir de manière arbitraire un générateur de cete charge et de le remplacer par le
produit de tous les générateurs dudit site dont la charge contientcβα. Dans le cas qui nous
intéresse, nous devons remplacer quatre générateurs. Explicitons le cas de la chargecvX
en exemple. Reprenons le générateurSFX, cf. Fig.5.5. Remplaçons-le plutôt par le produit
SFX→ SFX=SAXSFXSCXSDXSGXSHX. En eﬀet, avec notre choix de charges élémentaires,SCXa une
charge compositecvXcbXet contient donccvX. Il en va de même pourSDX,SGXetSHX. Après ce
premier changement, d’après la proposition4,SFXa une chargecvX,SAXa une charge triviale
et les générateurs des losanges rouges ont une chargecbX, car(cvx)2=1l. Puis, nous faisons la
même chose pour la chargecbX, en substituantSEX→ SEX =SBXSEXSCXSDXSGXSHX. Il s’ensuit que
les générateursSXdes losanges ont une charge triviale. Nous faisons un traitement similaire
pourcvZetcbZ. Au ﬁnal, il n’y a que quatre générateurs sur chaque site dont la charge n’est pas
triviale. Chacun a une charge élémentaire diﬀérente. Le changement est résumé au Tab.5.1.
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Anciensgénérateurs Charge Nouveauxgénérateurs Charge
SAX cvX SAX 1
SBX cbX SBX 1
SCX cbXcvX SCX 1
SDX cbXcvX SDX 1
SEX cbX SBXSEXSCXSDXSGXSHX cbX
SFX cvX SAXSFXSCXSDXSGXSHX cvX
SGX cbXcvX SGX 1
SHX cbXcvX SHX 1
Tableau5.1AnciensetnouveauxgénérateursdetypeXavecleurchargerespective.Untableau
analogueexistepourlesstabilisateursZ.
5.5 Opérateursdesautetdeligne
LesopérateursdesautsontdesopérateursdePauliquicréentlesmêmeschargessur
deuxsitesadjacentstoutenn’excitantaucunautrestabilisateur(dechargetrivialeounon).
End’autrestermes,cesontdesopérateursquipermetentauxdiﬀérenteschargesde«sauter»
d’unsiteàl’autre.Pourchaquechargeélémentaireunopérateurdesautverticaletunautre
desauthorizontalsontdéﬁnis.Nousnotonshci,j,H(hci,j,V)lesopérateursdesauthorizontal
(vertical)delachargeélémentairecentrelessites(i,j)et(i+1,j)(i,j+1).Lesopérateurs
desautpourchacunedesquatrechargesélémentairessontreprésentésàlaFig.5.6.
Unefoislesopérateursdesautdéﬁnis,ilestpossibledeconstruiredesopérateurslignes
lelongd’uncheminγduréseaugranulédéplaçantdel’unedecesextrémitésàl’autre
unechargec.Eneﬀet,étantdonnéeunechargeélémentairecetuncheminγ,l’opérateur
Pcγ=∏(i,j)∈γhci,jestcetopérateurligne(lesindicesHetVsontomisdeladéﬁnition,mais
sontimportants).Pourunechargecomposite,ilsuﬃtdeprendreleproduitdesopérateurs
lignesdeschargesélémentairescorrespondanteslelongdumêmechemin.
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hα,vi,j,Hi,j
(a)Opérateur de saut horizontal vert.
hα,bi,j,Hi, j
(b)Opérateur de saut horizontal bleu.
hα,vi,j,V
i,j
(c)Opérateur de saut vertical vert.
hα,bi,j,V
i,j
(d)Opérateur de saut vertical bleu.
Figure 5.6Opérateurs de sauthα,βi,j,oùα∈{X,Z}etβ∈{b,v}: il suﬃt d’aﬀecter parXou
bien parZles qubits mis en évidences par les traits gras sur les diﬀérentes ﬁgures.
Ils sont ilustrés à la fois sur le réseau 4.8.8 et sur le réseau granulé.
i, j
hcH hcH
hcV
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(a)Pcγ=hci+1.j,Hhci.j+1,VetPcγ=hci+1.j,Hhci+1,j+1,
i, j
hc0H hc0H
hcV
hcV
H (b)Pcγ=hci.j+1,Vhci+1.j+1,VetPcγ=hci+1.j,Hhci+1,j+1,H
Figure5.7Opérateurslignescaractérisantlesstatistiquestopologiques(a)propreset(b)
mutueles.
5.6 Statistiquestopologiques
Àl’aidedesopérateurslignesdéﬁnisàlasectionprécédente,noussommesenmesure
d’étudierlesstatistiquestopologiquesdesdiﬀérentescharges.Commecelaestexpliquéàla
section3.1.2del’article,cesstatistiquespeuventêtredéduitesdesrelationsdecommutation
desopérateurslignesdéﬁnisàlaFig.5.7àl’aidedel’expression5.3,
PcγPcγPcγPcγ|ψ =±|ψ, (5.3)
oùnousutilisonslefaitquelesopérateurslignessontleurspropresinverses,carcesontdes
opérateursdePauli.Pourlamêmeraison,seulementdeuxcasdeﬁgureseprésentent.Si
lesopérateurscommutent,[Pcγ,Pcγ]=0,lesstatistiques,quecesoitpropresoumutueles,
sonttriviales,c’est-à-direbosoniques.Autrement,si{Pcγ,Pcγ}=0,lesstatistiquessont
fermioniquesousemioniques,s’ils’agit,respectivement,destatistiquespropresoubien
mutueles.L’avantagedel’équation5.3estjustementqu’elenouspermetedecaractériser
desstatistiquesentrechargesdiﬀérentes,paroppositionautestusueloùonéchangeraitde
positiondesparticulesindistinguables.
LaFig.5.8présenteunexempledestatistiquesmutuelesnon-triviales,àlafoissurle
réseau4.8.8(Fig.5.8a)etsurleréseaugranulé(Fig.5.8b).L’anti-commutationdesopérateurs
lignesestdueàl’anti-commutationdehZ,vH ethX,bV ausiteoùilssecroisent.Danslecasdu
code4.8.8,nousobservonslesstatistiquessuivantes.Toutesleschargesélémentairesontdes
statistiquespropresbosoniques.Aussi,elesontpourlaplupartdesstatistiquesmutueles
bosoniques,àl’exceptiondedeuxpaires,présentéesauTab.5.2quiontdesstatistiques
mutuelessemioniques.C’estexactementletyped’interactiontopologiquequiestobservé
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cvZ cvZ
cbX
cbX
(a)Sur le réseau 4.8.8
cbX
cbX
cvZ cvZ
hX,bV
hX,bV
hZ,vH hZ,vH
(b)Sur le réseau granulé
Figure 5.8Les statistiques mutueles decbXetcvXsont semioniques, car{hX,bV ,hZ,vH }=0.
cvZ ↔ cbX
cbZ ↔ cvX
Tableau 5.2Paires de semions pour le code de couleurs 4.8.8.
sur deux copies indépendantes du code topologique de Kitaev contenant chacun une paire
de semions.
5.7 Code topologique de Kitaev
Nous supposons une familiarité du lecteur avec le code topologique de Kitaev (CTK).
Celui-ci possède deux charges élémentaires. On les note souventm, la charge magnétique
ete, la charge électrique, par analogie aux théories de jaugeZ2de l’électromagnétisme.
Les chargesmeteont des statistiques propres bosoniques et des statistiques mutueles
semioniques. Il s’ensuit que le groupe de charge du CTK estCk= m,e={1l ,m,e,f},oùf,
la particule composite, est un fermion. Dans le cas du code de couleurs 4.8.8, le groupe de
charge est généré par les deux paires de semions décrites ci-haut. En notantC488le groupe
de charges du code de couleurs, nous voyons queC488∼=CK×CK,où×dénote le produit
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directdegroupeset∼=,l’isomorphismedegroupes.Cetisomorphisme,appelons-leΦ,est
généréparlesrelationssuivantes:
Φ(cvZ)=m1, Φ(cbX)=e1, (5.4)
Φ(cbZ)=m2, Φ(cvX)=e2.
CommeunetransformationdeCliﬀordlocalenepeutmodiﬁerlegroupedechargestopolo-
giques,ilfautcompterdeuxcopiesduCTKdansnotretransformation.
Suivantlaconstructionproposéedansl’article,nousdéﬁnissonsdesopérateurspla-
quetesduréseaugranulépourchaquechargeélémentaire.Nousdevonsdoncendéﬁnir
quatretypesdiﬀérents.Celes-cirappelentlesopérateursplaquetesetsitesduCTK.Ce
n’estpasunhasard.Commecesplaquetessontdéﬁniesdemanièreinvariantesoustrans-
lationd’unmultipledequatresites,nousn’endéﬁnissonsexplicitementqu’uneseulede
chaquetype,cf.Fig.5.9.Lepointcrucialestdes’assurerquechaqueintersectionentre
opérateurslignesdechargesdiﬀérentesseproduiselelongdesditsopérateurs,c.-à-d.pasà
unedesextrémités.Engénéral,celarequiertdesplaquetesdetaile(2N+1)×(2N+1),
oùNreprésentelenombredechargesélémentaires.Celaestdûaufaitqu’engénéral,les
opérateurslignespeuventavoirune«épaisseur»dedeuxsites.Or,danslecasducode
4.8.8,lesopérateurslignesselimitentvraimentàdeslignes,c.-à-d.d’uneépaisseurd’un
seulsite.Celanouspermetderéduirelatailedesplaquetesà(N+1)×(N+1),c.-à-d.
5×5.Commecelaserautileaumomentdespéciﬁerlatransformation,nousdéﬁnissons
lesopérateursdesautàcinqsitessuivants,cf.Eqs.(5.5)-(5.8),oùnousrenommonsaussi
lescharges:cvZ→ m1,cbX→ e1,cbZ→ m2etcvX→ e2enaccordavecnotreisomorphisme
Eq.(5.4).
h˜m1I,J,H=
3∏
j=0
hZ,v4I,4J+j,H h˜m1I,J,V=
3∏
i=0
hZ,v4I+i,4J,V (5.5)
h˜m2I,J,H=
3∏
j=0
hZ,b4I+1,4J+j+1,V h˜m2I,J,V=
3∏
i=0
hZ,b4I+i+1,4J+1,V (5.6)
h˜e1I,J,H=
3∏
j=0
hX,b4I+2,4J+j+2,H h˜e1I,J,V=
3∏
i=0
hX,b4I+i+2,4J+2,V (5.7)
h˜e2I,J,H=
3∏
j=0
hX,v4I+3,4J+j+3,H h˜e2I,J,V=
3∏
i=0
hX,v4I+i+3,4J+3,V (5.8)
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Aveccesopérateursdesautàcinqsites,nousdéﬁnissonslesplaquetesauxEqs.(5.9)-(5.10).
πm1I,J=h˜e1I,J,Hh˜e1I+1,J,Hh˜e1I,J,Vh˜e1I,J+1,V πe1I,J=h˜m1I,J,Hh˜m1I+1,J,Hh˜m1I,J,Vh˜m1I,J+1,V (5.9)
πm2I,J=h˜e2I,J,Hh˜e2I+1,J,Hh˜e2I,J,Vh˜e2I,J+1,V πe2I,J=h˜m2I,J,Hh˜m2I+1,J,Hh˜m2I,J,Vh˜m2I,J+1,V (5.10)
Parconstruction,lesopérateursplaquetesπcsontdesbouclesquinecréentaucuneexcita-
tion.Cesontdoncdesstabilisateurs.Deplus,ilssontdechargec.Eneﬀet,ilsfontintervenir
desopérateursdesautdechargec,lachargeopposéeàc.Considéronsalorsunopérateur
lignedechargecquipossèdeuneextrémitéàl’intérieurdeπcetl’autresuﬃsamment
éloignée.Alors,cetopérateuranti-commuteaveclaplaqueteàconditionqu’ilsoitdecharge
opposéeàcetcommutesinon.End’autresmots,laplaqueteπcaunechargeopposéeàla
chargeopposéeàc,c.-à-d.cele-même.Rappelonsquecelaestexactementcequiseproduit
dansleCTK.Parexemple,uneplaquetedechargemagnétiqueestcomposéed’opérateurs
Z,alorsqueZestl’opérateurdesautdesparticulesélectriques.Pourajoutercesnouveaux
stabilisateursàl’ensemblegénérateur,ilfautlessubstitueràd’autresgénérateursdemême
charge.Celapeutêtreaccomplideplusieursmanières.Nouschoisissonsderemplacerles
stabilisateursénumérésàl’Eq.(5.11)parlesplaquetescorrespondantes.Cechangementest
faitsurtoutleréseaudemanièreinvariantesoustranslationd’unmultipledequatresites.
(SvZ)2,2↔ πm10,0
(SbZ)3,3↔ πm20,0 (5.11)
(SbX)4,4↔ πe10,0
(SvX)5,5↔ πe20,0
Cefaisant,lachargedetouslesgénérateursinchangésdevienttriviale.Eneﬀet,tousles
autresgénérateurssontcontenusàl’intérieurd’uneplaquetecorrespondantàsacharge,
carlesplaquetescouvrentl’ensembleduréseau.Pourchaquegénérateurinchangé,nous
pouvonsconstruireunopérateurlignealantd’unstabilisateurmisdecotéàl’Eq.(5.11)
jusqu’àlui.LaFig.5.10fournitunexemple.L’opérateurligneenquestionestlocaletn’anti-
commutequ’aveclegénérateurconsidéré.Nouspouvonsdoncconclurequelachargede
cedernieresttriviale.Insistonssurlefaitqu’autermedeceteconstruction,seulementles
générateursplaquetessontchargés.Touslesautresontunechargetriviale.
hX,vV
hX,vH
hX,bV
hX,bH
hZ,bV
hZ,bH
hZ,vH
hZ,vV
0,0
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Figure5.9Unexempledestabilisateursplaquetespourchacunedesquatrechargesélémen-
taires.Unetranslationd’uneplaqueteparunmultipledequatresitesestaussi
uneplaquetedemêmecharge.
hX,bV
hZ,vH
hZ,vV
SvZ
0,0
hX,bH
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Figure5.10Unexempledegénérateurdontlachargedevienttriviale:l’opérateur(SvZ)3,3a
unechargetriviale,carl’opérateurlignehX,b2,2,VhX,b3,2,Hn’anti-commutequ’aveclui.Eneﬀet,rappelonsque(SvZ)2,2n’estplusungénérateur,cf.Eq.(5.11).
5.8 TransformationdeCliﬀordlocale
Àl’aidedeladéﬁnitiondesplaquetesdonnéeauxEqs.(5.5)-(5.8)et(5.9)-(5.10),nous
sommesenmesurededonnerexplicitementlatransformationdeCliﬀordlocalepermetant
depasserducodedecouleurs4.8.8àdeuxcopiesduCTKaccompagnéesdeplusieursqubits
désenchevêtrés,correspondantauxstabilisateursàchargetriviale.Danscequisuit,nous
notonsK1etK2lesdeuxcopiesduCTK.Rappelonsqu’unetransformationdeCliﬀordestun
automorphismedugroupedePaulietpeutdoncêtrespéciﬁéeparl’imaged’unensemble
générateurdugroupe.Nouschoisissonscegénérateurdetelesortequelesimagessoient
simples.Premièrement,chacundesopérateursdesautàcinqsites˜hcI,Jesttransforméen
opérateuràunqubit.
h˜e1I,J→ Z1,I,J h˜m1I,J→ X1,I,J (5.12)
h˜e2I,J→ Z2,I,J h˜m2I,J→ X2,I,J (5.13)
Parconséquent,touteslesplaquetesπcI,Jduréseaugranulésonttransforméesenopérateurs
plaquetesetsitesdescodesdeKitaev.Commechaqueh˜cI,Jparticipeàdeuxplaquetesetque
celes-ciontquatrecôtés,ilyadeuxfoisplusd’opérateursdesautquedeplaquetes.Ceci
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estatendu,carlesopérateursdesautserventàlafoisàformerlesopérateursplaqueteset
àproduireleuropérateurconjugué.C’estégalementcequiestobservédansleCTK.Chaque
plaquetecontient16sitesetchaquesitecontient16stabilisateurs.Quatredeceux-ciontété
remplacésparlesplaquetes.Ilrestedonc16×16−4=252stabilisateursàchargetriviale
parplaquete.ChacunesttransforméenunopérateurZsurunqubitetlesopérateurs
conjuguésàcesstabilisateurssonttransformésenXsurcemêmequbit,cf.Fig.5.10.Ilssont
doncdésenchevêtrés.Ensomme,unefraction4/256desqubitssonttransformésendeux
copiesduCTK.Lafractionrestante,représentant252/256desqubits,estdésenchvêtrée.À
cesujet,l’articleesttrompeur,carlatransformationdelaﬁgure12necorrespondpasàcele
présentéeci-haut.Eleaplutôtététrouvée«àlamain»,tirantproﬁtdelasimplicitéetde
l’abondancedesymétriesducodedecouleurs4.8.8.C’estpourquoi,miseàpartsaqualité
pédagogique,nousavonsjugépertinentd’étayercetexemple.Toutefois,insistonssurlefait
queceteconstructionn’aétéconçueavecaucunsoucisd’optimalité.
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Topologicalphasescanbedeﬁnedintermsoflocalequivalence:twosystemsareinthesame
topologicalphaseifitispossibletotransformoneintotheotherbyalocalreorganizationofits
degreesoffreedom.Theclassiﬁcationoftopologicalphasesthereforeamountstotheclassiﬁcation
oflong-rangeentanglement.Suchlocaltransformationcouldresult,forinstance,fromtheadiabatic
continuationofonesystem’sHamiltoniantotheother. Here,weusethisdeﬁnitiontostudythe
topologicalphaseoftranslationaly-invariantstabilizercodesintwospatialdimensions,andshow
thattheyalbelongtooneuniversalphase. Wedothisbyconstructinganexplicitmappingfromany
suchcodetoanumberofcopiesofKitaev’scode.Someofourresultsextendtosome2Dsubsystem
codes,includingtopologicalsubsystemcodes. Errorcorrectionbeneﬁtsfromthecorresponding
localmappings.Inparticular,itenablesustousedecodingalgorithmdevelopedforKitaev’scode
todecodeany2Dstabilizercodeandsubsystemcode.
PACSnumbers:03.65.Vf,03.67.Pp
I. INTRODUCTION
ThetheoryofGinzburgandLandauhashadatremen-
doussuccessatclassifyingthediﬀerentphasesofmat-
terintermsoflocalorderparametersandspontaneously
brokensymmetries. However,itfailstoclassifycertain
statesofnature,suchasthediﬀerentfractionalquantum
Halﬂuidswhichalhavethesamelocalsymmetries.The
Hamiltonianofthesesystemshasaconstantenergygap,
andthegroundstatedegeneracydependsonthetopology
ofthespace.Crucialy,algroundstatesarelocalyiden-
tical,whichexplainsthefailureoftheGinzburg-Landau
paradigm.Instead,theclassiﬁcationofthesesystemsre-
quirestheconceptoftopologicalorder.
Becausetopologicalorderreﬂectsthelong-scalemany-
bodycorrelationsofthesystem,itcannotbemodiﬁedlo-
caly.Thisrobustness[1–4]isindeedoneofthemanyfea-
turesthatmakestopologicalyorderedsystemsinterest-
ingforquantuminformationprocessing[5].Italsosug-
gestsanaturalclassiﬁcationoftopologicalphases:sys-
temsthatonlydiﬀerbyalocalrearrangementoftheirde-
greesoffreedombelongtothesametopologicalphase.In
otherwords,thediﬀerentphasesarecharacterizedonly
bytheirlong-rangeentanglementpatterns[6].
Another, moreconventional, descriptionofthese
phasesisintermsofadiabaticconnections.Iftwolocal
andgappedHamiltoniansareconnectedbyafamilyof
localandgappedHamiltonians,thenitshouldbepossi-
bletoadiabaticalyinterpolatebetweenthetwowithout
encounteringaphasetransition.Thetwosystemsshould
thereforebeinthesamephase.Thisadiabaticevolution
wilgeneratealocalunitarytransformation[7],soconse-
quentlythetwosystemswilbeinthesametopological
phaseaccordingtothedeﬁnitionadoptedabove.
Quantumerror-correctingcodes[8]areintimatelyre-
latedtotopologicalorder. Toprotecttheinformation
fromlocalerrors,informationisencodedintothelong-
rangeentanglementofthesystem. Astabilizercode[9]
isaspecialtypeofquantumcodethatcanbedeﬁned
asthedegenerategroundstateofaHamiltonianonN
qubitsoftheform
H=−
a
Sa with [Sa,Sb]=0∀a,b (1)
wherethestabilizeroperatorsSaareHermitianelements
ofthePauligroup,i.e.theyareconstructedfromtensor
productsofthethreePaulimatricesσx,σy,andσzand
theidentityoperatorI.Stabilizercodesarealsofrustra-
tionfree,meaningthattheSadonotgenerate−1under
multiplication,sothegroundstatesofHare+1eigen-
statesofalstabilizers,i.e.,Sa|ψ =+|ψ forala.TheSaformanAbeliangroupundermultiplication,thesta-bilizergroupS. Whenthequbitsareembeddedonareg-
ularlattice,thecode—oritsassociatedHamiltonian—is
saidtobelocalifeachoperatorSahassupportonare-gionofconstantsize,independentofthesystemsize.The
supportofanoperatorcontainsthosequbitsonwhichit
actsnontrivialy.
Inthisarticle,weareinterestedinstabilizercodesthat
(i)arelocalandtranslationalyinvariant(LTI),and(i)
aretopological,inthesensethatnolocaloperatorcanre-
coveranyencodedinformation—i.e.,theyhaveamacro-
scopicminimumdistanceintermsoferrorcorrectionor
theyhavenolocalorderparameterintermsofmany-
bodyphysics.Ifweplaceourstabilizerinaninﬁnite
lattice,thiscanbeformalizedasfolows.
Deﬁnition1Atopologicalstabilizercode(TSC)isa
LTIstabilizerSsuchthatZ(S)∝S.
ThesymbolZ(S)denotesthecentralizerofS,thegroup
ofPaulioperators(withboundedsupport)thatcom-
mutewithaltheelementsof S. Our mainresultis
thatthetopologicalphaseofany2DTSCisuniquely
determinedbyitstotalquantumdimensionD =2n,
orequivalentlybyitstopologicalentanglemententropy
Stopo=nlog4[10,11].Thisfolowsfromtheexistence
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2ofalocal mappingtoncopiesofKitaev’stopological
code(KTC)[2,12]. Wealsoadapttheresulttoaclass
ofsubsystemstabilizercodes[13,14].
Manyconsiderations motivatethislineofresearch.
Firstly,stabilizercodesprovidesimplemodelstostudy
many-bodyquantumphysicsbecausetheyoftenadmit
exactsolutions,andatthesametimecanexhibitcom-
plexphenomenasuchastopologicalorderandanyonic
excitations[2,12,15].Toourknowledge,thisistheﬁrst
examplewherethedeﬁnitionoftopologicalorderbased
onlocalequivalence[6]canbedirectlyappliedtoaclass
ofmodelsinarigorousmanner. Secondly,inthecon-
textoferrorcorrection,thelocalequivalencetoKTC
enablesustodirectlyextendanumberofpropertiesof
thiscodetoal2DTSCs.Forinstance,thermalinstabil-
ity[16–19],codetradeoﬀs[20],logicaloperatorgeometry
[21],andscaleinvariance[22]albecometrivialcorolar-
iesofourmapping.Inaddition,ourmappingprovidesa
methodtodecodeany2DTSCcode,whileonlyahand-
fulofspecialcasespreviouslyhadsolutions[12,23,24].
Thirdly,thelocalmappingcanbeusedtochangeencod-
ingduringaquantumcomputation. Becausethemap-
pingislocal,thischangewilnotpropagateerrorsand
isthereforefault-tolerant. Thisalowstoputtogether
thefeaturesofdiﬀerentcodes—suchashavingtransver-
salCliﬀordgates[15],lowerweightstabilizergenerators
[2,12,25],etc.—andsuggestsanaturalgeneralization
ofthenotionoftransversalityfortopologicalcodesto
includeallocalgates.
Therestofthisarticleisarrangedasfolows. Sec-
tionIIintroducesbasicdeﬁnitions.SectionIIIstatesour
mainresult—thelocalequivalenceofaltopologicalsta-
bilizercodes—andpresentsadetailedconstructionofthe
mappingthatrealizesthislocalequivalence.Thesection
endswithanilustrationofthe mappingfortopologi-
calcolorcodes[15,25]. Thefolowingsectiondescribes
howthe mainresultsextendstoaclassofsubsystem
codes[13,14],andinparticularthisisilustratedwith
thetopologicalsubsystemcolorcodes[25]. Animpor-
tantapplicationofthemainresultisdevelopedinSec.V
whereweshowhowanytopologicalstabilizercode(sub-
systemorsubspace)canbeeﬃcientlydecoded,aresult
thatextendsevenbeyondtherealmofapplicabilityof
ourmainresult. Weconcludewithabriefsummaryin
Sec.VI.
II. DEFINITIONS
Thenotionoflocalityplaysacrucialrolehere.Foran
operatorX actingonthequbitsofa2Dlattice,letus
denoteby|X|therangeofX,deﬁnedasthesizeofthe
smalestsquarecontainingthesupportofX. Withthis
deﬁnition,aHamiltonianoftheformEq.(1)islocalif
thereexistsaconstantwsuchthat|Sa|≤wforala.AtranslationalyinvariantunitarytransformationUislocal
ifthereexistsaconstantvsuchthat|U†XU|≤|X|+v
foraloperatorX. Notethatthisdeﬁnitionisequiva-
lent[26]totherequirementthatUbedecomposableinto
asystem-sizeindependentsequenceofnearestneighbor
unitarytransformations(andpossiblymakinguseofaux-
iliaryqubits).Lastly,wewilsaythattwolocalstabilizer
codesdeﬁnedbyHamiltoniansH andH Eq.(1),with
stabilizergroupsSandS,arelocalyequivalentifthere
existsalocalunitaryUandtwotrivialLTIstabilizer
groupsTandT suchthatU(S⊗T)U†=S⊗T . A
trivialstabilizergroupisgeneratedonlybysingle-qubit
operators.Physicaly,UtakesthegroundstateofHonto
thatofH,andaddsorremovesextraqubitsthatare
completelyunentangled. Theexistenceofrenormaliza-
tiongrouptransformationsthatdisentanglesomequbits
fromtopologicalcodes[22]showsthenecessityofTand
T inthisdeﬁnition.
Kitaev’stopologicalcode[2,12]isdeﬁnedona2D
squarelattice,withonequbitattachedtoeachedge.For
eachlatticesites,deﬁneanoperatorAs= e∈EsσezwhereEsdenotesthesetofedgesincidenttosites.Sim-ilarly,deﬁneforeachlatticeplaquettep(siteofthedual
lattice)anoperatorBp= e∈EpσexwhereEpdenotesthesetofedgesadjacenttoplaquettep. TheHamilto-
nianofthemodelis
H=−
s
As−
p
Bp. (2)
Theexcitationsareanyons,gapped,andtopologicaly
charged.Indeed,anysetofexcitationscontainedinany
ﬁniteregionoftheKTCcanbereducedbylocalopera-
tions(i.e.actinginthatregion)tooneoffourconﬁgu-
rations:thevacuum(0)correspondingtonoexcitations,
anelectriccharge(e)correspondingtoaplaquetteexci-
tationBp,amagneticcharge(m)correspondingtoasite
excitationAs,andacompositeexcitation(f)containingboth. Thesefoursectorsarethetopologicalchargesof
themodel. Excitationswithdiﬀerentchargesarechar-
acterizedbydiﬀerenttopologicalinteractionsorbraiding
statistics.Accordingtotheeﬀectofexchangingtwoiden-
ticalcharges,electricandmagneticparticlesareclassi-
ﬁedasbosons,whilethecompositeparticleisafermion.
Asformutualstatistics,theyarealsemionicbecause
braidinganytwodistinctnon-vacuumchargesyieldsa
−1phase.Finaly,twochargescanmergetoformanew
charge.ThecorrespondingfusionrulesareAbelianand
suchthatm×e→fandσ×σ→0forσ=m,e,f.
Forgeneralmodelsoftheform(1)chargeisdeﬁned
analogously.Thatis,itlabelsequivalenceclassesofex-
citedstatesuptolocaltransformations,withtheun-
derstandingthatexcitedstatesareassumedtobecom-
moneigenstatesofaltheHamiltonianterms.Thenotion
oftopologicalchargeisofutmostrelevancebecauselo-
calequivalencepreservestheanyonmodel.Indeed,the
anyonmodelcanbederivedfromcommutationproper-
tiesofcertainstringoperators,whichareunaﬀectedby
unitaryconjugation.
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3III. MAINRESULT
Weassumethat2DTSCscannotgiverisetochiral
anyons[37]becausetheHamiltoniantermsSacommute
witheachother[27].Inourframework,thepresenceof
chiralanyonsisdeﬁnedbycertainpropertiesofamatrix
introducedlater,indeﬁnition2.Becausethisdeﬁnition
reliesonconceptsdevelopedinthispaper,wesaveit
forlater.Undertheassumptionthattherearenochiral
anyons,ourmainresultis:
Theorem1Every2DTSCislocalyequivalenttoaﬁ-
nitenumberofcopiesofKTC.
Byncopiesofthecode,wemeanstackingnlatticeson
topofeachother,eachwiththesameHamiltonian(2).
Thisresultimpliesthatequivalenceclassesarelabeled
bythetotalquantumdimensionofthecode.Justasthe
singlet(ebit)canbetakenasthefundamentalunitofbi-
partiteentanglement[28],ourmainresultsuggeststhat
KTCcanserveasthefundamentalunitoflong-rangeen-
tanglementforTSCs.Theresultalsodemonstrateshow
tosystematicalysearchfornewtranslationalyinvariant
stabilizercodesin2D:takeanygivennumberofcopies
ofKTandapplyanylocalunitaryinaTIway.
Wenotethattranslationalinvarianceiscrucialtoar-
riveatthischaracterization,butalsothefactthatweare
notconsideringanysortofboundaryconditions.Indeed,
thesecangiverisetoadditionalstructurethatcouldre-
quireinteractionsbetweendiﬀerentcopiesofKTCalong
theboundaries.Aclearexampleisgivenbymodelswhere
thetranslationalsymmetryoftheexcitationsissmaler
thanthetranslationalsymmetryofthecode.Thishap-
pens,forexample,in Wen’sversionofKTC[29]andin
Bravyi’s“strangecode”[30],andamountstothepossi-
bilityofintroducingglobaltopologicaldefects,analogous
tothelocalizedtopologicaldefectsdescribedin[31].
A. Constructionofthe mapping
InthisSection,wegiveadetailedconstructionofthe
mappingbetweenanyTSCandcopiesofKTC.Thiscon-
structionisthecoreofourmaintheorem.Theonlyde-
tailsthatwewilleaveoutare1)thatgivenaHamil-
tonianoftheformEq.(1),theSacanbechosentobeindependentundermultiplicationwhilepreservinglocal-
ityandtranslationalinvariance,and2)anyTSCcontains
aﬁnitenumberoftopologicalcharges.Thesetwopropo-
sitionsareperhapsnotsosurprising,buttheirproofare
verycumbersomeandcanbefoundin[32],sowetake
themhereasassumptions.Itisworthnotingthatthe
ﬁrstassumptionrulesouttheexistenceofloop-likeexci-
tations,asthoseappearingintheIsingmodel.Indeed,
loopssatisfyalocalconservationrule,astheycannot
haveendpoints,andtheselocalconditionswouldimply
theexistenceofconstraintsfortheSa.Notethattheﬁrstpropositiongeneralyrequirescoarse
grainingthelattice. Withfurthercoarsegraining,we
canalsomakesurethatalstabilizergeneratorsSahavesupportona2×2square. Moststepsintheconstruction
requirecoarsegrainingthelattice.Inwhatfolows,the
descriptionofeverystepassumesthelatticeresultingof
thecoarsegrainingfromalprevioussteps(thoughthis
iscertainlynotoptimal).
1. Topologicalcharges
Webeginbyidentifyingthetopologicalchargesofthe
TSCathand. Eacheigenstateofthesystemhasaset
ofexcitations{Sa},theHamiltoniantermswithnega-tiveeigenvalue.AsinKitaev’scode,topologicalcharges
areequivalenceclassesofsuchexcitationconﬁgurations
underlocaloperations.Inparticular,twoconﬁgurations
withsetsofexcitations{Sa}and{Sb}aretopologicalyequivalentwhenthereexistsa(ﬁniteweight)Paulioper-
atorpthatanti-commuteswiththeHamiltonianterms
{Sa} {Sb},where denotesthesymmetricdiﬀerence
ofsets —wesaythatphassyndrome{Sa} {Sb}. Ex-citationsformagroupwithproduct ,formalizingthe
notionoffusionrulehere.Sincein2Dthereisalways
aﬁnitenumberoftopologicalchargesandbecausePauli
operatorssquaretotheidentity,thechargegroupisiso-
morphictothedirectproductZN2 forsomeintegerN,e.g.N=2inKTC.
Wenowwanttosimplifythegeometricallayoutofthe
topologicalcharges. Wecanattachachargetoeachsta-
bilizergeneratorS,namelythatofthesingleton{S}.
Duetotranslationalsymmetryandtheﬁnitenessofthe
numberofcharges,asuitablecoarsegrainingwil make
thechargeTIandguaranteethateverychargecanberep-
resentedbyasetofexcitationsoccupyingasinglesite.
Indeed,startbycoarsegrainingtilthesiteattheori-
gincontains,inthissense,alpossiblecharges.Thenthe
chargesofthestabilizergeneratorsatanyothergivensite
aregivenbyapermutationofthoseattheorigin. But
thenumberofpossiblepermutationsisﬁniteandthus
theremustbetwositesαandα+Lx∈Z2separatedby
ahorizontaldistanceLasinFig.1withthesamepermu-
tation. ThenthechargeofanystabilizergeneratorSαaanditshorizontaltranslationSα+Lxa mustbethesame.Theotheraxisisanalogous,andbycoarsegrainingwe
getthedesiredresult:anewlatticeonwhichtopological
chargesarerepresentedidenticalyateverysite.
2. Hoppingoperatorsandstrings
Thenextstepistoconstructhoppingoperatorson
thisuniformlattice.Giventwoexcitationconﬁgurations
{Sαa}and{Sα+xb }onadjacentsites(oronthesamesite)andwiththesamecharge,wecanchooseaPauliopera-
torwithsyndrome{Sαa} {Sα+xb },seeFig.2a).Sincethereisaﬁnitenumberofpossiblechoicesfor{Sαa}and{Sα+xb },andtwogeometriesofadjacency—horizontalandvertical—,afterasuitablecoarsegrainingtherewil
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FIG.1: Blacksquaresinasiterepresentanexcitationcon-
ﬁguration. Thecoloredsquaredaroundeachsiterepresents
itscharge,diﬀerentcolorscorrespondingtodiﬀerentcharges.
Thetranslationsofanexcitationconﬁgurationwilingeneral
modifyitscharge. However,becauseoftranslationalinvari-
ance,itmustleadtopermutationsofthecharges.Sincethe
numberofchargesisﬁnite,oneofthepermutationmustre-
peatatsomepoint.
FIG.2:a)Foranytwoexcitationconﬁgurationswiththe
samechargeonneighboringsites(oronasinglesite),there
mustexistaPaulioperatorthatcreatestheseexcitations,by
deﬁnitionofcharges. Thecirclesrepresentthesupportof
thatPaulioperator,ofrangeR.b)Aftercoarsegrainingby
thelargestsuchrangeR,everyPaulioperatorconsideredin
a)actsonlyonthedirectneighborhoodofthetwosites(or
singlesite). WecalthesePaulioperatorshoppingoperators,
sincetheyhavetheeﬀectofmovingatopologicalchargefrom
onesitetoaneighboringsire(oronthesamesite).
alwaysbesuchanoperatorwithsupportonlyatthese
twositesplusthosesurroundingthem,seeFig.2b).
Hoppingoperatorscanbelinkedintostringoperators.
Giventwoexcitationconﬁgurations{Sαa}and{Sβb},withthesamechargecandlocatedonsitesαandβthatform
theendpointsofapathγ,thereexistsaPaulioperatorp
withsyndrome{Sαa} {Sβb}andwithsupportrestrictedtotheimmediateneighborhoodofγ,seeFig.3. Wecal
pastringoperatorwithchargecandendpoints{Sαa}
and{Sβb}. Thestringoperatoronlyhasexcitationsatitsendpoints.Indeed,beginbyjoininghoppingopera-
torsofchargectocreatethestringoperator. Consider
thesitethatisatthejunctionoftwosuchhoppingop-
erators.Thehoppingoperatorswilcreatetwocharges
γ
c
FIG.3:Exampleofastringoperatorbetweentwoexcitation
conﬁgurationsofsamechargeobtainedbycombininghopping
operatorsalongthepathγ.Itactsonlyonthedirectneigh-
borhoodofγ
a) b)
c) d)
.
FIG.4:a)andb)Twohoppingoperatorsofsamecharge
overlappingononeplaquette.c)Productofthetwooper-
atorsofa)andb). Becausechargessquaretoidentity,the
middleplaquettecontainsanexcitationoftrivialcharge.By
deﬁnitionofcharge,thereexistsanoperatorthatcancor-
rectforthisexcitation(andactingonlyonthisplaquette,see
text). d)Smalstringoperatorresultingofthisprocedure.
Iteratingyieldsarbitrarylongstringoperatorswitharbitrary
conﬁgurations(ofsamecharge)ontheendpoints.
atthatsite,resultinginatrivialcharge,butmayhave
anon-trivialsyndrome.However,bythepreviouspara-
graph,thereexistsaPaulioperatoronthatsitewiththe
resultingsyndrome.ByincludingthisPaulioperatorin
theconstructionofthestringoperator,weobtainthe
desiredresult,seeFig.4.
Anyonicstatisticsarerecoveredfromstringoperators
[33].Namely,mutualstatisticsoftwochargescandcare
trivial[semionic]whentwocrossingstringoperatorswith
chargescandc[anti]commute.Similarly,agivencharge
cisbosonic[fermionic]if,giventhreestringoperatorsqiwithchargecandwithacommonendpoint,theopera-
torsq1q2andq1q3[anti]commute,seeFig.5—threesuchstringoperatorsareenoughtorepresentaprocesswhere
twoidenticalanyonsareexchanged. Thesecommuta-
tionpropertiesareindependentofthestringschosen,as
showninFig.5,sotheyindeedencodethetopological
propertiesoftheexcitations.
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FIG. 5: a) Mutual statistics do not depend on the microscopic
details of strings: only their respective charges determine the
commutation relations. For two Pauli operatorsaandb,let
(a, b) =1ifaandbcommute and (a, b) =−1otherwise.
Then, for two diﬀerent choices of stringsq1,s1andq2,s2,we
must have (q1,s1)=(q2,s2)becauseq1q2q3q4ands1s2s3s4
are stabilizer operators and consequently must commute. b)
A similar reasoning holds for self-statistics: (q1q2,q1q3) =
(q4q5,q4q6)becauseq1q2q7q5q6q9andq1q3q8q4q6q9are stabi-
lizer operators.
3. Plaquettes
Given a non-trivial chargecand a lengthL,wecan
construct a lattice Λc={α0+nLx+mLy|n, m∈Z}of segment operators as in Fig. 6. Each segment is a
horizontal or vertical string of chargecwith common
endpoints at sites separated by a distanceL. The prod-
uct of the segments forming a plaquetteπon Λcis, upto a phase, a stabilizer. This folows from the fact that
it has trivial syndrome and is local, and only stabilizers
can have that property by deﬁnition of TSC. Thus, such
a plaquette operatorπmust be proportional to a product
of stabilizer generators{Sa}. The support of these{Sa}
is highly constrained. First, if the support of a stabilizer
generatorSis not contiguous to the smalest bal con-
taining the plaquette operatorπ,thenScannot be one
of theSageneratingπ. To prove this, we can construct
astringpas in Fig. 6 with one endpointSand the other
endpoint as far away as needed so that it does not over-
lap with any of theSa.Thispcommutes withπbecause
they do not share support, but anti-commutes only with
the stabilizer generatorS(and possibly other stabilizer
generators arbitrarily far), showing thatScannot be one
of the generators ofπ. Second, there cannot be a hole
inside the plaquetteπwhere none of theSageneratingπ
has support, see Fig. 7. To prove this, we can construct
the productqof thoseSawith support in the lower half
of the lattice, see Fig. 7. The resulting stringqis not
L
L
p
S
FIG. 6: Lattice of horizontal and vertical segment operators of
lengthLand of a given charge (e.g. green). Stabilizer genera-
tors of a plaquetteπmust be contained in the shaded region.
Indeed, if there existed at least one generator outside this re-
gion (represented by a black square), then we could build a
string operator anti-commuting only with this particular gen-
erator (we imagine the other endpoint to be as far as needed
from the plaquette). Thus, the string must also anti-commute
with the plaquette. However, the plaquette and the string do
not share support (green and blue circles respectively) and
then must commute, a contradiction.
a)
b)
c)
FIG. 7: The shaded regions represent the union of the sup-
port of the stabilizer generators{Sa}entering into the decom-
position ofπ. The green loop is a string operator forming the
plaquetteπ. a) We consider the possibility that the support
of the stabilizer generators of a plaquette has a hole inside it.
b) By multiplying the bottom half of the stabilizer genera-
tors we obtain a stabilizer operator which localy looks like a
green string on its lowest portion. c) If we cut this operator
in half verticaly, its new endpoint wil contain an excitation
of green charge, since it is localy identical to the green string.
However, the other endpoint has no excitation at al since it
is constructed with stabilizers generators, so it holds a trivial
charge, a contradiction.
closed and is a stabilizer, so it must have trivial charge,
but it coincides withpin the lower part of the plaquette,
a contradiction sincepis charged.
As a consequence of these geometrical constraints, we
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6FIG.8:First,weconsideranyofthegenerators,saySi,ofa
plaquette,πi,whichisinitscenter(representedbytheblack
square). Weknowsuchanoperatorsexists(cf.Fig.7). More-
over,thisstabilizergeneratorisnotinvolvedinanyotherpla-
quetteduetoitslocationfarfromtheboundary(cf.Fig.6).
Wecanthensubstitute Siandπiinourstabilizergenerator
setandwedothisforeveryplaquetteinaTIway.Second,
weconsiderastringoperatorwhichanticommutesonlywith
thestabilizergeneratorSi(weputtheotherendarbitrary
far).Itfolowsthatthisstringoperatoranticommuteswith
πiwhichinturnimpliesthatitanticommuteswiththestring
segmentitcrosses. Thismeansthetwocharges(greenand
purple)havesemionicinteraction.
canchooseinaTIwayforeachplaquetteπαastabilizer
generatorSα onitscentralarea,seeFig.8,thatisnot
sharedwiththeotherplaquettes. Wecansubstitutethe
stabilizergeneratorSα byπα—adjustingthephaseso
thatitisastabilizer—togetanewsetofindependent
LTIstabilizergeneratorsofS. Moreover,byconsidering
astringpwithanendpointSα andtheotheroneaway
fromπα,seeFig.8,weseethatc(thechargeofthe
segmentoperatorsusedtoconstructπ)andthecharge
ofphavesemionicmutualstatistics.
4. Canonicalcharges
Itfolowsfromthislastobservationthattheonly
chargethatbraidstrivialywithalotherchargesisthe
trivialcharge;foralotherchargecthereexistsatleast
onechargecwithwhichithassemionicstatistics.Using
thisfact,wenowwanttoorganizetopologicalcharges
intoacanonicalform.Fordoingthis,weneedtopicka
setofN“elementarycharges”cithatgeneratealotherchargesunderfusion. ConsidertheN×N symmetric
matrixSijoverZ2whosei-thdiagonalelementis0[1]ifciisaboson[fermion]andoﬀdiagonalelementijis0[1]whenthemutualstatisticsofciandcjaretrivial[semionic]. Thismatrixcanbeusedtodeﬁnetheno-
tionofachiralmodel,usedinthestatementofourmain
theorem.
Deﬁnition2ATSCischiralifTrS=0.
WecantransformthematrixSintothecanonicalform
IN/2⊗σx,assumingthattheanyonmodelisnotchiral(inwhichcasethelasttwodiagonalentrieswouldbe1).
First,noticethatexchangingciwithcjhastheobvi-ouseﬀectofpermutingrowsandcolumnsofSandthat
substitutingciwithcicjwilproduceanewmatrixwithSii=Sii+Sjj+Sij,Sij=SijandSik=Sik+Sjkfork=i,j(plussymmetricequationssothatSremainssym-
metric),whileotherelementsremainthesame.Asaﬁrst
step,permutetheci-ssuchthatS12=0,whichisalways
possible. WethenperformaGaussianelimination.For
i>2performthesubstitutionsci−→cicS2i1 cS1i2 sothatS1i=S2i=0.RepeatingthisN/2−1moretimesweget
S=IN/2⊗σx+DwithDadiagonalmatrixwithentriesDi.IfD2i−1=0andD2i=1substitutec2i−→c2i−1c2i,andsimilarlyforD2i−1=1andD2i=0,sothatweget
D2i−1=D2i=0.Then,theremustbeanevennumberofindicesisuchthatD2i−1=D2i(otherwisethemodel
wouldbechiral). Pickanypairi,jofsuchindicesand
substitute
c2i−1−→c2i−1c2j, (3)
c2i−→c2i−1c2ic2j, (4)
c2j−1−→c2j−1c2i, (5)
c2j−→c2j−1c2jc2i. (6)
RepeatingthisprocedurewearriveﬁnalytoD=0as
desired.Thus,weobtainasetofNcanonicalgenerating
chargeseiandmi,i=1,...,N/2,thatinteracttopolog-
icalyasiftheyweretheelectricandmagneticchargesof
N/2copiesofKTC.
Sinceeverysiteofthelatticecontainsanexcitationof
everytopologicalcharge,wecannaturalyidentifythese
canonicalelementarychargeseiandmiwithstabilizer
operatorsatagivensite,inaTIway. Furthermore,
wecanchangethegeneratorsofSinaTIwaytoin-
cludethesestabilizeroperatorsassociatedtoelementary
charges.JustnoticethatifSand{Si}arestabilizergen-eratorswithchargescandci,substitutingeachSiwithSi=SSiwilgiverisetoanewsetofindependentsta-bilizergeneratorswhereShaschargec iciandSihaschargeci. Thus,toeveryelementarychargec,wecanassociatestabilizergeneratorsSαc inaTIway.Takeanycanonicalelectricchargeeiandchooseasta-
bilizergeneratorSeiofchargeei.ConstructaTIlatticeofsegmentoperatorswithcommonendpointsatSeianditstranslations.TherearefoursegmentsmeetingatSei,calthemqi,i=1,...,4,seeFig.9.Ifqidoesnotcom-mutewith q1,substituteitwithSeiqi,anddothisattheotherendpointsinaTIway.Thankstothebosonic
characterofei,thenewsegmentoperatorsalcommutewitheachother. Wecanadjusttheirphasessothatthey
areHermitian.Then,plaquetteoperatorsπconstructed
fromthelatticeofsegmentoperatorsareeitherstabi-
lizerorstabilizerswithanegativesign.Inthesecond
case,wecannegatethosehorizontalsegmentoperators
ateveryotherline,whichtakesusbacktotheﬁrstcase.
Nowchooseoneoftheseplaquettestabilizersπ,astabi-
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FIG.9: Weconsiderthemeetingpointsofthesegmentoper-
atorsofthelatticeusedtobuildplaquettesearlier(cf.Fig.6).
Wecanensurethatthesestringoperatorscommutewithone
another.Takeanystabilizergenerator,Sei,thatiscontainedinthemeetingpointandthathasthesamechargeastheseg-
ments,sayei. Thenif(q1,q2)=−1,wemultiplyq1bySeisuchthat(Seiq1,q2)=1.Thebosoniccharacterofeiensuresthattheremainingcommutationsamongtheqiareasdesired,
e.g.(Seiq1q2,Seiq1q3)=1implies(Seiq1,q3)=1.
lizergeneratorSmiwithchargemiandastringpwithanendpointmiandtheotheronefaraway,asinFig.8.
Thenpanti-commuteswithπandSmi,showingthatSmiisoneofthegeneratorsofπ. Thenwecanproceedas
aboveandattach,inaTIway,anexclusivegeneratorSαmiwithchargemitoeachplaquetteπα.Asabove,wecan
substituteSαmiwithπα togetanewsetofindependentLTIstabilizergenerators.Clearlyeachπαhaschargemi.
Inthisargumentwecanofcourseexchangeeiandmi.
5. Canonicalstabilizergeneratorsandmapping
Wecanputtogether Nsuchlattices,onepercanoni-
calchargegenerator,asinFig.10. Werefertothelat-
ticeconstructedfromei(mi)segmentoperatorsasthe
ei(mi)lattice.Thisparticulargeometryguaranteesthat
thecommutationrelationsofsegmentoperatorsonlyde-
pendontheircharge.Noticethataplaquetteπintheei
latticecontainsasinglevertexofthemilattice,sothat
wecanattachtoπthecorrespondingstabilizergenerator
Smiwithchargemithatliesatthatvertex.Againthisworksjustaswelexchangingeiandmi.Itfolowsthatwecanreplaceeachstabilizergeneratorthatistheend-
pointofsegmentoperatorsofoneoftheNlatticeswith
theenclosingplaquetteofthesamecharge(seeFig.10),
obtaininganewsetofindependentLTIstabilizergener-
ators.
Thisnewsetofstabilizergeneratorsbreaksintotwo
disjointsubsets.Theﬁrstsubsetofstabilizergenerators
aretheplaquetteoperatorsconstructedintheprevious
paragraph.Thesecondsubsetcontainsaltheothersta-
bilizergenerators. Thesegeneratorscommutewithseg-
mentoperatorsandhavetrivialcharge. Toprovethis
secondstatement,letSbeastabilizergeneratorofthe
secondkind.Thenthereexistsanumberofplaquetteop-
erators{πa}withthesametotalchargeasS
m1m2m3
e1e2e3
andaPauli
FIG.10:2N latticesofsegmentoperators,whereN isthe
numberofcanonicalpairsofcharges(hereN=3). There-
spectiveoﬀsetsarechosentoinsurethatstringsofdiﬀerent
chargescrossproperly(iftheydooverlap)suchthattheir
commutationrelationsareweldeﬁned. Astabilizergener-
atorofeachplaquettecanbechosentobereplacedinthe
stabilizergeneratorset.Here,anexampleisgivenforthee2
lattice(blue):thebluecirclesrepresentstabilizergenerators
ofchargeSm2.
operatorpwithsyndrome{S}∪{πa}(thisistruebecauseplaquetteoperatorsgeneratealchargesbyconstruction).
ButeveryPaulioperatorpanti-commuteswithaneven
numberofplaquettesofagivencharge. Thereasonfor
thisismuchlikeinKTC.Ifpanti-commuteswithagiven
segmentoperator,thenthetwoplaquetteoperatorsthat
sharethissegmentoperatorareaﬀected,soexcitations
ofanygivenelementarychargealwaysappearinpairs.It
folowsthatthechargeof{πi},andthusofS,istrivial.
Thesegmentoperatorsformacanonicalbasisforasub-
groupPSofPaulioperators.Everyei-segmentiscrossedbyauniquemi-segment,sotheyformacanonicalpair.
Inaddition,alotherpairsofsegmentoperatorscommute
thankstothecanonicalformoftheSmatrix.Thus,any
givenPaulioperatorpfactorizesasp=p1p2—uniquelyuptoasign—,withp1inPS andp2initscentralizerZ(PS).
ForanystabilizergeneratorSthatisnotaplaquette
formedofsegmentoperatorsasinFig.10,thereexists
aPaulioperatorS˜thatanti-commuteswithSandwith
nootherstabilizergenerator,simplybecausethecharge
ofSistrivial.Duetothepreviouspoint,wecanchoose
S˜∈Z(PS)whilepreservinglocalityandTI.Indeed,de-
composeS˜=S˜1S˜2withS˜1∈PSandS˜2∈Z(PS)and
substituteS˜withS˜2.
Labelalthesegmentoperatorsσαcbytheirchargec=eiormiandlatticelocationα∈Z2(latticesitesarenow
locatedatthecrossingofsegmentoperators,soitistilted
at45◦).Similarly,labelalthenon-plaquettestabilizer
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8generatorsSαa,wherealabels the diﬀerent stabilizers at
a given lattice site. We can arrange theSαa andS˜αa in acanonical form. Choose an ordering inZ2that is TI, so
thatα<βiﬀα+γ<β+γ,e.g. (αx,αy)<(βx,βy)⇔αy<βyorαy=βyandαx<βx. Extend that orderingon pairs (α,a), for instance (α,a)<(β,b)⇔ α<βor
α=βanda<b.Foreach˜Sαa, consider the ﬁnite set
B(˜Sαa):={(β∈Z2,b)|(β,b)<(α,a),[˜Sαa,˜Sβb]=0}
and perform the substitution
S˜αa ← S˜αa
(β,b)∈B(˜Sαa)
Sβb.
Then theS˜α are TI and together with theSα form a
canonical Pauli basis ofZ(PS).
We have thus constructed a local TI canonical basis
for the Pauli group consisting of pairs of segment oper-
ators (σαei,σαmi) and pairs (Sαa,˜Sαa) consisting of stabi-lizer generators with trivial charge and their canonicaly
conjugated partner. The mapping to KTC is now triv-
ial. The (σαei,σαmi) map to the single qubit Pauli opera-tors (σz,α,i,σx,α,i)whereilabels theN2 distinct copiesof KTC andαlabels the (tilted) lattice sites. We ob-
tain the usual picture of qubits located on edges of the
lattice by choosing a lattice rotated by 45◦. The addi-
tional Pauli operators (Sαa,˜Sαa) are mapped onto aux-iliary qubits (σz,α,a,σx,α,a). The constraintSαa =+1implies that these auxiliary qubits are al in the state
|0.
B. Example
We ilustrate this mapping for topological color codes
(TCCs) [15, 25]. A TCC can be constructed on any 3-
valent lattice with 3-colorable faces, but we take in par-
ticular the square-octagon regular lattice of Fig. 11. This
lattice is particularly useful in terms of fault-tolerance
[15]. Qubits are located at the vertices of the lattice, and
there are two stabilizer operators per plaquettep
Sσp=
e∈Ep
σe, withσ∈{σx,σz}. (7)
The excitations in this model carry 16 diﬀerent topolog-
ical charges that correspond exactly to the charges ob-
tained from two copies of KTC. For the two copies of
KTC, these 16 charges are generated by the four “ele-
mentary” chargesejandmjwithj=1,2 labeling the
two KTCs. Among the 16 charges of the color code, we
can choose four with the same topological interactions as
theej,mj. Furthermore, we can ﬁnd “hopping opera-
tors” for these elementary charges. In KTC, the hopping
operator for, say, the chargee1is aσzoperator on the
ﬁrst copy of KTC, as this operator has the eﬀect of mov-
ing ane1charge around. Once these elementary hopping
L
FIG. 11: Regular square-octagon lattice for TCC. The di-
amonds can be labeledA orBaccording to a chessboard
pattern. There are two stabilizers Eq. (7) associated to each
plaquette. Here is an example of the mapping from one TCC
to two copies of KTC. The black dots (stars) representσz
(σx) operators. AZ-plaquette on aA-diamond of the TCC
gets mapped to a plaquette operator on the ﬁrst KTC and to
a site operator on the second KTC. The complete mapping
for 1-qubit Pauli operators is shown in Fig.12.
FIG. 12: Mapping between the 1-qubit Pauli operators of the
square-octagon TCC an two copies of Kitaev’s code KTC1,
KTC2. The ﬁrst (last) two columns are for theA(B) sub-
lattice. Circles (stars) representσz(σx) operators. For in-
stance, the upper left diagram indicates that aσxlocated at
the top of a diamond of theAsub-lattice gets mapped to aσx
on KTC1and twoσzon KTC2. Al commutation relations
are preserved by this mapping, so it is unitary and obviously
local.
operators have been identiﬁed, the mapping proceeds by
identifying the hopping operators of the color code with
those of the two KTCs. This procedure leads to the map-
ping shown at Fig. 12. It can be directly veriﬁed that it
maps stabilizer generators of TCC to stabilizer genera-
tors of two KTCs, in this case with no need to add or
remove trivial stabilizers.
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9IV. EXTENSIONTOSUBSYSTEMCODES
Subsystemstabilizercodesformamoregeneralclass
ofstabilizercodes[13,14]. Theycanbedeﬁnedasa
pair(S,G),whereGisanarbitraryPaulisubgroupand
SastabilizersuchthatS∝Z(G)∩G.Encodingisnot
doneonthewholesubspacedeﬁnedbyS,butratheron
thesubsystemwheretheactionofGistrivial.Thisway,
errorscausedbyoperatorsinGdonotaﬀectencoded
states. Becauseofthis,elementsofGarecaledgauge
operators.
Wesaythatasubsystemcode(S,G)isLTIifGadmits
aLTIsetofgeneratorsGb.Notethatsomelocalsubsys-temcodesadmitnolocalstabilizergenerators,e.g.[14].
Unlikethem,atopologicalsubsystemcodeshouldhave
astabilizerwithalocaldescription.Inaddition,local
operatorsshouldnotrecoveranyencodedinformation.
Sincewedonotcareabouttheeﬀectofgaugeoperators,
thiscanbeformalizedasfolowsinaninﬁnitelattice:
Deﬁnition3Atopologicalstabilizersubsystemcode
(TSSC)isaLTIsubsystemstabilizercode(S,G)such
thatZ(S)∝G.
ThereisageneralstrategytounderstandTSSCsin
termsofTSCs. Namely,toﬁndaTSCS thatliesin
betweenthestabilizergroupandthegaugegroupofthe
subsystemcode,i.e.S ⊂S ⊂G. Wecanthenmap
S invokingTheorem1,whichshowsthatthestabilizer
generatorsofSarelocalyequivalenttoasubsetofthe
stabilizergeneratorsofseveralcopiesofKTCs.Thesim-
plestwaytounderstandthisresultistoworkitinre-
verse.ImaginestartingwithtwocopiesofKTC.There
are16topologicalcharges,thataregeneratedbythe“el-
ementaryparticles”ejandmj,withj=1,2labeling
thetwoKTCs. Toobtainasubsystemcode,onecould
choosetoencodeinformationonlyinKTC1,andnoten-
forcethestabilizersofKTC2. Thechargese2andm2
wouldthereforebegaplessandtheassociatedencoded
qubitwouldcarryrandominformation. Wesaythatwe
have“gaugedout”theelementarychargese2andm2,
andretainede1andm1as“propercharges”.Notethat
theproperchargesdonottopologicalyinteractwiththe
gaugecharges,whichensuresthattheinformationthey
encodeisprotected.Inthisexample,Swouldbethe
stabilizerofKTC1,Swouldbethestabilizerofthetwo
KTCs,andGwouldbealtheoperatorsactingonKTC2
andthestabilizersofKTC1.
Aslightlylesstrivialexamplecanbeconstructedby
choosingadiﬀerentsetofelementarycharges. Con-
siderthefourfermionsξ1= m1×f2,ξ2= e1×f2,ξ3=f1×m2,andξ4=f1×e2thatgeneratealthetopologicalchargesofthetwo KTCs. Notethatthe
pairs(ξ1,ξ2)and(ξ3,ξ4)arecanonicalinthesensethatmutualstatisticsaresemionicinapairandtrivialbe-
tweenparticlesfromdistinctpairs.Thus,wecanchoose
togaugeoutξ3andξ4andretainξ1andξ2asproperchargestoencodeinformation.Itisinterestingtonote
thattheproperchargeshereformachiralanyonmodel.
OurmainresultshowsthatwheneveraTSCS exists
withS⊂S ⊂G,thecorrespondingTSSC(S,G)can
begeneratedthisway,startingwithncopiesofKTC,
choosingasetofelementarycharges,kofwhichbraid
trivialywiththerestandaregaugedout.Inaddition,
theresultingcodecanbemodiﬁedbyalocalquantum
circuit.
NotethatbecauseSisastrictsubsetofS,thismap-
pingdoesnottakethesystemtothegroundstateof
theresultingKTCs;inacodestateoftheTSSC,alel-
ementsofStakevalue+1butthestabilizersaddedto
StoarriveatS cantakeanyvalue,i.e.thesystem
isingeneralnotina+1eigenstateoftheaddedstabi-
lizergenerators. Theseaddedgeneratorscanbemea-
sured,whichwilresultinrandomexcitationswithtriv-
ialproperchargebutarbitrarygaugecharge. Thus,if
oneisinterestedtophysicaly mapaTSSCtoKTCs,
anadditionalstepisrequired.Theseexcitationscanbe
eliminatedbylocaltransformations;simplypairingup
elementaryexcitationsinanarbitrarywayandfusing
eachpairintothevacuum. Moreover,becausetheseex-
citationscorrespondtogaugecharges,thislocaltrans-
formationdoesnotchangetheencodedinformation;the
diﬀerentwaysofpairingtheelementaryexcitationswil
onlyaﬀectthegaugesectoroftheHilbertspace.
A. Examples
Letusilustratethisstrategywithanimportantfamily
of2Dsubsystemcodes[25]caledtopologicalsubsystem
colorcodes(TSCCs). GiventhelatticeofaTCC,we
caninﬂateeachvertexintoatriangleasinFig.13a).
Qubitsarelocatedontheverticesofthisinﬂatedlattice,
andthereisonegaugegroupgeneratorassociatedtoeach
pairofsitesi,jconnectedbyanedge
Gij=σiσj (8)
withσ=σx,σy,orσzforadashed,dotted,orsolidedgerespectively. Thiscodeadmitsasetoflocalstabilizer
generators,someofwhichinvolvearelativelylargenum-
berofqubits(upto24).Excitationsaredescribedbytwo
elementarytopologicalcharges(ξ1,ξ2),bothfermionsandwithsemionicmutualstatistics,makingitachiral
anyonmodel.Thefusionrulesareξ×ξ→0andξ1×ξ2isacompositefermion.Thesetopologicalpropertiesare
identicaltothoseoftheproperchargesξ1andξ2con-structedinthepreviousparagraph. Thissuggeststhat
weshouldbeabletoﬁndaTSCSwithS⊂S⊂Gand
SlocalyequivalenttoncopiesofKTCwithn≥2. We
wilpresenttwodiﬀerentwaysofobtainingS thatare
geometryindependent(i.e.,notrestrictedtothesquare-
octagonlattice).
Intheﬁrstconstruction,S isthestabilizerofthree
TCCsonthecorrespondingnon-inﬂatedlattice.Indeed,
al weneedtodoistorearrangethequbits. Thethree
qubitslocatedattheverticesofeachtriangleinheritthe
colorlabeloftheneighboringplaquette. Weconstruct
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FIG.13: a) Expandedsquare-octagonlatticefor TSCC.
StartingwiththelatticeofaTCC(seeFig.11),eachver-
texisexpandedintoatriangle.Thereisonegaugeoperator
Eq.(8)peredge.b)Zoomofaregionoftheextendedlattice
andrearrangementofthequbitintothreestacks.
FIG.14: Decodingfailureprobabilityasafunctionofthe
errorprobabilityofeachqubitforthesquare-octagonTCC
(left)andTSCC(right),basedonthealgorithmof[23].The
diﬀerentcurvesilustratelatticesofdiﬀerentlinearsizel:be-
lowathresholdprobability(dottedlines),thedecodingfailure
probabilitydecreaseswiththelatticesize,leadingtoaperfect
recoveryinthethermodynamiclimit.
astackofthreeTCClattices—onepercolor—eachone
containingthequbitsofthatcolor,seeFig.13b).It
canbeeasilyveriﬁedthatthismapstegneratorsofS
toasubsetofthegeneratorsofthe3TCCs. Weobtain
S byincludingtheotherstabilizergeneratorsofthese
TCCs.Inthesecondconstruction,weconsiderthesta-
bilizergroupSzgeneratedbythegaugeoperatorsoftheformσzσz(solidedges),whichclearlyisasubgroupof
Z(S).Itfolowsfromtheresultsin[34]thatS:=SSzisaTSCwiththesametopologicalchargesasaTCC.These
twoconstructionsilustratethatthequantumdimension
oftheintermediatecodeS isnotuniquelydetermined,
sinceintheﬁrstcasewehaveD=26andinthesecond
D=22.
V. DECODING
Whenthesystemispreparedinthegroundstateof
theHamiltonianEq.(1),alstabilizershavevalue+1.
Butinthepresenceoferrors,thiswilnotbethecase
ingeneral. Theproblemofdecodingaquantumcode
consistsinidentifyingthemostlikelyrecoverytorestore
theencodedstatefrompartialinformationcomingfrom
themeasurementofthestabilizeroperators,whose±1
outcomesarecalederrorsyndrome. Notalcodescan
bedecodedeﬃciently,butfastapproximatealgorithms
havebeendevisedforKTC.Theonepresentedin[12]
usesEdmonds’minimummatchingalgorithm[35]toﬁnd
theshortestpaththatrecombinesalelectricparticlesin
pairsandindependentlyal magneticparticlesinpairs.
ForN qubits,itrunsintimeN3. Thealgorithmpro-
posedin[23]usesrenormalizationgroupapproximations
toﬁndthehomologicalclassoferrorswiththehighest
probability.ItrunsintimelogN. Aneﬃcientdecoder
wasalsodevisedforatopologicalsubsystemcolorcode
(TSSC)onaparticularlattice[24],butingeneraleach
newcoderequiresatailoreddecodingtechnique.
Ourtechniquescanbeusedtodecodeany2DTSCs.
Indeed,ourmainTheoremshowstheexistenceofatrans-
formationthatmapsanerrorsyndromeofaTSCtoa
syndromeontheKTCs. Giventhatsyndrome,wecan
runanyoftheknowndecodingalgorithms[12,23]on
eachoftheKTCs,andtranslatetheproposedrecovery
backtotheoriginalTSC.Infact,theideaextendsto
anyTSSCs.AsdiscussedintheproofofourmainThe-
orem,wecanalwaysﬁndasetofcanonicalelementary
chargesei,mi(thesecouldbefermionsforTSSCs)that
generatealthetopologicalchargesinthecode. Then,
thedecodingproblemboilsdowntomatchingalelemen-
tarydefectsinpairs,justlikeforKTC.Theadvantage
hereisthatdecodingdoesnotrequireanexplicituni-
tary mappingbetweenthecodes,butonlya mapping
betweenexcitations. Wehaveusedthistechnique,com-
binedtothedecodingalgorithmof[23],fortheTCCon
thesquare-octagonlatticeofFig.11onabit-ﬂipchan-
nelandfoundanerrorthresholdofroughly8.7%(see
Fig.14),ingoodagreementwiththe MonteCarloesti-
mateof10.9%[36]foridealerrorcorrection. Wehave
alsousedthistechniquefortheTSCConthesquare-
octagonlatticeofFig.11onadepolarizingchanneland
foundanerrorthresholdofroughly1.95%(seeFig.14),in
goodagreementwiththeestimateof2%[24]foraclosely
relatedcodeinaﬁve-squarelattice.
VI. CONCLUSION
Wehavedemonstratedthat2Dtopologicalstabilizer
codesal belongtooneuniversaltopologicalphaseby
constructinganexplicitlocal mappingonto multiple
copiesofKitaev’stopologicalcode.Thisresultalsocar-
riestoacertainclassof2Dsubsystemcodes,andinpar-
ticulartoaltopologicalsubsystemcolorcodes. These
localmapsenableustoextendmanypropertiesofKi-
taev’scodetoal2Dcodes,andinparticulardirectly
yieldeﬃcientdecodingalgorithmsforerrorcorrection.It
couldalsohaveimportantimplicationsforfault-tolerant
quantumcomputation.
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Chapitre6
Article:
Kitaev’sZd-codethresholdestimates
GuilaumeDuclos-Cianci,DavidPoulin,Kitaev’sZd-codethresholdestimates,Phys.Rev.
A,87,062338(2013).
6.1 Contexte
LecodetopologiquedeKitaevleplussouventétudiéestconstruitàl’aidedequbits.Or,
laconstructionoriginales’appliqueàn’importequelgroupeﬁni[28].Danslecasdesqubits,
legroupedechargeobservéestZ2,carchaqueparticuleestsapropreantiparticule.Pour
ungroupeGquelconque,onpeutconstruireuncodedeKitaevàl’aidedequdits1oùdest
l’ordredeG.UneextensionsimpleconsisteàprendrelesgroupescycliquesZd,d’ordred.
Danscecas,lesparticulesnesontplusleurpropreantiparticule,maiselessonttoujours
desanyonsabéliensdontlachargeestunélémentdeZd.Parconséquent,leproblèmedu
décodageneseréduitplusàceluid’unappariementetlaplupartdesméthodesusuelesne
s’appliquentplus.Heureusement,laméthodededécodageparrenormalisationnedépend
pasdecetestructure.Enadaptantl’algorithmeauxdistributionsdeprobabilitésurdes
dits1,onpeuttoujoursdécodercescodes.Avecceteadaptation,j’aiestimélesseuilsdeces
diﬀérentscodes.Commeatendu,pouruntauxdebruitdonné,leseuilaugmenteavecd.En
eﬀet,plusdestgrand,plusunemêmedensitédedéfautscontientd’information.Parcontre,
nousnenousatendionspasàconstaterquelaprogressiondelavaleurdesseuilsenfonction
1.Lorsquel’onconsidèredessystèmesàdniveauxplutôtquedeux(oùdestunentiersupérieuràdeux),
onparlededitsdanslecasclassiqueetdequditsdanslecasquantique.
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dedcoleétonnementbienàlabornedehachage.Noussavonsquecetebornes’applique
auxcodesdits«non-dégénérés».Or,lescodesdeKitaevsonthautementdégénérés.Nous
n’avonspasd’explicationdéﬁnitivedecetétatdefait.Toutefois,cetecorrespondanceporte
égalementlenomdeconjecturedeNishimorietaétéobservéedemanièrenon-rigoureuse
enutilisantlaméthodedesrépliques[29].Ilestaussiimportantdesoulignerquej’aiété
leprincipalauteurdecetepublication,c’est-à-direquej’airédigélamajoritédecequi
seretrouvedanslapublicationﬁnale.CestravauxontétéacceptéàlaconférenceTheory
ofQuantumComputation,CommunicationandCryptography(TQC)2013,maisjen’aipume
présenteràlaconférencepourdesraisonsdesanté.
6.2 Résumé
LasectionIintroduitl’article.LasectionIIdéﬁnitlequditainsiquelegroupedePauli
généralisé[30].Nousrévisonscertainsdétailsimportantsdanslasection6.3ci-bas.La
sectionIIintroduitaussilecodedeKitaevgénéralisé.Davantagededétailssetrouventdans
lasection6.4.LasectionIIIdiscutedeserreursetduproblèmedudécodagedanscecontexte.
Unpointimportantestqu’ilnes’agitplusd’unproblèmed’appariement.Quelquesexemples
utilessetrouventàlasection6.5.LasectionIVprésentel’algorithmeendétails,aveclabase
d’opérateurspertinenteetlesrèglesd’échangedemessages.LasectionVprésentelesseuils
estimésetfaitétatd’unaccordinatendudesrésultatsaveclabornedehachage.Laborne
dehachageestprésentéeàlasection6.6.
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6.3 QuditetgroupedePauligénéralisé
Unquditestsimplementunsystèmequantiqueàdniveaux,c.-à-d.unsystèmedont
l’espacedeHilbertestgénéréparlesétats|g,où0≤g<d.Demanièreanalogueaucas
duqubit,nousdéﬁnissonslesopérateursXetZtelsqueXpermetedepasserd’unétatau
suivant,parcourantl’espacedeHilbertdemanièrecyclique,ettelsqueZajouteunephase
ωg=ei2πg/dàl’état|g,cf.Eq.(6.1).
X=
d−1∑
g=0
|g⊕1g|, Z=
d−1∑
g=0
ωg|gg|, (6.1)
où⊕désignel’additionmodulod.L’Eq.(6.2)expliciteunexemplepourd=4.
X=


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


Z=


1 0 0 0
0 i 0 0
0 0 −1 0
0 0 0 −i


(6.2)
L’équationEq.(6.3)explicitelarelationdecommutationdeXetZpourdquelconque.
ZX|g=Z|g⊕1 (6.3)
=ωg+1|g⊕1
=ωg+1X|g
=ωXZ|g
Remarquonsquecesopérateurssontunitaires,maispashermitiens.Ilsnesontdoncpas
leurpropreinverse,contrairementauxmatricesdePaulisurdesqubits.
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6.4 CodetopologiquedeKitaevZd
LecodetopologiquedeKitaevsurdesqudits(Zd-CTK)estdéﬁniàl’aidedesopérateurs
dePauligénéralisés.Considéronsunréseaucarréoùunquditestplacésurchaquearête.
Commedanslecasducodeaveclesqubits,nousvoulonsdéﬁnirunensembledegénéra-
teursinvariantssoustranslationquicommutentdeuxàdeux.Or,lesopérateursdePauli
généralisésnecommutentnin’anti-commutentengénéral(cf.Eq.(6.3).Bêtementcalquer
lesopérateursplaquetesetsitesduCTKsurdesqubitsnefonctionnedoncpas.Eneﬀet,un
opérateurplaqueteetunopérateursitepartageantdeuxquditsnecommuterontpas.Pour
remédieràceproblème,nousexploitonslefaitquecesopérateursnesontpasleurpropre
inverse,contrairementaucasdesqubits.Laﬁgure1del’articleproposeunedéﬁnitionpour
lesopérateursplaquetesetsites.Cetesolutionn’estpasunique:touterotationouréﬂexion
decesopérateursfonctionneaussibien.Deuxcritèresdoiventêtrerespectés.D’unepart,
chaqueopérateurplaquete(site)doitavoirdeuxZ(X)etdeuxZ†(X†)commefacteurset
ceux-cidoiventêtredisposéstelquel’opérateurdegauchesoitl’inversedeceluidedroite
etquel’opérateurduhautsoitl’inversedeceluidubas.Ceciassurequelesproduitsde
générateursdechaquetypedonnentbiendesbouclesduréseaudirectoudual.D’autre
part,lesopérateursdoiventêtredisposésdesortequelesgénérateursplaquetesetsites
commutentdeuxàdeux.L’intérêtdecetedéﬁnitionestquelecodeZ2-CTKredonnebien
lecodedeKitaevavecdesqubits.
Telquedéﬁnici-haut,lecodenepeutêtreécritcommelefondamentald’unhamiltonien,
carlesgénérateursnesontpasdesopérateurshermitiens.Pourcefaire,ilsuﬃtdeles
combinerdemanièreàcequeleursnouvelesvaleurspropressoientréeles:
H=−12∑s(As+A†s)−
1
2i∑s(As−A†s)−
1
2∑p(Bp+B†p)−
1
2i∑p(Bp−B†p), (6.4)
oùAsdésignelesopérateurssitesetBp,lesopérateursplaquetes.Commelesvaleurs
propresdesgénérateurssontdelaformeωg,ils’ensuitquelesnouveauxopérateursontdes
valeurspropresdelaformecos(2πg/d)oubiensin(2πg/d),avec0≤g<d.Poursimpliﬁer
lesdiscussions,nousdésignonslesvaleursproprespar«g»toutsimplement.
X3 X3 X3 X1 X1 X12 1
4
X2
X2
X3
X33
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Figure6.1AmasdedéfautscrééparuneerreursurunZ5-CTK.Lesdéfautsn’apparaissent
pasqu’auxextrémités.Deplus,l’erreurpeutseramiﬁersanslaisserdetraces.
6.5 Ereurs,chargetopologiqueetdécodage
DanslecasdesZd-CTK,nousétudionsleserreursprovenantdugroupedePauli
généralisé.Laﬁgure2del’articlemontrecommentuneerreurdetypeXcréeunepaire
particule-antiparticule.Legroupedechargeestcycliqued’ordredetavecnotrechoix
d’étiqueterlesvaleurspropresparlenombreg,ilestreprésentéparZd.Unediﬀérence
notoireparrapportauZ2-CTKestqu’uneerreuragissantsuruncheminn’auraengénéralpas
quedesexcitationsàsesextrémités,commelemontrelaFig.6.1.Deplus,pourcompliquer
davantagelasituation,uneerreursuruncheminpeutseramiﬁersanslaisserdetraces
apparentes.Pourceteraisonledécodageneconsisteplusenunproblèmed’appariement
deuxàdeux.Ilfautplutôtregrouperlesparticulesenamasdistincts.Lestechniquesusueles
dedécodagepourleZ2-CTKexploitaientprécisémentcetepropriétédedéfautsenpaires.
Or,ledécodeurRGn’apasceproblème,celui-cisebasantplutôtsuruneapproximationdes
ﬂotsdechargeàtraversleréseau.
6.6 Bornedehachage
Labornedehachageestunebornesupérieuresurlesperformancesdescodesclassiques.
Lescodesquantiquesnon-dégénérésobéissentaussiàunebornesimilaire.Danslecas
descodesCSSnon-dégénéréselepeutmêmeêtresimplementexpriméeenfonctiondu
casclassique.Parcontre,iln’yaaucuneraisondecroirequelescodesdégénérésysont
contraints.
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Labornesedéduitd’unargumentdecomptage.Sinoussupposonsunbruitclassique
d’inversionsymétriqueavecprobabilitép,nousnousatendonsàcequ’uneerreuraiten
moyenneunpoidsnp(nombred’inversions).Silesdiﬀérentsmotscodessontisoléslesuns
desautresparunedistanced’aumoins2npdansl’espacedesmotscodes,alorsilestpossible
dedécodercorrectementavecgrandeprobabilité.Remarquonsquelenombredefaçonsde
placernperreurssurunechaînedenbitsest(nnp)≈2nH2(p),oùcetedernièreapproximation
estobtenueparlaformuledeStirlingetoùH2(p)=−plog2p−(1−p)log2(1−p)est
l’entropiedeShannonbinaire.Nousendéduisonsquechaquemotcodedoitoccuperune
«sphère»(hypercube)derayonnH2(p)dansl’espacedesvecteursbinaires.Nousavons
donc2kmotscodesoccupantchacununvolume2nH2(p).Levolumetotalétant2n,nous
obtenonsl’inégalitéEq.(6.5).Enprenantn→ ∞,toutenposantunratiodequbitsencodés
k
n→0,nousobtenonslabornedehachageclassiqueEq.(6.6)(enprenantlelogarithme):
letauxdebruitàcompterduquelilestpossibled’encoderdel’informationdemanière
asymptotiquementsûre.DanslecasdescodesCSSnon-dégénérés,nouspouvonsinterpréter
lecodequantiquecommedeuxcodesclassiquessimultanés,l’unprotégeantdeserreurs
Xetl’autreprotégeantdeserreursZ,c.-à-d.chaquemotcodedoitoccuperunesphère
derayon2nH2(p).Nousretrouvonsalorsl’Eq.(6.7).Danslecasclassique,unrendement
non-nulestpossibletantquep<1/2,alorsquelecasquantiqueCSSnon-dégénérérequiert
p<0.11...
2n≥2n(kn+H2(p)) (6.5)
1≥H2(p), casclassique. (6.6)
1≥2H2(p), casquantiqueCSSnon-dégénéré. (6.7)
d Borneapproximative
2 0.11
3 0.16
4 0.19
5 0.21
6 0.23
Tableau6.1ValeursdelabornedehachagepourlescodesCSSnon-dégénéréssurdesqudits.
Labornepeutêtregénéraliséeauxcodesclassiquesutilisantdesditsetquantiques
utilisantdesqudits.Pourcefaire,ilsuﬃtderemplacerl’entropiebinaireparuneentropie
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enbased:Hd=−∑plogdp.Lesdérivationsprécédentessegénéralisentdirectement.Les
valeursdelabornepour2≤d≤6sonténuméréesauTab.6.1.
6.7 Eratum
DanslessectionsIIetIIIdel’article,nous«symétrisons»lesgénérateursdustabilisateur,
carilsnesontpashermitiens.Toutefois,lechangementproposéestincomplet,ilfautlui
ajouterlescombinaisonsimpaires,12i(s−s†),detelesortequelenombretotaldegénérateurs
soitpréservé.Deplus,ilestfauxdeprétendrequelesvaleurspropresωaetcos(2πa/d)
sontéquivalentes,carlafonctioncosestpaire.Pourvraimentavoiruneéquivalence,ilfaut
obtenirlapairedevaleurscos(2πa/d)etsin(2πa/d).
Laformuleajustéeauxdonnées(ﬁt)delaﬁgure4del’articleestenfait
pdec=a+b(pphys−pth)L1/ν. (6.8)
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WestudythequantumerrorcorrectionthresholdofKitaev’storiccodeoverthegroup Zdsubject
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I. INTRODUCTION
Kitaev’stopologicalcode(KTC)[3]onqubitsisthe
archetypicaltopologicalcodeandhasbeenextensively
studied.AsexplainedinKitaev’soriginalpaper[3],this
constructionappliestoanygroup. Muchlessisknown
aboutthesegeneralizations,andinthispaperweinves-
tigatethequantumerrorcorrection(QEC)thresholdsof
theKTCsbuiltwiththegroupsZd[4–7],whered≥2.Welabeltheseas Zd-KTC,sotheoriginalcodeonqubitscorrespondstoZ2-KTC.Thesecodesarewelsuitedforarraysofd-levelquantumsystems,qudits.Quditsoccur
verynaturalyinnature:e.g.,superconductingqubits
[8],Rydbergatoms[9],orbitalstatesoflight[10],etc.
havemultiplelevelsandtheirHilbertspaceneedstobe
truncatedtoobtainqubits.
Asexplainedin[11],Z2-KTCcanbedecodedbyabinaryperfectmatchingalgorithm[12],sinceeverypar-
ticleisitsownanti-particleinthismodel.Becausethis
isnotthecaseford>2,othertechniquesarerequired
andforthispurposewegeneralizetherenormalization
group(RG)softdecoderthatweintroducedin[1,2].
Ournumericalsimulationsshowthatthethresholdin-
creasesmonotonicalywithdandappearstofolowthe
generaltrendofthequdithashingbound.
Thispaperisorganizedasfolows.First,weintroduce
ageneralizedPauligroup(see[13,14]formoredetails),
stabilizercodes,andZd-Kitaev’storiccode. Next,webrieﬂyreviewthedecodingproblemofthesesystemsand
showhowtheRGdecoderappliesinthiscase.Finaly,we
presentthenumericalresultsandclosewithadiscussion.
II. ZdGENERALIZATIONOF KITAEV’STORIC
CODE
Inthissection,wereviewthedeﬁnitionofZd-KTCandshowthatmanyfeaturesofKTConqubitsextendto
them.Sincewewilbeworkingwithqudits,weintroduce
ageneralizedPauligroup.TheHilbertspaceofaqudit,
Hd,isspannedbythestates{|0,|1,...,|d−1}. WedeﬁnetheoperatorsXandZsuchthat
X|g=|g⊕1, (1)
Z|g=ωg|g
X
X
Z
ZX−1
X−1
Z−1
Z−1
v p
,
FIG.1:Zd-KTCstabilizergenerators. Toeachvertexv,we
associateanoperatorAv(left)andtoeachplaquettep,we
associateanoperatorBp(right).
where0≤g<d,“⊕”denotesadditionmodulod,and
ω=ei2π/d.ThegeneralizedPauligroupisgeneratedby
X,Z,andaphase,i.e.,Pd= ω,X,Z ifdisoddandPd= ω1/2,X,Zifdiseven(XZhasorder2dinthiscase). FromthedeﬁnitionsofEq.(1),wededucethe
folowingproperties
Xa|g=|g⊕a,
Za|g=ωag|g, (2)
ZX|g=ωXZ|g,
ZaXb|g=ωabXbZa|g.
Lastly,wedeﬁnethen-quditPauligroupPnd≡P⊗nd asthen-foldtensorproductofPd.
ThestabilizergroupSisanabliansubgroupofPnd.Thecodeisdeﬁnedasthesimultaneous+1eigenspace
ofalstabilizers. Notethateventhoughthegeneral-
izedPaulioperatorsareunitary,theyarenothermitian
ingeneralsodonotcorrespondtophysicalobservables.
However,theoperator12(s+s†)ishermitianandcanbemeasured.Sinceshaseigenvaluesωa,12(s+s†)haseigen-values12(ωa+ω−a)=cos(2πa/d)whichareinone-to-onecorrespondencewiththeeigenvaluesofs.
Withthesedeﬁnitionsinplace,wepresentageneral-
izationofKTConqudits,whichwecalZd-KTC,usingKitaev’soriginalconstruction[3]onthecyclicgroupsZdwithd≥2.Thesystemisasquarelatticeoflinearsize
Lwithperiodicboundaryconditions.Eachedgeisoccu-
piedbyaqudit,sothereareintotaln=2L2qudits. We
deﬁnevertexoperatorsAvandplaquetteoperatorsBpasshowninFig.1.Thereisonesuchoperatorforeach
vertexandeachplaquette. Weverifythattheycommute
usingthelastlineofEq.(2). Theseoperatorsgenerate
thestabilizergroupS= Av,Bp andthecodeisspanned
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FIG.2:Plaquettedefectscreatedbytheapplicationofsome
powerofX. Thevaluesa(−a)intheplaquettesaresuch
thattheeigenvalueofthecorrespondingBpisωa(ω−a).By
choosingappropriatelythepowersofX,wecanbuildstring
operatorswithdefectsonlyontheirendpoints. Non-trivial
cocylesofXacorrespondtoXalogicaloperators.
bythesimultaneous+1eigenstatesofthestabilizergen-
erators.
Figure2ilustrateshowapplyingsomepowerofXon
acodestatecreatesdefectsonthelattice.Indeed,Xa
appliedonsomequditdoesnotcommutewiththetwo
plaquetteoperatorsinvolvingthatqudit. Theeigenval-
uesoftheplaquettestothenorthoreastoftheerrorwil
changefrom1toωa,andthoseoftheplaquettestothe
southorwestwilchangefrom1toω−a.Onecanshow
thatthedefectsthuscreatedaretopologicalcharges;we
associatethechargeatoaplaquettedefectcorresponding
toaneigenvalueωaofthatplaquette. Withthischoice
oflabeling,thechargegrouprestrictedtoplaquettesis
Zdwithaddition.
Fromthesesimplefacts,itfolowsthatstringoperators
canbebuiltwithdefectsattachedonlytotheirendpoints
(thesestringsactualyliveontheduallattice,justlike
inKTC).Thisrequiresacarefulchoiceofthepowers
ofXonthequditsalongthestringsuchthatthetotal
chargeineachplaquetteis0exceptonitsendpoints.For
instance,onecanadopttheconventionthatpowerais
usedwhenheadingnorthoreast,and−awhenheading
southorwest. Moreover,wecanverifythatnon-trivial
cocycles(loopsontheduallattice,seeFig.2)ofany
powerofX obeyingthisconventioncommutewiththe
stabilizer. Theseoperatorsarenotinthestabilizeras
althevertexgeneratorsofFig.1aretrivialcocyles.It
folowsthatsuchoperators,e.g.theonefoundatthe
bottomofFig.2,arelogicaloperators(foranyvalueof
a).
Asimilaranalysisholdsfordefectscreatedbypowersof
Zoperators.Inthiscase,thedefectsliveonverticesand
stringoperators,onthedirectlattice. Also,non-trivial
cyclesofanypowerofZarelogicaloperators. From
theformofthelogicaloperators,wedirectlydeducethat
therearetwoquditsencodedinthecodespace. Again,
thisisanalogoustothecaseofKTC.
III. Zd-KTC DECODING
Wearenowinterestedintheproblemoferrorcor-
rectingZd-KTCsford>2.Inourstudy,weconsider
asimplenoisemodelthatgeneralizestheindependent
symmetricbit-ﬂipchanneltoqudits: withprobability
1−pphys,thequditremainsunaﬀectedandwithproba-bilitypphys,weapplyatrandom(uniformelydistributed)oneofX,X2,...,Xd−1(seeAppendixA).Supposean
errorE∈Pnd occursonacodestate.Itcreatesdefectsonthelatticeandbymeasuringtheeigenvaluesofevery
1
2(Av+A†v)and12(Bp+B†p)wecanlearnthepositionandchargeofeachdefect.Theroleofthedecoderistobring
thesystembackinthecodespacebyapplyingacorrect-
ingPaulioperator,C∈Pnd.However,caremustbetakeninchoosinganappropriatecorrectingoperation.Indeed,
iftheoperatorCEresultingfromthecombinationofthe
errorandtherecoveryisanelementofS,thestateis
unaﬀected.However,ifCEisanon-triviallogicaloper-
ator,thenthesystemisreturnedtothecodespacebut
potentialyinadiﬀerentcodestate,sotheinformation
iscorrupted.
AnyoperatorE∈Pndcreatingthemeasuredconﬁgu-rationofdefectsisapotentialerror.However,weclassify
theseoperatorsbytheirlogicaleﬀectonthecodespace:
twooperatorsE1,E2withthesameconﬁgurationofde-
fectsareequivalentiﬀE†2E1hasatrivialeﬀectonthe
code,i.e.E1∼E2iﬀE†2E1∈S.NotethatsinceE1and
E2leadtothesamedefectconﬁguration,E†2E1createsnodefect,orequivalently,E1createssomedefectsthat
E†2annihilates.Givena measureddefectconﬁguration,thedecoder
seeksforthebestcorrectionamongthesetofalerrors
whichwouldleadtothisdefectconﬁguration.Onestrat-
egywouldbetoidentifytheerrorfromthissetthathas
thelargestprobabilityP(E),wheretheprobabilityofan
errorisspeciﬁedbythephysicalnoisemodel,inourcase
thesymmetricbit-ﬂipchannel.Thisturnsoutnottobe
optimalhowever,becausesomeerrorshaveequivalentef-
fectsonalcodestates.Thus,thedecodershouldinstead
seekforthemostlikelyequivalenceclassoferrors.The
probabilityofanequivalenceclassoferrorsisobtained
bysummingovertheprobabilityofeacherrorwithina
class. Giventheseprobabilities,theoptimalcorrection
consistsinapplyingtheadjointofanyrepresentativeof
theclasswithmaximalprobability.
IV. RG DECODER GENERALIZATIONTO
Zd-KTC
Unfortunately,theaboveprocedurecannotberealized
eﬃcientlyingeneralsincethenumberoferrorsineach
equivalenceclassscalesexponentialywiththesystem
size.In[1,2],weintroducedarenormalizationgroup
softdecoder(RGdecoder)thateﬃcientlyapproximates
theexactcalculation(see[15]forarelatedscheme).The
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FIG.3:(a)Thelatticeiscutintounitcelscontainingten
qudits(edges).Therenormalizationprocesstakesthedefect
conﬁgurationandthenoise modelonaunitcelasinputs
andoutputsatwo-quditdistribution(whitedisks)whichcor-
respondstoaprobabilityonthechargeﬂowthroughthecor-
respondingboundaries. Greendisksrepresentplaquetteop-
erators. Theplaquettecorrespondingtothegreencircleis
replacedbytheproductofalfourplaquettesoftheunitcel,
suchthatitseigenvaluegivesthetotalchargeofthecel.This
valueisonlygoingtobeusedinthenextroundofRG(larger
greendisk).(b)LabelingconventionforquditsinEq.(3)
generalideaistocutthelatticeintosmalunitcels(e.g.
2×2sub-lattices)andto“distil”fromeachcelaneﬀec-
tivetwo-qubitnoisemodel,c.f.Fig.3(a).Thisisrealized
bykeepingtrackoftheﬂowofchargesthroughthecel
andsummingoverthemicroscopicdetailsleadingtothis
ﬂow. Thishastheeﬀectofshrinkingthelatticelinear
sizebyaconstantfactor(kforcelsofsizek×k). Re-
cursingonthisprocess,onecanshrinkthelatticetoa
constant,manageable,sizewheretheexactdecodingcan
beperformed. Withappropriatesimplemodiﬁcations,
thismethodcanbeusedforchargesoverZd.
Therearetwotechnicaldiﬃcultiesinrealizingthe
aboveheuristicdescription,whicharebothcausedby
chargeconservation.First,becausetheunitcelsshare
boundaries,theﬂowofchargethroughoneboundaryof
acelshouldbeequalandoppositetotheﬂowofcharge
ofthecorrespondingboundaryoftheneighbouringcel.
Thus,thevariablecorrespondingtochargeﬂowsineach
celarehighlyconstrained. Thisproblemiseasilycir-
cumventedbykeepingonlytrackoftheﬂowofcharge
throughthenorthernandthewesternboundaryofeach
cel,i.e.byeliminatingthisredundancy.
Second,thesumofthechargeﬂowthroughthebound-
ariesofacel mustbeequaltoitstotalcharge,revealed
bythesyndromemeasurement. Thisonceagainsetsa
hardconstraintbetweenthevariablescorrespondingto
thechargeﬂows,whichwouldinprinciplerequireaprob-
abilitydistributionthatcorrelatesalthevariablesofthe
system.Thiscannotberealizedeﬃciently,sowemustre-
sorttosomeapproximation.Asaﬁrstapproximation,we
choosetoignorethecross-celcorrelations,andkeeponly
marginalprobabilitiesontheﬂowsassociatedtoagiven
cel(wekeepaprobabilitydistributionthatinvolvesthe
northernandwesternboundaryonly). Todiminishthe
eﬀectofthesecorrelationsweareneglecting,weletthe
chargeinsideaunitcelﬂuctuate.Foreachunitcel,we
measurealbutoneoftheplaquettesitencloses.Thisre-
mainingplaquettethusdeterminesthetotalchargeofthe
unitcel,andindeedwecansubstitutethecorresponding
stabilizergeneratorbyaplaquetteenclosingtheentire
unitcel(obtainedbymultiplyingaltheplaquetteop-
eratorscontainedintheunitcel). Thisnewstabilizer
generatorrepresentsarenormalizedcharge.
ThisprocedureisilustratedonFig.3(a)wheregreen
disksrepresentplaquettesthatare measuredandthe
greencirclerepresentstheplaquettethatisleftﬂuctu-
ating.Thisgreencircleisreplacedbythelarger,renor-
malizedgreendisk(ontheright)thatisusedinthenext
RGstep.Thewhitedisksonthisﬁgureeachrepresenta
probabilitydistributiononchargeﬂow,orequivalentlya
two-quditprobabilitydistribution.Thus,afteroneround
ofRG,weareleftwithasmalerlatticeandbothrenor-
malizedchargesandrenormalizednoisemodels.
Equation(3)listsasetofgeneratorsforal X oper-
atorslivingonaunitcel(seeFig.3(b)forlabeling).
ThisbasiswilbeusedtodecomposeanyX-typeerror
containedontheunitcel. Theseoperatorsaredeﬁned
inaccordancetotherenormalizationprocessitselfaswe
nowexplain.TheTioperatorsareusedtobuildarepre-sentativeerrorwiththeappropriatedefectconﬁguration.
Indeed,onlytheTioperatorsofEq.(3)donotcommutewithalthreeplaquetteoperatorsintheunitcel(green
disksofFig.3(a)).Labelthedefectconﬁgurationona
unitcelasa=(a0,a1,a2),wherea0isthechargeofthenorth-westplaquette,a1isthechargeofthenorth-eastone,anda2isthechargeofthesouth-westone. Then,thePaulioperatort(a)=Ta00 Ta11 Ta22 createsthedefectconﬁgurationa. Moreover,givenadefectconﬁguration
a,everypotentialerrorhastocontainthisproductinits
decompositiononbasisEq.(3)sinceonlytheTiopera-torsdonotcommutewithplaquettes.TheLioperators
characterizetheﬂowofchargethroughthenorthenand
westernboundaries,sothetwo-quditoutputdistribution
ofaRGroundispreciselytheprobabilitydistribution
overthesetwooperators.TheSioperatorsarestabilizeroperators(orpartsofstabilizergeneratorssupportedon
theunitcel).Theyonlydeformstringswithoutchang-
ingtheirdefectconﬁgurationortheirassociatedcharge
ﬂow.Lastly,theEioperatorscorrespondtochargeﬂow-ingthroughthesouthernandeasternboundariesinto
theplaquetteoperatorthatisleftout. Thus,theyare
responsibleforthechargeﬂuctuationinsidetheunitcel
andtheyaresummedover.
S0=X0X−12 X−13 T0=X4X−17
S1=X1X−14 X−15 T1=X6
S2=X3X4X−16 X−17 T2=X−17
(3)
E0=X6X8 L0=X2X6
E1=X−17 X−19 L1=X5X7
Withthesedeﬁnitions,wecanformalydescribeaRG
roundthatstartswithadefectconﬁgurationa,andcom-
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4putesthemarginalprobabilityofeachl∈ L0,L1 con-ditionedonthemeasureddefectconﬁguration,
P(l)=
e∈E0,E1 s∈S0,S1,S2
P(tles), (4)
wheret=Ta0Ta1Ta2 isgivenbythedefectconﬁgura-
tionandP(tles)istheprobabilityassignedtotheerror
E=tlesbythenoisemodel.Thecomplexityofdecoding
aunitcelisgivenbythenumberofoperatorsthatare
consideredinEq.(4):|L0,L1|·|E0,E1|·|S0,S1,S2|.SincealLi,EiandSihaveorderd,thecomplexityis
theconstantd7. Fordiﬀerentunitcelsizes,thecom-
plexityisstilapowerofd,butwithadiﬀerentexponent
whichdependsonthenumberofquditsintheceland
thenumberofmeasuredstabilizergenerators. Moreover,
thenumberofunitcelstodecodeinagivenroundof
RGisgivenby(L/k)2wherekandLarethelinearsizes
oftheunitcelandthegloballattice,respectively.Thus,
thecomplexityofastepofRGgoesasdc(L/k)2forsome
constantscandkthatdependonthechoiceofunitcel.
Ofcourse,theRGcalculationsondiﬀerentcelscanbe
executedinparalel.
Theprocedurewehavedescribedabovetoevadethe
correlationscausedbylocalchargeconservationisonlya
heuristic,andcanbeimprovedusingbeliefpropagation
(BP).Roughly,theroleofBPistoensureconsistencybe-
tweenthemarginalprobabilityofqubitslocatedatthe
boundaryoftwoormoreunitcels,e.g.qudits0,1,8and
9(seeFig.3(b)forlabeling).First,givenadefectconﬁg-
urationinsideaunitcel,onecancomputethemarginal
errorprobabilityPq(tles|q)foreachquditq,obtainedby
takingamarginalofP(tles).Thesearecaledmessages
anddenotedmoutq (p),whereqlabelsaquditandpisaone-quditPaulioperator. Theseoutgoingmessagesare
thenexchangedbetweenneighbouringcels,andbecome
incomingmessages,e.g. acelcsendstoitsnorthern
neighbourcthemessagemout0 thatbecomesmin9 inc,andreceivesfromcthemessagemout9 thatbecomesmin0inc.Subsequentroundsofmessagescanbecalculated
usingthereceivedmessages,folowingtheprescription
moutq (p)←
l,s,e
δ(tles|q,p)P(tles)Pq(tles|q)q=q
minq(tles|q),
(5)
Here,q,q∈{0,1,8,9},tles|qistherestrictiontoquditqofthePaulioperatortlesandPqisthemarginalonquditqofthenoisemodelasabove.BPcanbeiterated
afewtimes(e.g.threerounds)beforeexecutingaRG
step.ThishastheeﬀectofreplacingEq.(4)by
P(l)=
e∈E0,E1 s∈S0S1S2
P(tles)
q
minq(tles|q). (6)
V. NUMERICALRESULTS
Inthissection,wepresentournumericalestimatesof
thethresholdsofZd-KTCsfor2≤d≤
0.1300 0.1305 0.1310 0.1315 0.1320pphys
0.26
0.28
0.30
0.32
0.34
pdec
6subjecttothe
FIG.4:(Coloronline)ThresholdestimationforZ3-KTC.The
x-axisrepresentsphysicalerrorrateandthey-axis,decoding
errorrate. Thebluedots,redsquaresandyelowdiamonds
correspondtoL=32,L=64andL=128respectively.The
ﬁttingcurveusedispdec=(pphys−pth)L1/ν.Inthiscase,we
ﬁndpth=0.
2 3 4 5 6 d
0.05
0.10
0.15
0.20
pth
13(0).
FIG.5:(Coloronline)Thebluediamondsarethevaluesex-
tractedbyﬁttingthethresholdvaluesfor2≤n≤6(seeFig.4
forexample). Theredsquaresareobtainedviathegeneral-
izedhashingbound(seetext)rescaledbyacommonfactor
α=pth(2)/C2≈0.81. Theerrorbarsare(pessimisticaly)
obtainede.g.byreplacingeachlineinFig.4byastripeof
widthequaltothestatisticalerrorbars,anddeterminingthe
valuesofpphysaboveandbelowthecrossingpointwherethe
stripsceasetooverlap. Wedonotreporttheﬁttingparame-
terνbecausetheyaretoosensitivetostatisticalﬂuctuations
andthereforeunreliableinourstudy.
generalizedbit-ﬂipnoise modelintroducedinthepre-
vioussection. Thethresholdisdeﬁnedasthevalueof
thephysicalnoiseratepphysbelowwhichthedecodingerrorprobabilitypdeccanbemadearbitrarilysmalbyincreasingthelatticesizeL.
Thesimulationswereperformedasfolows.Forvarious
valuesofd,Landpphys,speciﬁyingaZd-KTCoflinearsizeLsubjecttoanoiseofparameterpphys,weperformedaMonteCarlosimulationtoestimatethedecodingerror
probabilitypdec. Weusedsamplesizesoftheorderof104.Foraﬁxedvalueofd,weplottedestimatesofpdecvspphysfordiﬀerentvaluesofL. Wethenusedtheﬁttingmodel
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5pdec=(pphys−pth)L1/ν(see[11,16]formoredetails)toestimatethevalueofthethreshold. Asanexample,we
plottedtheresultsandtheﬁtsforZ3-KTConFig.4.Repeatingthisfor3≤d≤6(2wasstudiedin[1,2]),
Fig.5showspthasafunctionofd.Heuristicaly,wedid
expectthatthevalueofpthincreaseswithd.Indeed,
ifweimaginesimulatingaquditusinglog2dqubits,aﬁxednoiserateforincreasingvaluesofdtranslatesintoa
decreasednoiserateperqubit. Moreover,itwasreported
in[17]thattheperformanceofBPforZd-KTC,which
isverypoorinthequbitcase,isgreatlyincreasedasd
grows.
ItisintringuingtonotethatforZ2-KTCsubjecttobit-ﬂipordepolarizingnoise,pthisnumericalyverycloseto
thehashingbound[11,16,18](andsodoothertopolog-
icalcodes[19]).Thehashingbound,obtainedbyasim-
plepackingargument[20],statesthatfornon-degenerate
CSScodes,
0≤1−2H2(p), (7)
whereH2isthebinaryentropy:H2(p)=−(1−p)log2(1−p)−log2p. FromEq.(7),onecancalculatethesatu-ratingpointC2≈0.110whichisindeedquitecloseto
theoptimalthresholdoftheZ2-KTCsubjecttoinde-pendentbit-ﬂipandphase-ﬂiperrors,pth(2)≈0.109(4)
[11,16]. Thisnearcoincidenceisintriguinggiventhat
topologicalcodesarehighlydegenerate,sothereisno
reasontheyshouldobeythehashingbound. Ofcourse,
thedecoderweareusinghereissub-optimal,sothe
thresholdweﬁndpth(2)≈0.89(6)isasmalerfractionα=pth(2)/C2≈0.81(4)ofthehashingbound.
Forqudits,thehashingboundis
0≤1−2Hd(p), (8)
with Hd(p)=−(1−p)logd(1−p)−plogd pd−1.
Inthiscase,weﬁndC3≈0.159,C4≈0.189andsoon.Figure5showsthethresholdpth(d)obtainedwiththeRGdecoderaswelasarescaledhashingboundαCdwhereαisdeterminedbytheZ2ﬁt. Theagreementisbothunexplainedandsurprisinglygood.Notealsothateven
thoughourdecoderissub-optimal,pth(d+1)>Cdforaldwehavestudied,whichstronglysupporttheclaim
thatthethresholdincreaseswithd.
VI. CONCLUSION
Inthispaper,wepresentedageneralizationofthe
renormalizationgroupdecoderof[1,2]toKitaevtopo-
logicalcodesbuiltwiththegroupsZd. Ournumericalresultsshowthatthethresholdvalueincreasesasafunc-
tionofthelocaldimensiond. Moreover,itsbehaviouris
inverygoodagreementwithascalingpredictedbythe
hashingbound.Thistrendcouldbeconﬁrmedbymore
accuratenumericalestimatesusingamappingtoastatis-
ticalmechanicsmodel,whichdoesnotrequiresolvingthe
decodingproblem[11,18]. Atheoreticalunderstanding
ofthisbehaviorisalsodesirable.Lastly,estimatingthe
thresholdinthepresenceofmeasurementerrorandde-
tailedsyndromemeasurementcircuitsonquditsremains
aninterestingopenquestion.
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AppendixA: Generalizedbit-ﬂipchannel
ThenoisemodeldescribedinsectionIIIcanbeseen
asemergingfromaquditdepolarizingchannel.Toshow
this,considerthedepolarizingchannelwhichasthesame
formforquditsasforqubits:
d(ρ)=(1−p)ρ+pId,
=(1−p)ρ+ pd2
d−1
i,j=0
XiZjρZ−jX−i. (A1)
Fromthislastexpression,weseethattheprobabilitythat
errorXiandZjoccursimultaneouslyisP(Xi,Zj)=
p
d2,exceptwheni=j=0whenP(I,I)=(1−p+p
d).BecauseweuseaCSScode,wecancorrectX-typeandZ-typeerrorsindependently. Thecodecorrecting
X-typeerrorsseesanoisemodelthatisthemarginalof
P(Xi,Zj),i.e.P(Xi)= jP(Xi,Zj),resultinginthechannel
x(ρ)=(1−p+pd)ρ+
p
d
d−1
i,j=1
XiρX−i (A2)
andsimilarlyforZ.
Thegeneralizedbit-ﬂipchannelintroducedinSection
IIIhastheform
bf(ρ)=(1−p)ρ+ pd−1
d−1
i,j=0
XiρX−i. (A3)
ComparingEq.(A2)andEq.(A3),weseethatperform-
ingthefolowingsubsitutioninbfyields x:
p→(1−d−1)p
Thistypeofnoisemodelistypicalininformationthe-
orytoassesstherobustnessofdiﬀerentcodesandarchi-
tectures. WhilethedepolarizingnoisemodelEq.(A1)
iswel motivatedphysicalybyitssymmetry—i.e.itis
theleastbiasednoisemodel—itsmarginal,thegeneral-
izedbit-ﬂipchannelEq.(A3)issomewhatmoreartiﬁcial.
However,acodingschemecapableofcorrectingagener-
alizebit-ﬂipchannelofstrength-pforbothX-andZ-
typeerrorswilalsoerrorcorrectadepolarizingchannel
ofstrengthp=3p/2. Moreover,acodingschemethat
exploitsthecorrelationsbetweenX-andZ-typeerrors
mayeventolerateadepolarizingratelargerthanthis.
Formorediscussionsonphysicalyjustiﬁednoisemodel,
see[7].
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Chapitre7
Article:
Fault-tolerantrenormalizationgroupdecoder
forAbeliantopologicalcodes
GuilaumeDuclos-Cianci,DavidPoulin,Fault-TolerantRenormalizationGroupDecoderfor
AbelianTopologicalCodes,Quant.Inf.Comp.Vol14,No9&10,pp0721-0740(2014).
7.1 Contexte
Durantmamaîtrise,j’aidéveloppéetprogramméunalgorithmededécodagepourle
codedeKitaevbasésurdesidéesderenormalisation.Cetalgorithmeaétéconçudansle
cadredelacorrectiond’erreursquantiqueoùlesmesuresdesyndromesontsupposées
parfaites.Danscecas,ilseformuleendeuxdimensions.Parcontre,enpratique,lamesure
dessyndromesesttoujoursele-mêmesujeteàdeserreurs.Lorsquecetesourced’erreurs
additionneleestpriseencompte,onparleplutôtdedécodagetolérantauxfautes.Ila
étémontréqueledécodagetolérantauxfautespeutêtreformulécommeunproblème
qualitativementsimilairesurunréseau3D[4],c.-à-d.unproblèmed’appariementdes
défauts.Or,lesprincipesderrièrel’algorithmebasésurlarenormalisationnedépendentpas
deladimensiondusystème.Aprèsavoirétablilamaileélémentaireetunebasepertinente
d’opérateurs,j’aiprogrammél’algorithmeetj’aiétudiésesperformances.Cetarticleaaussi
unevaleurpédagogique.Eneﬀet,lesdeuxarticlespubliésàlamaîtrisenefontquecinq
pageschacunetlamajoritédesdétailsensontabsents.C’estpourquoiDavidetmoien
avonsproﬁtépourexplicitertoutcequiestnécessaireàlaprogrammationdel’algorithme
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etpourdécriretouslesconceptss’yratachant:décodagetolérantauxfautes(version3Ddu
problème),mailesélémentaires,basesd’opérateursetrèglesdepassagedemessages.Nous
avonségalementajoutéuneannexeexpliquantcommentprendredesmarginalessurune
distributiondeprobabilitésurlegroupedePauli.Pourcesraisons,j’aidécidéden’inclure
quel’articledirectement.
7.2 Article
Fault-TolerantRenormalizationGroupDecoderforAbelianTopologicalCodes
GuilaumeDuclos-CianciandDavidPoulin
D´epartementdePhysique,Universit´edeSherbrooke,Sherbrooke,Qu´ebec,J1K2R1,Canada
(Dated:April19,2015)
Wepresentathree-dimensionalgeneralizationofarenormalizationgroupdecodingalgorithmfor
topologicalcodeswithAbeliananyonicexcitationsthatweintroducedfortwodimensionsin[1,2].
This3Dimplementationextendsourprevious2Dalgorithmbyincorporatingafailureprobability
ofthesyndromemeasurements,i.e.,itenablesfault-tolerantdecoding. Wereportafault-tolerant
storagethresholdof∼1.9(4)%forKitaev’storiccodesubjecttoa3Dbit-ﬂipchannel(i.e.including
imperfectsyndromemeasurements).Thisnumberistobecomparedwiththe2.9%valueobtained
viaperfect matching[3]. The3Dgeneralizationinherits manypropertiesofthe2Dalgorithm,
includingacomplexitylinearinthespace-timevolumeofthememory,whichcanbeparalelizedto
logarithmictime.
I. INTRODUCTION
Topologicalquantumerror-correctingcodescurrently
standassomeofthemostpromisingimplementationsof
quantummemoriesandcomputers. Crudely,topologi-
calcodesarestandardquantumerror-correctingcodes
withadditionalgeometricconstraints:theircheckoper-
atorsinvolveonlyneighbouringspinsonatwodimen-
sional(2D)lattice. Asaconsequence,theycanexhibit
highfault-tolerantthreshold[4–6]withrelativelylow
overhead.Sometopologicalcodesalsosupporttransver-
salimplementationofCliﬀordgates[7],whichsimpliﬁes
fault-tolerantquantumcomputation.Lastly,topological
codescanbeeﬃcientlydecoded[1,3,8],whichisthe
topicofthispaper.
Decodingaquantumcodeconsistsininferringtheop-
timalrecoverygivenastatisticaldescriptionofthenoise
andanerrorsyndrome—i.e.,themeasurementoutcome
ofcheckoperatorswhichrevealincompleteinformation
abouttheparticularerrorthathasaﬀectedthesystem.
Thus,decodingisaclassicalstatisticalinferenceproblem
involvingaverylargenumberofcorrelatedrandomvari-
ables.Extremelyfastdecodingalgorithmsarerequiredto
preventerrorsfrombuildingupinbetweenerrorcorrec-
tioncycles,althoughsomelag-timecanbetolerated,e.g.,
byextendingideasfrom[9].In[1,2],weintroducedade-
codingalgorithmforKitaev’stopologicalcode[10]that
usesrenormalizationgroup(RG)techniquesfromstatis-
ticalphysics.It’scomplexityislinearwiththenumber
ofqubits,ascomparedtothecubiccomplexityofpre-
viouslyknownalgorithms[11]. Mostimportantly,itcan
beparalelizedtologarithmictime.
Thepresentpaperisacontinuationofourworkiniti-
atedin[1,2],andservesmanypurposes.1)Ourprevi-
ousworkfocusedonerrorcorrectioninthepresenceof
perfectsyndromemeasurements. Whenmeasurements
arefaulty,fault-toleranttechniquesarerequiredwhich
changethenatureofthedecodingproblem. Asweex-
plainbelow,fortopologicalcodes,thiscanbeeﬀectively
describedbyincreasingthelatticedimensionbyonedi-
mensionrepresentingtime[8]. Thus,weadaptourRG
algorithm,initialydevisedfora2Dlattice,toa3Dfault-
tolerantsetting.1 2)Ouralgorithmwasdevisedspeciﬁ-
calyforKitaev’stopologicalcode.Becauseal2Dstabi-
lizercodesarelocalyequivalenttomultiplecopiesofKi-
taev’scode[13],ourRGalgorithmcanbeusedwithany
suchcode.However,thisrequiresdeterminingthelocal
mappingthatrealizesthisequivalence,andtransforming
thelocalnoisemodelaccordingly,whichcaninprinciple
aﬀectthedecoder’sperformances.Here,wedescribeour
methodsinphysicaltermsthataredirectlyapplicableto
anycodethatsupportsAbeliananyons[10,13–16],not
restrictedtostabilizercodes. Wehaveimplementeda
specialcaseofthisgeneralizationin[16]fortheZdquan-tumdoublemodel.3)Ourpreviouspublicationsonthis
topicfocusedonapplications,givingonlyahighlevel
descriptionoftheactualalgorithm. Here,weprovidea
completedetaileddescriptionofthestructureoftheal-
gorithm,whichshouldbesuﬃcientforanyoneinterested
inimplementingit.
Therestofthepaperisorganizedasfolows.Inthe
nextsection,weprovideaheuristicphysicaldescription
ofthealgorithmintermsoflocalizedAbeliananyons.
Thissectionshouldprovideagoodphysicalintuitionof
thediﬀerentcomponentsofthealgorithm. Thisisﬁrst
doneassumingperfectsyndromemeasurements,andin
thelastsubsectionweexplainhowtheproblemismod-
iﬁedinthepresenceoffaultyerrors,folowing[8].Sec-
tionIIIrevisitsaltheconceptsintroducedheuristicaly
inSec.IIforthespecialcaseofKitaev’stopologicalcode,
usinganalgebraicformalismcloselyrelatedtotheactual
implementationofthealgorithm. SectionIVpresents
ournumericalexperiments,andweconcludeinSec.V
withpossibleextensionsandrelationstoothermethods.
AppendixAdetailsourmathematicalnotationforprob-
abilitydistributionsoverthen-qubitPauligroup.
1Notethatwehaveusedouralgorithminafault-tolerantsetting
in[12],butdidnotprovideanydetailsoftheimplementation.
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FIG. 1: (a) A 2D topological code is cut into unit celsα,β,
.. Gauge lines representing the non-trivial cycles (solid red
lines) are chosen arbitrarily. Computing the ﬂow of charge
through the gauge lines is equivalent to decoding. (b) Each
region has four boundaries that we label north (N), east (E),
south (S)andwest(W).
II. HEURISTIC PHYSICAL DESCRIPTION
In this Section, we provide a heuristic physical descrip-
tion of the problem of interest, and of the numerical tools
we have developed to solve it. A more detailed mathe-
matical description is presented in Sec. III.
A. Decoding problem
Consider a 2D sheet of topological matter supporting
Abelian anyons. For simplicity, suppose that the system
has periodic boundary conditions, so it forms a torus.
The information is encoded in the degenerate ground
state of the system. Excitations above the ground state
manifold are localized Abelian anyons—they carry con-
served charges{a, b, c, . . .}that obey “deterministic” fu-
sion rules, e.g.a×b=c. The information in the ground
state can be modiﬁed by creating a particle-antiparticle
pair (a,¯a), dragging one of the particle around a topo-
logicaly non-trivial cycle, and fusing it with its original
partnera×a¯=1.
In the presence of errors, such a process could occur
spontaneously. For instance, the creation of a particle-
antiparticle pair could result from a thermal ﬂuctuation.
Once created, additional errors could cause the parti-
cles to diﬀuse on the sheet. To prevent corruption of the
memory, we must therefore keep track of the homology of
the particles’ world-lines. Periodic measurements of the
particles’ location yield partial information about their
trajectories, and thedecoding problembecomes one of
statistical inference: it sets to determine the most likely
homology of the particles’ world-lines given two consec-
utive snapshots of their locations. Concretely, we can
arbitrarily choose two gauge lines representing the two
non-trivial cycles of the torus [c.f. Fig. 1(a)], and the
FIG. 2: Structure of the RG cels. A unit cel is composed
of four regions (unit cels of the previous RG iteration). In
each unit cel (red square), the charge of only three of the
four regions is measured (green squares); the south-east cor-
ner is not measured, leaving the total charge of the unit cel
undetermined. This missing measurement is replaced at the
folowing RG iteration by a measurement of the entire unit
cel (red square), which is now a region of a renormalized unit
cel (blue square). Note that this modiﬁcation of the charge
measurement does not need to be implemented physicaly, it
only reﬂects a change in bookkeeping.
decoding problem consists in determining the net ﬂow of
charge, or current, across these two gauge lines.
B. RG algorithm
In [1, 2], we proposed a renormalization group tech-
nique to tackle this problem. First, we break the lattice
into 2×2 sublattices, or “unit cels”, as ilustrated on
Fig. 1(a). Given a microscopic noise model, we can com-
pute the probability for the value of the current across
each of the four wals [North, South, East, West, c.f.
Fig. 1(b)] of each cel, conditioned on the charge conﬁg-
uration observed inside this cel. This produces a prob-
ability distributionPα(Nα,Eα,Sα,Wα) for each celα,
whereNα,Eα,Sα,Wαtake values representing the pos-
sible currents.2
Concretely, the presence of a charge, say, in the north-
east corner of the unit cel would lead to the assignment
of a probabilityO(p) to a current through the northern or
eastern wals, and a probabilityO(p2) for the southern or
2To specify the mathematical structure of the current variables,
we can choose a minimal set{a1,a2,...ak}ofk“elementary”
charges that generate al other charges under fusion. Then, any
charge can be written asaα11 ×aα22 ×...aαkk , or more succinctlyrepresented by the vector (α1,α2,...,αk)∈Zh1×Zh2×...Zhk
where hj is the order of chargeaj, meaning thathj copies
ofajalways fuse to the identity. Then, the current variables
NA,SA, EA,andWA each take value inZh1×Zh2×...Zhk.
In the case of the toric code for instance, there are two elementary
charges,eandm, and their order is 2 sincee×e=m×m=1.
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3westernwals,reﬂectingthefactthattheﬁrsttwocases
requireonlyoneerrorprocesswhilethesecondtwocases
requiretwoerrorprocesses.Here,prepresentstheprob-
abilityofanerrorprocesssuchasparticlecreation,anni-
hilation,ordisplacement.Thebig-Ohidesmultiplicative
factorsaccountingforthedistincterrorprocessesresult-
inginthesamecurrents,aswelashigherorderprocesses.
Inanycase,theseprobabilitiescanbecomputedexactly
givenanunderlyinglocalnoisemodel.
Afterhavingcomputedthesecurrentprobabilitydis-
tributionsforeverycel,wemergegroupsoffourneigh-
bouringunitcelsintorenormalizedcels(c.f.Fig.2)and
iteratetheprocedure:wesumoveralthebulkprocesses
thatleadtoagivencurrentacrosseachofthefourrenor-
malizedboundariesofeachcel.Thisisdoneasexplained
above,exceptthattheerrorprobabilitypisnotuniform
onthelattice,butisgivenbythecurrentvariablesof
thepreviousRGiteration.Bysuccessiveiteration,(and
assumingforsimplicitythatthelatticelineardimension
isapowerof2)wearriveatasituationwheretheNorth-
ernand Westernwalsactualycorrespondtothegauge
linerepresentingthenon-trivialcyclesofthetorus.De-
terminingthecurrentacrossthesewalsisequivalentto
decoding,asexplainedabove.
Thediﬃcultywiththeprocedureweoutlinedabove
isthatchargeconservationimposesstrongcorrelations
betweenthecurrentvariables,sotheirexactjointprob-
abilitycannotbecomputedeﬃciently.Toseethis,note
thatthecurrentvariablesaresubjecttotwoconstraints.
(a)Thesumofthecurrententeringacel mustbeequal
tothetotalchargeinsidetheregion.Thisleadstoacon-
servationequationNα+Sα+Eα+Wα =cαforeachcelα,wherecαisthetotalchargecontainedinα,andis
knownfromobservation(errorsyndrome).(b)Thecur-
rentsassociatedtojuxtaposedwalsofneighbouringcels
mustbeequalandopposite,e.g. Sα=−Nδwhenδistheceldirectlytothesouthofcelα,seeFig.1(a).This
simplyfolowsfromthefactthat,e.g.Sα andNδareactualyassociatedtothesamephysicalboundary.Con-
straints(a)correlatethevariablesofagivencel while
constraint(b)correlatevariablesbetweendiﬀerentcels,
sothedistributionisglobalycorrelated.
Thus,approximationsarerequiredtosolvethisprob-
lemeﬃciently,aswenowexplain.First,justasamatter
ofbookkeeping,eachcelstoresonlytherandomvari-
ablesassociatedtoitsnorthernandwesternwals,the
otheronesareredundantfromconstraint(b).Thisdoes
notaﬀectthecorrelatednatureoftheproblemhowever
since(a)becomesNα+Wα−Nδ−Wβ=cα[c.f.Fig.1(a)],and(b)nowsaysthate.g. Pα(Nα,Wα,Nδ,Wβ)andPβ(Nβ,Wβ,N,Wγ)mustbethemarginalsofoneglobaldistributionP(Nα,Wα,Nδ,Nβ,Wβ,N,Wγ). Tosim-plifytheproblem,werelaxthisconditiontoa“mean-
ﬁeld”condition,demandingthatthetwodistributions
yieldthesamemarginalsalongthewaltheyshare,i.e.
Pα(Wβ)=Pβ(Wβ),wherethemarginalsaredeﬁnedthe
usualway
Pα(Wβ)=
Wα,Nδ,Nα
Pα(Nα,Wα,Nδ,Wβ) (1)
Pβ(Wβ)=
Nβ,N,Wγ
Pβ(Nβ,Wβ,N,Wγ). (2)
Thesemean-ﬁeldconditionsareenforcedheuristicalyus-
ingbeliefpropagation[17].
Since mean-ﬁeldapproximationsarenotreliablein
stronglycorrelatedsystems,we makeone more modi-
ﬁcationtotheproblem.Chargeconservationimposesa
hardconstraint(a)tothecurrentvariables,whichisun-
likelytoeverbefulﬁledinamean-ﬁeldapproximation.
Tocircumventthisproblem,weletthechargecA inside
eachcelﬂuctuate,i.e.,wetreatitasarandomvariable.
Todescribethisprocedure,recalthateachunitcelis
composedofacolectionoffourregions(i.e.unitcels
ofthepreviousRGiteration). Measuringthechargedis-
tributioninsidetheunitcelamountstomeasuringthe
totalchargeineachoftheseregions,whichclearlyﬁxes
thetotalchargeoftheunitcel.Inthemodiﬁedproce-
dure,wemeasurethechargeofalbutoneoftheregions,
saythesouth-eastregion. Asaconsequence,thetotal
chargeoftheunitcelisundetermined,whichrelaxesthe
constraintsonthecurrentvariablesasdesired.Thispro-
cedureisilustratedonFig.2.Thechargeoftheunitcel
isonlyﬁxedatthefolowingRGiteration.
C. Fault-tolerantdecoding
Ourdescriptionoftheproblemsofarassumesthat
thechargemeasurementsareperfect. Arealisticnoise
modelwouldalsoincludefaultymeasurements,i.e.every
chargemeasurementhassomeprobabilityofreporting
thewrongcharge. Toaleviatethisproblem,measure-
mentscanberepeatedintime.Adiﬀerentoutcomebe-
tweentwoconsecutivemeasurementscanthenbecaused
eitherfromanactualerrorhavingoccurredinthetime
betweenthemeasurements—e.g.aparticlehasmovedin
thisregion—orbyanerrorinoneofthetwomeasure-
ments.
Considerthespace-timecubeenclosedbetweentwo
consecutivelocalchargemeasurements(c.f.Fig.3). We
canassociateatopologicalchargetothiscubeequalto
thediﬀerencebetweenthechargesrevealedbythetwo
measurementsenclosingit.Ifthechargeofacubeis
non-trivial,itmeansthatthetwoconsecutivemeasure-
mentsdidnotyieldthesameresult.Asexplainedabove,
thiscouldbecausedbya“space-likeerror”takingplace
betweenthetwomeasurements,ora“time-likeerror”af-
fectingthemeasurementsthemselves,seeFig.3.Inany
case,thetotalcurrentacrossthesixwalsofthecube
mustbeequaltothechargeofthecube. Wethensee[8]
thatthedecodingproblembecomesthatofdetermining
theworld-linehomologyoftheparticlesinspace-time.
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FIG.3: Space-timediagramofthefault-toleranterror-
correctionprocedure;timeﬂowsverticaly(a)Aspace-like
errorisanerrorthataﬀectsaqubitinbetweentwo mea-
surements.Itcreatesexcitationsinthetwocubiccelswith
whichitoverlaps.(b)Atime-likeerroriscausedbyafaulty
measurement. Itcreatesexcitationsinthetwocubiccels
separatedbythatmeasurement.
Thus,thefault-tolerantdecodingproblemdiﬀersfrom
thedecodingproblemwithperfectmeasurementsonlyin
respectofthelatticedimension.Hence,theRGdecoding
algorithmoutlinedabovecanbeapplieddirectly.
III. FORMAL DESCRIPTIONFOR KITAEV’S
TORICCODE
InthisSection,wedescribemorerigorouslythecon-
ceptsintroducedinthepreviousSectionforthespecial
caseofKitaev’storiccode(KTC). Webeginwiththe
2Dscenarioasitistechnicalysimpler,yetconceptualy
equivalentto3D.Thesystemisa × squarelattice,Λ,
withperiodicboundaryconditions. Weassumethat is
aintegerpowerof2.EachsiteΛi,j(0≤i,j<)holds
twoqubits,Λi,j,α(α∈{H,V},whereHandVstandforhorizontalandvertical,respectively). TheKTConthe
torusisastabilizercode[18]andweassumefamiliarity
withthisclassofcodes.
A. Model
Thestabilizergroupof KTCisgeneratedbytwo
typesofoperators. Oneverysite,Λi,j,deﬁneasiteoperator,Ai,j= Xi,j,HXi,j,VXi,j−1,HXi−1,j,V,andoneveryplaquette,deﬁneaplaqueteoperator,Bi,j =Zi,j,HZi,j+1,VZi+1,j,HZi,j,V (seeFig.4). LetSg ={Ai,j,Bi,j}bethesetofal plaquetteandsiteop-erators. Notethatitisinvariantundertranslation.
Thecodespaceisdeﬁnedtobethesimultaneous +1
eigenspaceofalthestabilizeroperators. Equivalently,
wecandeﬁnetheHamiltonianH=− Q∈SgQ,andthecodespaceisthedegenerategroundspaceofH. There
aren=22qubitsonthelatticebutonly22−2inde-
pendentgenerators,i.e.Sg
H
V
i, j Ai,j Bi,j
i, jZ
Z
ZZ
a) b) c)
X
X X
X
isovercomplete.Indeed,one
caneasilyverifythatthestabilizergeneratorsobeythe
FIG.4: a) Onesite, Λi,j,ofthesquarelattice, Λ,on
whichisdeﬁnedKTC.Qubits,Λi,j,0andΛi,j,1,liveonthe
edgesandareassociatedtositeswiththeconventionde-
picted.b)SiteoperatorAi,j=Xi,j,HXi,j,VXi,j−1,HXi−1,j,V.
BluestringsrepresentX operators. c)Plaquetteoperator
Bi,j=Zi,j,HZi,j+1,VZi+1,j,HZi,j,V. Greenstringsrepresent
Zoperators.
twoglobalconstraints i,jAi,j=1land i,jBi,j=1l.Thisimpliesthattwologicalqubitsareencodedinthe
codespace.
ThelogicalXandZoperatorsactingontheencoded
qubitsarenon-trivialhomologicalcycles(i.eloopsaround
thetorus)ofXoperatorsontheduallatticeandZop-
eratorsonthedirectlattice. Wearbitrarilychoosethe
barelogicaloperatorstobe
Z0=
j
Z0,j,H Z1=
i
Zi,0,V (3)
X0=
i
Xi,−1,H X1=
j
X−1,j,V.
Thesecorrespondtothegaugelinesintroducedinthe
previoussection,c.f.Fig.1(a).
ErrorsaremodeledbyrandomPaulioperatorsaﬀect-
ingthequbits. APaulioperatorwilingeneralanti-
commutewithasubsetoftheelementsofSg,causingtheireigenvaluestoﬂipfrom+1inthecodespaceto-
1.AnelementofSgwith-1eigenvaluecorrespondstoalocalexcitation,anAbeliananyon. Werefertoaplaque-
tteexcitationasamagneticﬂuxandtoasiteexcitation
asanelectriccharge.Itisusefultoassociatebinary
matrices,ai,j(bi,j)toanexcitationconﬁguration,with
entries0iftheeigenvalueofAi,j(Bi,j)is+1andentries1otherwise. Thus,theexcitationconﬁgurationassoci-
atedtotheproductoftwoerrorsisthebinarysumof
theirrespectiveexcitationconﬁgurations—thetwodis-
tincttopologicalchargesaretheirowninverse.
SincethePaulioperatorXi,j,Hanti-commuteswithplaquettes(i−1,j)and(i,j),weseethatXoperators
cancreateapairofmagneticﬂuxes, moveamagnetic
ﬂuxtoaneighbouringplaquette,andannihilateapair
ofneighbouringmagneticﬂuxes. TheZPaulioperator
playsanequivalentroleforelectriccharges. Thus,the
microscopicnoisemodeldescribingthedynamicsofthe
anyonscanbespeciﬁedbyamemorylessPaulichannel
Pi,j,α(Q),Q∈{I,X,Z,Y=iXZ}—i.e.,aprobabilitydistributionoverthefourPaulioperatorsforeachqubit
ofthelattice.Inthismodel,theerrorsEaﬀectingthe
systemarethuselementsofthen-qubitPauligroupGn.
TheprobabilityofanerrorE= i,j,αQi,j,αissimplygivenbyP(E)= i,j,αPi,j,α(Qi,j,α).
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5B. Decoding problem
When an error E∈Gnaﬀects the system initialy in
codespace, the task of error-correction is to bring the sys-
tem back in the codespace by matching every excitations
in pairs—thus annihilating them al—without changing
the encoded information. This is realized by applying
a correction operator,C ∈Gn. If the total operator
ECis homologicaly non-trivial, a logical operation wil
be implemented as the system is brought back to the
codespace, so the information wil be corrupted. To be
successful, the correctionCmust therefore be homologi-
caly equivalent to the errorE.
The decoding problem can be formulated in terms of
this equivalence. Given an error syndrome—i.e., an exci-
tation conﬁguration—the decoder must ﬁnd a Pauli op-
erator that is homologicaly equivalent to the error that
has created this syndrome. This is a statistical inference
problem. One approach to this problem is to ﬁnd, among
al errors that are consistent with the observed excita-
tion conﬁguration, the one with the highest probability.
When the noise model is independent and uniform, this
error is simply the lowest weight operator consistent with
the excitation conﬁguration, where the weight ofCis the
number of non-trivial single-qubit Pauli operators inC.
The Perfect Matching Algorithm (PMA) performs this
task with aO(6) complexity [3, 8].
This turns out not to be the optimal solution however.
To understand this, lettdenote an operator with the
correct excitation conﬁguration. We suppose thattis
chosen in some canonical way, so it is in one-to-one cor-
respondence with excitation conﬁgurations. The proba-
bility that the errorEis homologicaly equivalent totis
simply proportional to the sum of the error probability
P(Q) over al errorsQequivalent tot. Since the equiv-
alence relation is generated by elements of the stabilizer
groupS,thisis s∈SP(ts). On the other hand,tcoulddiﬀer from the actual errorEby a combination of logical
operators Eq. (3), i.e. a non-trivial cycle. Thus, we can
use the group generated by the logical operators Eq. (3)
to label the equivalence classes of errors. Generalizing
the above reasoning, the probability that the errorE
is homologicaly equivalent totldeﬁnes the probability
associated to the classl∈ Xi,Zi conditioned on the
excitation conﬁguration (or equivalently conditioned on
t):
P(l|t)= 1P(t)s∈S
P(tls) (4)
where the normalization factor isP(t) = l,sP(tls).The optimal decoding consists in choosing thelthat max-
imizes Eq. (4) (so the normalizationP(t) is not relevant).
The producttlsis a speciﬁc Pauli operator andP(tls)
is the probability of this operator as given by the noise
model. This computation is intractable because|S|scales
exponentialy with the system size.
The type of mathematical manipulation leading to
Eq. (4) wil be used extensively by the algorithm and in
FIG. 5: Left: Choice of a 2×2 unit cel used to perfom the RG
on the KTC. Green disks represent plaquette operators, blue
squares represent site operators, and edges represent qubits.
The two generators which are left out are represented by an
empty square and a circle. Right: The RG yields a renormal-
ized lattice. The eigenvalue of the renormalized generators
corresponds to the total charge of the region and the renor-
malized noise model corresponds to the net ﬂow of charges
throught the boundaries (eq. 6 ).
the folowing discussion, so Appendix A provides some
formal background and examples that should be con-
sulted before reading the next sections.
C. RG decoding algorithm
The RG algorithm decomposes the lattice into unit
cels. Wechoosethemtobe2×2 squares enclosing four
plaquette and four site generators, see Fig. 5. As ex-
plained in the previous section, the RG decoder requires
knowledge of al but one of the magnetic and one of the
electric operators it encloses. By symmetry, we choose
to leave out the south-east plaquette operator and the
north-west site operator. As a consequence, the scheme
wil folow our description of Sec. II for the magnetic
ﬂuxes, but for the electric charges the lattice is rotated
by 180orelative to our description of Sec. II . We include
in the cel al the qubits that participate in the excita-
tions measured operators, so a cel contains 12 qubits in
total. Some of the qubits are shared between neighbour-
ing cels, and this wil be responsible for the constraint
(b) that correlates their current variables.
To set up calculations, we deﬁne the folowing basis for
the 12 qubits of the unit cel, see Fig. 6 for qubit labeling
S0=X0X2X3X8 T0=Z0 E0=X6X10 X0=X2X6
S1=X1X4X5X9 T1=Z1 E1=X7X11 X1=X5X7
S2=X3X4X6X7 T2=Z0Z3 E2=Z0Z8 Z0=Z0Z2
S3=Z0Z1Z3Z4 T3=X4X7 E3=Z1Z9 Z1=Z1Z5
S4=Z2Z3Z6Z10 T4=X6 E4=X8
S5=Z4Z5Z7Z11 T5=X7 E5=X9 (5)
E6=Z10
E7=Z11
The physical interpretations of these operators are the
folowing. The stabilizer generatorsSjare the six ex-
citation measurement operators used in the unit cel;
they are plaquette and site operators. TheTjare the
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FIG.6:TwoneighbouringunitcelslabeledLandR.Each
showsthelabelingofthequbitsusedinEq.(5). Notethat
sincethesetwocelsareneighbours,theysharequbits.In
particular,qubits6and10incelLarethesameasqubits9
and1,respectively,incelR.
associatedcanonicalpureerrorsinthesensethatt=
Tai,j+10 Tai+1,j1 Tai+1,j+12 Tbi,j3 Tbi,j+14 Tbi+1,j5 producestheex-citationconﬁgurationai,jbi,jinsidethecel,withoutin-ducinganymagneticﬂowthroughthenorthernorwest-
ernwaloranyelectricﬂowthroughthesouthernoreast-
ernwal. ThelogicaloperatorsXiandZimonitorre-spectivelythemagneticcurrentacrossthenorth(i=0)
andwest(i=1)walandtheelectriccurrentacrossthe
east(i=0)andsouth(i=1)wal. Thus,theycorre-
spondtothecurrentvariablesusedinSec.II.Lastly,the
Ejareerrorsthatchangethechargeofthesiteandpla-quetteoperatorsthathavebeenleftoutofthecel.For
instance,E0bringsamagneticﬂuxthroughtheeasternwalintothesouth-eastcorner.
AnRGiterationtakesanexcitationconﬁgurationand
aprobabilitydistributionoverthePauligroupofthe
qubitscontainedinsidetheunitcel,andoutputsacur-
rentprobabilitydistributionobtainedbysummingover
alequivalentprocessesthatareconsistentwiththeob-
servedexcitationconﬁguration.Forexample,theoper-
atorX0(seeFig.6forlabeling)isequivalenttotheop-eratorX2X3asitcorrespondstoaﬂowofonemagnetic
ﬂuxthroughthenorthboundaryandintothenorth-
westplaquette. Thisis moredirectlyseenwhende-
composedinthebasisEq.(5):X0=T3X0S0S2E4andX2X3= T3X0S2sincebothdecomposeintothelogi-caloperatorX0,whichisassociatedtothe magneticcurrentthroughthenorthernwal,andthepureerror
T3 whichisconjugateto S3,thenorth-westplaque-tte. Thus,ifa magneticﬂuxwasindeedobservedin
thenorth-westcorner,bothoftheseerrorsshouldcon-
tributetotheprobabilityofamagneticﬂowthroughthe
northenboundary. Moregeneraly,theprobabilityofa
currentl∈ Xi,Zi conditionedonachargeconﬁgura-
tiont=Tai,j+10 Tai+1,j1 Tai+1,j+12 Tbi,j3 Tbi,j+14 Tbi+1,j5 isgivenby
P(l|t)∝
s,e
P(tles) (6)
wheres∈ Si relatestopologicalyequivalenttrajecto-riesande∈ Ei changesthevalueoftheundeterminedcharge,andweleftoutthenormalizationfactorP(t).
D. Beliefpropagation
IntheunitcelofFig.6weseethatthereareeight
qubitsthatbelongtotwounitcels;theyarelabeled
0,1,6,7,8,9,10and11.Forinstance,qubit1ofcelRis
thesameasqubit10ofcelLimmediatelytoitsleft.As
foranyotherqubits,knowledgeoftheexcitationconﬁg-
urationaﬀectstheerrorprobabilityofthesequbits.For
instance,supposethatthesystemcontainsonlytwomag-
neticﬂuxes,oneinthenorth-eastcornerofcelLandone
inthenorth-westcornerofcelR.IncelL,thepresence
ofthemagneticﬂuxshouldyieldahighprobabilityofX
erroronqubits2and10.IncelR,thepresenceofthe
magneticﬂuxshouldyieldahighprobabilityofXerror
onqubits1and0. Butsincequbits10ofcelLand1
ofcelRareactualythesame,thischargeconﬁguration
shouldglobalyresultinaverypeakedprobabilityofan
Xerroronthatqubit:itsitsinbetweenthetwomagnetic
ﬂuxes. Butlocaly,givenonlyknowledgeofthecharge
conﬁgurationonauniquecel,thisconclusioncannotbe
reached.
Moregeneraly,givenaprobabilitydistributionover
thePauligroupoftheunitcelP(tles),wecancompute
themarginalerrorprobabilityPq(tles|q)foreachqubitq,
obtainedbytakingamarginalofP(tles)(c.f.App.A).3
Whenaqubitissharedbetweentwocels,e.g.suchasin
theaboveexample,itsmarginalconditionaldistributions
obtainedfromdiﬀerentcelswiltypicalydiﬀer.Thisis
amanifestationofaviolationofconstraint(b)described
inSec.II.Asexplainedthere,theexactsolutionwouldbe
todemandthattheconditionalprobabilitydistribution
assignedbyeachcelbeconsistentwithoneglobalprob-
abilitydistribution. Becauseofglobalcorrelationsthis
problemisintractable,sowesettleforarelaxedcondi-
tionthatthemarginalprobabilitydistributionsalagree.
Thisconditionisenforcedbyabeliefpropagational-
gorithm. Thisisalocal messagepassingalgorithm
where messagesareexchangedbetweenneighbouring
cels,thereisonemessagepersharedqubit.Initialy,
theoutgoing messagesatacelmoutq (p)areequaltoPq(tles|q)computedinthatcel. Theseoutgoingmes-sagesarethenexchangedbetweenneighbouringcels,and
becomeincomingmessages,e.g.acelLsendstoitsright
neighbourRthemessagemout1 thatbecomesmin10inR,andreceivesfromRthemessagemout10 thatbecomesmin1inL.Subsequentroundsofmessagescanbecalculated
usingthereceivedmessages,folowingtheprescription
moutq (p)←
l,s,e
δ(tles|q,p)P(tles)Pq(tles|q)q=q
minq(tles|q),
(7)
3Thebaseerrorpriorisindependentoneachqubit,inwhichcase
thismarginalconsistsinthenoisemodelonqubitq.Butbecause
theRGcancreateacorrelatednoisemodelinsideaunitcel,we
needthismoresophisticatednotionofmarginal,seeApp.A.
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7Here,q,q∈{0,1,6,7,8,9,10,11},tles|qistherestric-tiontoqubitqofthePaulioperatortles,andPqisthemarginalonqubit qofthenoise modelasabove(c.f.
App.A).BPcanbeiteratedafewtimes(e.g.three
rounds)beforeexecutingaRGstep. Themessagesare
usedtoupdatethepriorerrorprobability,eﬀectivelyre-
placingEq.(6)by
P(l|t)∝
e∈E0,E1 s∈S0S1S2
P(tles)
q
minq(tles|q).(8)
E. Fault-tolerantdecoding
Theprescriptiongivenforthe2Ddecodingproblem
canbeappliedrelativelystraightforwardlytothe3D
problemarisingfromfault-tolerantdecodinginthepres-
enceoffaultysyndromes.Tosimplifythedescription,we
wilassumethatthereareonlybit-ﬂiperrors(Xerrors),
soweonlyneedtoconsidermagneticﬂuxes.Theexact
same methodappliestoZerrorsandelectriccharges,
andmoreoverbothtypesoferrorscanbeconsideredsi-
multaneously(includingYerrors).
Welabelby0 ≤k<τthetimeatwhichthecharge
measurementsareperformed,whereτisthetotaldura-
tionofthecomputation(e.g.herewetypicalysetτ=
toobtainaspace-timecube). Errorsaﬀectthequbits
inbetween measurements,andweusethelabelkfor
aneventthatoccursinbetweenmeasurementk−1and
k. Therearenowtwotypesoferrorstobeconsidered.
Space-likeerrorsηk(ηki,j,α∈Z2)resultintheapplication
ofthePaulioperatorEk= i,j,αXη
k
i,j,αtothequbits
betweenmeasurementsk−1andk.Time-likeerrorsµk
(µki,j∈Z2)resultininvertingthemeasurementoutcome
atspace-timecoordinate(i,j,k)whenµki,j=1.Theexcitationconﬁgurationmeasuredattimekre-
sultsfromtheaccumulationofspace-likeerrorsattimes
priororequaltok,plusthe measurementerrorsat
thattime,i.e. bk = µk+conf( k≤kEk) =µk+
k≤kconf(Ek).Thus,thediﬀerencebetweentwocon-
secutiveroundsofmeasurementsis∆bk≡bk−1+bk=
µk−1+µk+conf(Ek).Inotherwords,∆bki,j=µk−1i,j +
µki,j+ηki,j,H+ηki,j,V+ηki+1,j,H+ηki,j+1,V.Thisdeﬁnesalocalspace-timecubiccheckoperator.
Inthis3Dpicture,a ∆bti,j=1playstheroleofamagneticﬂux.Notethateachsingleerror—eitherspatial
ortemporal—createsapairofﬂuxes.Inparticular,the
setofalerrorscanbeviewedasaproductofstringswith
magneticﬂuxeslocatedattheirendpoints.
Toformalizethisdescription,deﬁnea3Dcubiclattice
ofbits,Λ,withsitesΛi,j,k,holdingthreebits,Λi,j,k,α(α∈{H,V,T})withtheconventionthatbitsliveon
faces(seeFig.7).Theerrorhistory,E,onthe3Dlattice
isthecombinationofalspace-likeerrorsηandtime-
likeerrorsµ,i.e.Ei,j,k,α= ηki,j,α(α∈{H,V})and
Ei,j,k,T=µki,j
H
T
V 0
21
(i, j, t)
. Theexcitationconﬁgurationassociated
FIG.7: Conventionchosenforaxisandunitcelofthe3D
cubiclatticeΛ.Bitsarelocatedonfaces.
toE is ∆bki,j. Inthefolowing,weconsiderperiodicboundaryconditionsinthespatialdimensiontosimplify
thepresentation. Then,asinthe2Dcase,twoerror
historiesareequivalentiftheyhavethesameexcitation
conﬁgurationandtheirproductishomologicalytrivial
onthethree-torus.
Thedecodingproblemthusstaysqualitativelythe
same:ﬁndthemostlikelyequivalenceclassoferrorhis-
toriesconsistentwiththeerrorsyndrome. Onesubtle
diﬀerencehastodowithhomologicalynon-trivialtime-
likeloops,whichdonotcarrythesamephysicalmeaning
asspace-likehomologicalynon-trivialloops(logicalop-
erations).Thisdiﬀerenceisonlycausedbytheunphysi-
calboundaryconditionsthatwerechosentosimplifythe
presentationandthenumericalsimulations,andwould
notoccurwithopenboundaries.Inanycase,atime-like
logicalerrorshouldnotberegardedasatruememory
corruption.
Asin2D,perfectmatching[3]canbeusedtosolve
anapproximateversionofthisproblem,thatconsistsof
ﬁnding,amongalerrorhistoriesconsistentwiththeex-
citationconﬁguration,theonewithhighestprobability.
Theoptimalsolutionhoweverconsistsinﬁndingthe
mostlikelyequivalentclassoferrors,andthisproblem
canbeapproximatedwithRGtechniques. TheRGde-
codinghasthesamelogicalstructureasin2D.Thelattice
isbrokeninto2×2×2unitcels.Eachoftheseunitcels
containeightcheckoperators(oneofwhichisleftunde-
termined)and33qubits,nineofwhichareshared.The
currentdistributionoverthethreewalsH,V,andTare
computedbysummingoverthebulkconﬁgurationscon-
sistentwithagivencurrentandexcitationconﬁguration.
Thereisobviouslyacomputationalcostassociatedto
summingoverthebulkprocessesofaunitcel.Thiscost
growsexponentialywiththenumberofqubitscontained
insidethecel. Forthisreason,decodinga2×2×2
unitcelinvolvessummingover26-bitconﬁgurations(the
celcontains33qubitsandhassevencheckconstraints),
whichisfairlydemanding.Forthisreason,wechooseto
workwithsmalerunitcels.
To maketherenormalization methodforfault-
tolerancepractical, weconsiderasymmetricdecoding.
Thesimplestunitcelhasdimensions2×1×1(seeFig.8).
Inthiscase,thecelcontainsonemagneticﬂuxopera-
torandrenormalizesonlyonedimensionofthelattice:
× × → /2× × . Forthenextstep,rotatethe
celtorenormalizeanotherdirection,e.g. /2× × →
/2×/2×.Finaly,considerasecondrotationtorenor-
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FIG.8:Explodedviewof2×1×1unitcel. Qubitsliveon
thefaces. Qubits1,2,6and7aresharedbetweencelsand
soparticipateinBP.SeeEq.(9)fortheoperatorbasis.
malizethethirddirection: /2×/2× → /2×/2×/2.
Forthiscel,wechoosethefolowingoperatorbasis
S0=X1X3X4 T0=X3 E0=X3X6 L0=X0X3
S1=X2X3X5 E1=X3X7 L1=X4 (9)
L2=X5,
withthesamephysicalinterpretationasinthe2Dcase.
Wehavealsoconsidereda2 ×2×1unitcel withthe
folowingoperatorbasis(seeFig.9):
S0=X0X3X5 T0=X5X9 E0=X9X12 L0=X3X9
S1=X5X6X9X11 T1=X9 E1=X11X13 L1=X10
S2=X2X6X8 T2=X11 E2=X5X9X14 L2=X8X11
S3=X1X4X5 E3=X9X15 (10)
S4=X7X10X11 E4=X11X16
S5=X1X6X7.
IV. NUMERICALRESULTS
The2DversionofthisRGdecodingalgorithmwas
numericalybenchmarkedin[1,2]for Kitaev’storic
code,andin[16]fortheZdgeneralizationofthetoriccode. Here,wepresentnumericalresultsobtainedfor
the3Dfault-tolerantcase(seealso[12]). Weconsiderthe
isotropiccasewhereeveryqubitisindependentlysubject
toabit-ﬂipnoisewithprobabilitypandlikewisemeasure-
mentsaresubjecttoindependentnoisethatﬂipstheir
outcomewithprobabilityp. Weusestandard Monte
Carlotechniquestoestimatethefault-tolerantstorage
threshold.OurresultsareshowninFig.10forthe2×1×1
celandandFig.11forthe2×2×1cel. Thresholds
areobservedatpth∼1.8(2)%andpth∼1.9(4)%respec-tively:forp≤pth,thefailureprobabilityofthedecodingalgorithmdecreasesasthelatticesizeincreases. These
valuesshouldbecomparedtothe2.9%valueobtained
viaPMA[3]withthesameerrormodel.
Notethatthe2×2×
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FIG.10: MonteCarloestimationofthedecodingerrorprob-
abilityasafunctionofbit-ﬂipchannelstrength,pusinga
2×1×1unitcel.Athresholdisobservedat∼1.82%(sam-
plesize:104perpoint).
tothelargesizeoftheunitcel,decodingisrelatively
slowinthiscase,whichlimitsustosmallattices =16
and =64inpractice.4 Thecrossingpointofthecor-
respondingtwocurvesgivesuslittleconﬁdencethatwe
havecorrectlyidentiﬁedthethreshold.Forthisreason,
wealsosimulatedlatticesizes =8and =32usingan
hybridtechniqueswherethe2×2×1cel wasuseduntil
4ThecomplexityoftheRGschemeisproportionaltothespace-
timevolumeofthelattice,whilethecomplexityofPMAscales
withthecubeofthisvolume. However,theconstantfactorof
theRGschemeisexponentialwiththevolumeofeachunitcel.
Althoughthisisindependentofthelatticesize,theconstantcan
bequiteprohibitiveforlargeunitcels.NotealsothatRGcanbe
straightforwardlyparalelizedtorunintimelogarithmicwiththe
space-timevolumeofthelattice,butwehavenotimplemented
thisparalelversion.
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FIG.11: MonteCarloestimationofthedecodingerrorprob-
abilityasafunctionofbit-ﬂipchannelstrength,pusinga
2×2×1unitcel.Athresholdisobservedat∼1.9(4)%. We
notesomeﬁnitesizeeﬀectsfor =8,butnotfortheother
threecurves.Samplesizevariesfrom3×103to104.
theverylaststep,wherea2×1×1cal wasused.The
crossingpointofalfourcurvesagreesverywel.Thisis
notsurprisingsincebelowthreshold,weexpecttheer-
rormodeltoﬂowtoanoiselessﬁxed-point,andtherefore
thefailurerateshouldbelargelyindependentofhowde-
codingisperformedatthelastfewRGiterations—the
ﬁrstRGiterationsarethecriticalonesindetermining
thethreshold.Thisobservationalsogivesusconﬁdence
thatRGcouldhandlevariouslatticeshapesbycombin-
ingdiﬀerentunitcelshapesintheappropriatewaydeep
intheRGﬂow.
Onemightsuspectthethresholdtobeanisotropic—
giventheasymmetryintheRG,e.g.thedirectionthat
isrenormalizedﬁrstmightexhibitalowerthreshold. We
analyzedthedatabylookingatthemarginalerrorrate
inthethreediﬀerentdirectionsandsawnosigniﬁcant
anisotropy.Itispossiblethatthethresholdisinsensitive
tosuchdetails,butthattheyhavemoresubtleeﬀectsuch
asleadingtodiﬀerentscalingexponents.Inbothcases,
betterstatisticswouldbeneededtogiveaquantitative
answer.
V. CONCLUSIONANDOUTLOOK
Wehavegivenadetailedpresentationofarenormal-
izationgroupalgorithmforfault-tolerantdecodingof
topologicalquantumerror-correctingcodessupporting
Abeliananyonicexcitations. Thisextendsourprevious
work[1,2]inanessentialway,permittingerrorcorrec-
tioninthepresenceoffaultymeasurements. Wehave
numericalybenchmarkedthisalgorithmandfoundthat
itachievesafault-toleranterrorthresholdofnearly2%,
inthesamebalparkastheotherleadingtechniques.
A. Relationtootherwork
Sincethepublicationofouralgorithm[1,2],therehas
beenanumberofdecodingalgorithmsproposedfortopo-
logicalcodesthatwenowbrieﬂyreview.
SarvepaliandRaussendorf(SR)[19]haveconceived
aRGdecoderfortopologicalcolorcodesthatresembles
oursinmanyways.Toourunderstandingtheiralgorithm
isconceptualyidenticaltoours.Theirpresentationdif-
fersinonecentralway.Becausesomestabilizergenera-
torsunavoidablyoverlapwithtwodiﬀerentcelswewere
forcedtosharequbitsbetweenunitcels,whichledto
inter-celcorrelations.Insteadofthis,SRsplitthosesta-
bilizergeneratorsintotwoparts,eachsupportedona
uniquecel,andassignabinaryrandomvariabletothe
valueofeachpart. Thesumofthesetworandomvari-
ablesmustequalthevalueofthesyndromeassociated
tothestabilizer. Theseauxiliarybinaryvariablesplay
aroleanalogoustothesharedqubitsinourdescription.
Forthecolorcode,theirdecoderachievesathresholdof
7.8%,comparedto8.7%achievedbymappingthecode
tomultiplecopiesofKTCanddecodingthemwithour
RGalgorithm[13].
BravyiandHaah(BH)[20]haveproposedaRGde-
codersuitableforanytopologicalcodesupportinglo-
calized Abeliananyons. Itcrucialydiﬀersfromour
approachbybeingbasedonharddecisions,whileour
approachusessoftdecisions.Inotherwords,theopti-
malrecoveryisonlydecidedattheverylaststepofour
RGiterations. Atintermediateiterations,probabilities
areassignedtovariousrecoveries,butnoneoftheop-
tionsiseverruledoutuntiltheveryend.Incontrast,
intheBHscheme,decisionsaretakentofusecertain
pairsofexcitationsatintermediateiterationsoftheRG
scheme.Harddecodersareconceptualysimpler,andso
lendthemselvestomorerigorousanalysis.Indeed,BH
wereabletoprovethattheirdecoderachievesaﬁnite
threshold,whilewecanonlyprovidenumericalevidences
forouralgorithm.Ontheotherhand,itiswelknownin
classicalcodingtheorythatsoftdecodersachievebetter
performances[21].Inthequantumsetting,ithasbeen
shownthatsoftdecodercanachieveahigherthreshold
andgreaternoisesuppressionbelowthreshold[22].Their
algorithmachievesathresholdof6.7%.
WoottonandLoss(WL)[23]used MonteCarlosam-
plingtoestimatethesuminEq.(4),thusdirectlyes-
timatingtheprobabilityofeachequivalenceclassofer-
rorsconditionedontheerrorsyndrome. Since Monte
Carloisexactwithinstatisticalerror,givenasuﬃciently
largesample,thistechniqueisoptimalandconsequently
outperformsalotherdecodingalgorithms.Indeed,they
achieveathresholdof18.5%,comparedto16.4%using
ourmethodwiththesamenoisemodel.Itsmaindraw-
backisthatitisveryslowcomparedtoothermethods,
itsruntimescales(moraly)exponentialywiththelattice
size.
Lastly,Fowler, WhitesideandHolenberg(FWH)[24]
haveimplementedaparalelizedversionofEdmonds’per-
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fectmatchingalgorithm[11](PMA),whichwastheﬁrst
algorithmusedtodecodetopologicalcode[8].Thisim-
plementationrunsinconstantaveragetimewithoutany
performancelosscomparedtotheoriginalPMA.Ourun-
derstandingofthisalgorithmisthatitisofLasVegas
type,meaningthatitsrun-timeisnotpre-determined.
Forinstance,inthisparalelimplementation,itispossi-
blethatonenodeoftheclusterrequiresmoretimethan
othernodes. Onaverylargelattice,theseﬂuctuations
couldbecomeimportant,i.e.theprobabilitythatatleast
onenodetakesatimesuperiororequaltoanyﬁniteT
approachesone.Thus,caremustbetakenintheinter-
pretationofthisconstantaverageruntime.
B. Extensions
Itispossibletocombinethesetechniquesinvarious
waystoobtaintradeoﬀsbetweenruntimeanderrorcor-
rection.Forinstance,theRGalgorithmofBHcancon-
ceptualybeseenasadegradationofouralgorithmwhere
probabilitiesoncurrentvariablesP(l)areroundedupto
theclosestbinarydistribution
P(l)= 1iflmaximizesP(l)0otherwise . (11)
Becauseofthissimplicity,itismuchfasterthanouralgo-
rithm.Thereexistintermediatedegradationsthatcould
interpolatebetweenthesetwoextremeschemes.Forin-
stance,wecouldroundupthedistributiontotheclosest
trinarydistribution
P(l)=


1ifP(l)≥1−
0ifP(l)≤
F otherwise
(12)
wheretheﬂagsymbolFisusedtosignalapotentialer-
ror.SuchaschemewasusedbyKnil[25]inthecontext
ofconcatenatedcodes,whichcanbeseenasadegrada-
tionoftheschemeof[22]thatusestheexactprobability
distribution. Onecouldalsoconsiderkeepingonlythe
ﬁrstfewlargestprobabilities,androundingalotherto
zero.
Aswehaveseen,largerunitcelsleadtobetterer-
rorcorrection,buttheexactsummationEq.(6)ofbulk
processesinsideaunitcelscalesexponentialywiththe
volumeofthecel.Onepossibilitywouldbetosumthe
bulkprocessesinsidetheunitcelonlyapproximately.
ThiswouldenableRGdecodingusingmuchlargerunit
cels. Forinstance,wecoulduse WL’s MonteCarlo’s
schemetoestimatethissum. Alternatively,wecould
usetensor-networktechniques[26]toapproximatethis
sum. Evenwithoutapproximations,atransfermatrix
approachcouldbeusedtodecreasethiscomplexityfrom
exponentialintheareaofthecel(orvolumein3D)to
exponentialinitslinearsize(orareain3D).Forthesmal
celsweconsideredhere,thesemoreelaboratetechniques
areofnouse.
Lastly,wenotethatthedescriptionofouralgorithm
presentedinSec.IIappliesequalyweltosubsystem
codes[27]thathavelocalstabilizergeneratorsin2D,such
asthetopologicalsubsystemcolorcodes[15](butex-
cludese.g.Bacon-Shorcodes[28]).Indeed,thestabilizer
generatorsofthesecodesrevealexcitationsthatcarry
topologicalchargesandthedecodingproblemconsists
ofinferringtheworld-linehomologyoftheseexcitations.
Themaindiﬀerenceisthatnotaltopologicalchargescan
corrupttheencodedinformation.Someofthetopolog-
icalcharges—thatwecaledgaugechargesin[13]—can
bedraggedalonganon-trivialcyclewithoutchangingthe
groundstateofthesystem.Thus,thecurrentassociated
tothesechargesdoesnotneedtobemonitored. Thus,
Eq.(6)shouldcontainanextrasumcorrespondingthese
harmlessprocesses. Wehaveusedthistechniqueforthe
topologicalsubsystemcolorcodein[13]andobtaineda
thresholdof1.95%.
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AppendixA: ManipulatingprobabilitiesoverGn
InthisAppendixweprovidesomemathematicalback-
groundformanipulatingprobabilitiesoverthenqubit
PauligroupGn.Thisshouldbeusefultounderstandthe
detailsofSec.IIIortoimplementtheRGalgorithm.
LetP(E)beaprobabilitydistributionoverthen-qubit
PauligroupGn,e.g.correspondingtoaphysicalnoise
model.Givenageneratingset{Qi}ofGn,wecanexpressanyE∈Gnas
E=
2n
i=1
Qxii (A1)
wherexi∈{0,1}. ThisalowsustointerpretP(E)asadistributionover2nbinaryvariablesP(x1,..,x2n)=
P(E= 2ni=1Qxii).StandardBayesiancalculuscanthenbeusedtodeﬁnemarginaldistributions,conditionaldis-
tributions,etc. Forinstance,the marginaldistribu-
tionoverx1,x2,andx3isgivenbyP(x1,x2,x3) =
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x4,...x2nP(x1,x2,...x2n). Theprobabilityofx1andx2 conditionedonx3 isgiven byP(x1,x2|x3) =P(x1,x2,x3)/P(x3). Theseprobabilitiesimplicitlyde-pendonabasischoice{Qi},andwecanperformsuchmanipulationsforanybasisofGn.
Thesedeﬁnitionsextendstraightforwardlyto more
variables. WiththeisomorphismEq.(A1),wecanre-
labeltheseprobabilitiesP(Q1,Q2,Q3)=P(x1,x2,x3),
andsoforth.
Wecancreatecoarsegrainedvariablesassociatedto
subgroupsofthePauligroup. Forinstance,letK =
Q1,Q2,Q3 andT = Q4,Q5 betwosubgroupsof
Gn. AnelementK ofKcanbedecomposedasK =
Qx11Qx22Qx33,andsimilarlyanelementTofTcanbede-composedasK =Qx44Qx55. Thejoint, marginal,andconditionalprobabilitiescanthenbedeﬁnedinanatural
way
P(K,T)=P(KT)=P(x1,x2,x3,x4,x5) (A2)
P(K)=P(x1,x2,x3) (A3)
P(T)=P(x4,x5) (A4)
P(K|T)=P(x1,x2,x3|x4,x5). (A5)
ThesearetheformaldeﬁnitionsbehindEqs.(4,6,7).
Lastly,wecanconvertanyoftheseprobabilities—joint,
marginal,andconditional—toadiﬀerentbasis.Forin-
stance,letQ1,Q2,Q3 beadiﬀerentgeneratingsetfor
K. Wecanexpressthesegeneratorsintermsofthepre-
viousonesQi= j=1,2,3Qyijj withyij∈{0,1}.SupposethatwehavecomputedP(K|T)=P(x1,x2,x3|x4,x5)
usingthebasis{Qi},andnowwishtocomputeP(K|T)forK=Qz11 Qz22 Qz33 .Since
K=
i=1,2,3
(
j=1,2,3
Qyijj )zi (A6)
=
j=1,2,3
Q i=1,2,3yijzij , (A7)
we see that P(K|T) = P(z1,z2,z3|x4,x5) =P(x1,x2,x3|x4,x5)forxj= i=1,2,3yijzi.Theseprob-abilitiescanthenbeusedtocomputemarginalsovera
subgroupofKspeciﬁedintermsoftheprimedgenera-
tors.Forinstance,forF∈ Q1,Q2 wehaveP(F|T)=P(z1,z2|x4,x5).Thus,weseetheusefulnessofperform-ingbasischanges:itisusedtoadapttheprobabilityto
theparticularsubgroupweareinterestedin.
Wewilbeusingthistypeofmanipulationinthespe-
cialcasewherethebasis{Qj}actualycorrespondstothebasisofsinglequbitPaulioperators{Xi,Zi}.Inthat
case,forK= iXαji Zβii wewilbeusingthespecialno-
tationK|qtorepresentXαqq Zβqq,i.e.thePaulioperatoronqubitqinK.Thesearetheformaldeﬁnitionsbehind
manymathematicalexpressionsofSubsectionIIID.
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Chapitre8
Article:
Subsystemsurfacecodeswiththree-qubit
checkoperators
BravyiS.,Duclos-CianciG.,PoulinD.,SucharaM.,Subsystemsurfacecodeswiththree-qubit
checkoperators,Quant.Inf.Comp.Vol13,No11&12,pp0963-0985(2012).
8.1 Contexte
SergeyBravyiadéveloppélecodedesurfaceàsous-systèmes.Cecodeestsimilaireau
codetopologiquedeKitaev,maisnenécessitequelamesured’opérateursàtroisqubits.Dans
lebutdetestersesperformances,SergeyBravyietMartinSucharaontd’abordappliquéune
méthoded’appariementpourledécodage,baséesurunmodèledemesuredessyndromes
encircuit.Toutefois,selonDiVincenzoetSolgun[31],cesmesuresàtroisqubitspourraient
s’eﬀectuerd’unseulcoupdanscertainesarchitecturescommelesqubitssupra-conducteurs.
Danscecas-ci,Sergeys’atendaitàcequ’uneméthodededécodagetenantcomptedes
corrélationsaitunavantage.Or,c’estlecasdemondécodeurderenormalisation.Sergeya
contactéDavidquim’enafaitpart.J’aiacceptéd’adapternotreméthodeàcecasparticulier.
Deuxdiﬃcultésseprésentaient.Dansunpremiertemps,ledécodagenécessitelacréation
d’ungraphed’erreursvirtuelesàpartirdumodèled’erreursphysiques.Celadonnelieuà
ungraphetriangulaire,diﬀérentdescastraitésprécédemment.Dansundeuxièmetemps,il
falaitletraduireenmodèledebruitpourlesmailesélémentairescubiques.Cecirésulte
enunedistributionquicorrèleleserreurssurlesdiﬀérentsqubitsd’unemêmemaile
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élémentaire.Cestravauxnousontpermisdemontrerquelecodedesurfaceàsous-systèmesa
desseuilsdecorrectiond’erreursetdetoléranceauxfautescomparablesaucodetopologique
deKitaev.
8.2 Résumé
LasectionIintroduitl’articleetréviseleformalismedescodesàsous-systèmes.La
sectionIIdéﬁnitlecodedesurfaceàsous-systèmes(CSS).Cetedéﬁnitionn’estpasrépétée
danscechapitre,ilestdoncimportantdelalired’abord.LasectionIIImontrequelecode
topologiquedeKitaevetnotrenouveaucodesontlocalementéquivalents,c.-à-d.qu’ils
appartiennentàlamêmephasetopologique.LasectionIVexpliquecommentencoder
desqubitslogiquesdansunesurfaceplanaireplutôtqu’untore.LasectionVdiscutedu
problèmedudécodageduCSS.LasectionVIprésenteledécodagetolérantauxfautesbasé
surunearchitectured’extractiondusyndromeàl’aided’uncircuit.LasectionVIIprésente
plutôtledécodagetolérantauxfautesbasésuruneextractiondirectedusyndrome.C’est
cetesectionquicontientl’ensembledemacontribution.Lessections8.3et8.4ci-dessousla
complètentetdoiventêtreluesaprèsl’article.
8.3 Ereurs
Lacorrectiond’erreurstoléranteauxfautesdemandedemesureràrépétitionlesyn-
drome.Étantdonnélastructuredustabilisateuretdugroupedejauge,nouschoisissons
demesurerenalternancelespartiesXetZdusyndrome.Chacunedecespartiespeutêtre
déduitedesrésultatsdelamesuredesopérateursdejaugetriangulairescorrespondants.
Commetouslesopérateursdejauged’unmêmetypecommutent,ilspeuventêtremesurés
simultanément.Plusprécisément,touslesopérateurstrianglesXsontmesurésenparalèle,
puistoutlesopérateurstrianglesZsontmesurésenparalèleetainsidesuitepourtoute
laduréedel’expérience.Cesmesuressontimparfaites,elessontaﬀectéesparlemodèle
d’erreursprésentéci-dessous.
1.Lestroisqubitsimpliquésdanslamesured’untrianglesubissentuncanaldépolarisant
deparamètrep.
2.Lerésultatdemesureesterronéavecuneprobabilitép.
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LebruitdépolarisantànqubitsappliqueavecuneprobabilitépunopérateurdePaulià
nqubitschoisidemanièreuniformémentaléatoire(incluantl’identité).Notonsqu’avecce
modèled’erreurstouslesopérateurs,quiontunpoidsvariantde1àn,ontuneprobabilité
O(p).Deplus,ilnepeutêtreexprimécommeunproduitdemodèlesdebruitindépendants
surchacundesqubits.C’estpourquoinousdisonsqu’ilcorrèleleserreurssurlesdiﬀérents
qubits.
Poursimpliﬁerlessimulations,nousdécodonsleserreursdetypeXetZséparément,ce
quinouspermetdeneconsidérerqueleserreursd’unseultype,Xparexemple.Toutefois,
commelamesuredesopérateurstrianglesfaitsubirauxqubitsuncanaldépolarisantqui
peutavoirdeserreursX,nousdevonstoujoursconsidérerl’eﬀetdelamesuredesdeuxtypes
detriangles,mêmesinoussavonsquelapartieXdusyndromeseratriviale.Parconséquent,
commechacundesqubitsappartientausupportdedeuxopérateursdejaugeXetdedeux
opérateursdejaugeZ,ilsnesontjamaisaurepos(idle).Ilssonttoujoursimpliquésdans
unemesureetdonclamesureele-mêmeseralaseulesourced’erreurs.Deplus,comme
nousneconsidéronsqu’untyped’erreurs,nouspouvonschangerladescriptiondubruit
enmarginalisantsurZlecanalàdépolarisation.Nousappelonslecanalrésultant«canal
dépolarisantX».Demanièresimilaireaucanaldépolarisant,ilappliqueauxqubits,avec
probabilitép,unopérateurdePaulichoisidemanièreuniformémentaléatoireparmiceux
detypeXexclusivement.
8.4 Décodage
Danslebutdedécoderlecodedesurfaceàsous-systèmes,nousledécouponsenmailes
élémentairescommelemontrelaFig.8.1.Lesqubitsprésentsdanslamailesontceuxqui
peuventcauserdessyndromesnon-triviauxàl’intérieurdecele-ci.C’estpourquoi,par
exemple,lequbitquiestsurlesiteenhautàdroitecomplètement(Fig.8.1)n’estpasinclus.
UneerreurXsurcelui-cinechangeraitpaslesyndromedecetemaileélémentaire.
UncycledemesuredusyndromeestdéﬁniparunemesuredetouslestrianglesX
etensuitedetouslestrianglesZ.Chacunedecesmesuresintroduitdeserreurs.Comme
nousl’avonsvu,elessontcorrélées.Parcontre,danslebutdepouvoirtraiterleproblème
demanièreeﬃcace,nousnégligeonslescorrélationsdubruitàl’extérieurdelamaile
élémentaire.Lamesuredesdiversopérateurstrianglesfontintervenirun,deuxoutrois
qubitsd’unemaileélémentairedonnée.Nousmarginalisonssurtoutqubitquiestimpliqué
dansuntriangle,maisquiestàl’extérieurdelamaileélémentaireconsidérée.LesFig.8.2et
Fig.8.3donnentunereprésentationgraphiquedetouslescanauxdépolarisantsXaﬀectant
124
Figure 8.1Maile élémentaire du CSS et ses 16 qubits.
(a)Sur trois qubits (b)Sur deux qubits (c)Sur un qubit
Figure 8.2Représentation graphique du canal dépolarisantXsur un, deux ou trois qubits.
la maile élémentaire dans un cycle de mesure de syndrome. Notons que chaque qubit
intervient dans quatre opérateurs triangles, deuxXet deuxZ, c’est pourquoi chaque qubit
est aﬀecté par quatre canaux, convenablement marginalisés. Le produit de tous ces canaux
corrèle les erreurs sur l’ensemble de la maile élémentaire. Ce produit est le modèle d’erreurs
à priori que nous utilisons pour décoder.
Nous voulons utiliser le décodeur RG tolérant aux fautes (3D) du code topologique de
Kitaev (CTK) pour décoder le code de surface à sous-systèmes. Nous constatons que les
qubits sur les sites n’apparaissent pas dans le CTK. Nous devons reformuler le problème
pour qu’il soit compatible avec le décodeur RG, c.-à-d. que nous devons transformer les
erreurs sur les sites en erreurs sur les arêtes seulement. Pour ce faire, nous utilisons une
interprétation en termes de ﬂots de charges. Les erreurs agissant sur les qubits le long des
arêtes restent inchangées. Par contre, les erreurs agissant sur les qubits des sites sont plutôt
transformées en erreurs à deux qubits le long des arêtes comme l’ilustre la Fig.8.4a. Ce choix
est arbitraire, l’essentiel est que l’erreur choisie produise le même syndrome, ce qui est le cas
ici. De plus, si la nouvele erreur devait aﬀecter un qubit à l’extérieur de la maile élémentaire,
nous ne considérons que la partie de l’erreur contenue dans la maile, cf. Fig.8.4b. Il ne reste
plus qu’à inclure l’erreur de mesure. Il s’agit d’un simple canal d’inversion de paramètrep.
Nous avons donc un syndrome et un modèle d’erreurs à priori complets. Il suﬃt ensuite de
le soumetre au décodeur du CTK tolérant aux fautes adapté aux distributions corrélées sur
les mailes élémentaires.
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Figure 8.3Canaux dépolarisantsXaﬀectant les 16 qubits de la maile élémentaire. Chaque
qubit participe à quatre opérateurs triangles. C’est pourquoi chaque qubit est
aﬀecté par quatre canaux convenablement marginalisés.
(a)Les erreurs sur les sites sont remplacées par des erreurs à deux qubits sur les arêtes.
(b)Les erreurs aﬀectant des qubits à l’extérieur de la maile élémentaire sont négligées.
Figure 8.4Transformation des erreurs sur les sites en erreurs sur les arêtes.
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Subsystemsurfacecodeswiththree-qubitcheckoperators
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WeproposeasimpliﬁedversionoftheKitaev’ssurfacecodeinwhicherrorcorrectionrequires
onlythree-qubitparitymeasurementsforPaulioperatorsXXXandZZZ.Thenewcodebelongsto
theclassofsubsystemstabilizercodes.Itinheritsmanyfavorablepropertiesofthestandardsurface
codesuchasencodingofmultiplelogicalqubitsonaplanarlatticewithpuncturedholes,eﬃcient
decodingbyeitherminimum-weightmatchingorrenormalizationgroupmethods,andhigherror
threshold.Thenewsubsystemsurfacecode(SSC)givesrisetoanexactlysolvableHamiltonianwith
3-qubitinteractions,topologicalyorderedgroundstate,andaconstantenergygap. Weconstruct
alocalunitarytransformationmappingtheSSCHamiltoniantotheoneoftheordinarysurface
codethusshowingthatthetwoHamiltoniansbelongtothesametopologicalclass. Wedescribe
errorcorrectionprotocolsfortheSSCanddetermineitserrorthresholdsunderseveralnatural
errormodels.Inparticular,weshowthattheSSChaserrorthresholdapproximately0.6%forthe
standardcircuit-basederrormodelstudiedintheliterature. Wealsoconsideramodelinwhich
three-qubitparityoperatorscanbemeasureddirectly. WeshowthattheSSChaserrorthreshold
approximately0.97%inthissetting.
I. INTRODUCTION
Quantumerrorcorrectingcodesarevitalingredientsin
alscalablequantumcomputingarchitecturesproposed
sofar.Byactivelymonitoringandcorrectingerrors,the
encodedquantumstatescanbeprotectedfromnoiseup
toanydesiredprecisionprovidedthattheerrorrateof
elementaryquantumoperationsisbelowcertainconstant
valueknownastheerrorthreshold.
Topologicalcodessuchasthesurfacecodefamily[1–3]
havereceivedconsiderableattentionlatelyduetotheir
severalattractivefeatures.First,thequantumhardware
envisionedinthesurfacecodearchitectureconsistsofa
2Darrayofqubitswithcontrolednearest-neighborin-
teractionsandalocalreadout.Inprinciple,itcanbe
implementedusingtheJosephsonjunctionqubitstech-
nology[4].Surfacecodesfeatureanerrorthresholdofat
least1%[5]whichisoneofthehighestthresholdsamong
alstudiedcodes.Secondly,encodedCliﬀordgatessuch
astheCNOTgatecanbeimplementedeﬃcientlyby
thecodedeformationmethod[6–8]whichrequiresonly
amildoverheadinspaceandtime. Theerrorrateof
encodedgatesdecreasesexponentialywiththelattice
size[9]. Thirdly,thesurfacecodescanbedecodedeﬃ-
cientlyusingEdmonds’sminimumweightmatchingalgo-
rithm[3,10]orrenormalisationgroupmethods[11–13].
Althoughthesurfacecodeisamongthebestcodecan-
didates,apromisingdirectionforimprovementshasbeen
recentlyidentiﬁedbyBombin[14]whoproposedtopo-
logicalsubsystemcodes[15].Asubsystemcode[16,17]
canbeviewedasaregularstabilizercodeinwhichone
orseverallogicalqubitsdonotencodeanyinformation.
Thepresenceofunusedlogicalqubits,knownasgauge
qubits,simpliﬁeseigenvaluemeasurementsofmulti-qubit
stabilizers—suchastheplaquetteandstaroperatorsof
thesurfacecode—whicharerequiredforerrorcorrection.
Considerasanexamplethesimplest4-qubitcodewith
twostabilizersSX =X⊗4andSZ =Z⊗4.Itencodes
twoqubitswithlogicalPaulioperatorsXL = X1X2,ZL=Z1Z3andXG =X1X3,ZG =Z1Z2.Ifonlytheﬁrstlogicalqubitisusedtoencodeinformation,thesyn-
drome(eigenvalue)ofSX canbedeterminedindirectly
by measuringeigenvaluesoftheunusedlogicalopera-
torsXG andSXXG = X2X4. Multiplyingthe mea-suredeigenvaluestogetheryieldsthedesiredeigenvalue
ofSX. ThesyndromeofSZ isdeterminedsimilarlyby
measuringeigenvaluesoftheunusedlogicaloperatorsZG
andSZZG=Z3Z4folowedbymultiplicationoftheout-comes.Hencethefulsyndromeextractionrequiresonly
two-qubitparitymeasurementsandsimpleclassicalpost-
processing.Theunusedlogicaloperatorsthatneedtobe
measuredinordertoextractthesyndromeofalstabi-
lizersareusualyreferredtoasgaugegenerators,see[17]
forthegeneraltheoryofsubsystemcodes.
Asimpliﬁedsyndromereadoutoﬀeredbysubsystem
codeshasitsowncosts.Inanypracticalsettings,eigen-
valuesofindividualgaugegeneratorscanonlybemea-
suredwithaﬁniteaccuracy.Asonemultipliestogether
measuredeigenvalues,errorstendtoaccumulaterender-
ingtheinferredsyndromebitunreliable. Thisstrongly
limitstheclassofcandidatesubsystemcodesforthe
topologicalfault-tolerantarchitecture. First,asuitable
codemusthavelocalgaugegenerators,idealy,2-or3-
qubitPaulioperatorsactingonnearest-neighborqubits.
Thisensuresthatthesyndromereadoutrequiresonly
localmeasurements.Toavoidaccumulationofmeasure-
menterrors,asuitablecodemustalsohavelow-weight
stabilizers. Moreprecisely,eachstabilizermustbecom-
posedofonlyafewgaugegenerators.Thelatterrequire-
mentleavesoutmanyinterestingfamiliesofcodes,such
asthe2DBacon-Shorcodes[16]andrandom2Dsub-
systemcodesdiscoveredin[18].Incontrast,subsystem
colorcodesfoundin[14]have2-qubitgaugegenerators
whilestabilizersactoneither6or18qubits.Thesecodes
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2wereshowntohaveaconstanterrorthresholdofatleast
2%underdepolarizingnoiseassumingnoiselesssyndrome
readout[19,20].Unfortunately,subsystemcolorcodesdo
notinheritfavorablepropertiesofthesurfacecodesuch
asencodingofmultiplelogicalqubits[14]onaplanar
latticerequiredforthecodedeformationmethod.
Inthepresentpaperweproposeasubsystemversionof
thestandardsurfacecodeontheregularsquarelattice.
Eachplaquetteofthelatticecarriesonegaugequbitand
apairofweight-6stabilizersoftypeX⊗6andZ⊗6,see
Fig.1. Thecodehas3-qubitgaugegeneratorsoftype
XXX andZZZwhich makesitsuitableforarchitec-
tureswheredirect3-qubitparitymeasurementsinthe
X-andZ-basisareavailable. Apromisingproposalfor
implementing3-qubitparitymeasurementsinJosephson
junctionqubitshasbeenrecentlymadebyDiVincenzo
andSolgun[21].Byanalogywiththesurfacecode,the
newsubsystemsurfacecode(SSC)canencodemultiple
logicalqubitsonaplanarlatticewithpuncturedholes.
WedescribeerrorcorrectionprotocolsfortheSSCand
determineitserrorthresholdsunderseveralnaturaler-
rormodels.First,westudythesocaled“codecapacity”
modelwhereeachqubitissubjecttoindependentbit-ﬂip
andphase-ﬂiperrorswithratep,whilesyndromemea-
surementsarenoiseless. Byrelatingtheoptimalerror
correctiontothephasetransitionintherandom-bond
Isingmodelonthehoneycomblattice,weshowthatthe
thresholderrorrateisp0≈7%.Secondly,westudythecircuit-basederrormodelwherethesyndromereadoutis
simulatedbynoisyquantumgates,single-qubitmeasure-
ments,andancilapreparations.Eachoperationcanfail
withaprobabilityp,seeSectionVIfordetails. Monte
CarlosimulationsuggeststhattheSSChaserrorthresh-
oldpc≈0.6%forthecircuit-basederrormodel.Finaly,weconsideramodelinwhich3-qubitparitycanbemea-
sureddirectly. WeshowthattheSSChaserrorthreshold
approximately0.97%forthisdirectparitymeasurement
model.
Thenewcodealsogivesrisetoanexactlysolvable
Hamiltonianwith3-qubitinteractionswhichhasatopo-
logicalyorderedgroundstateandwhoseexcitationsare
non-interactingabeliananyons.Theexactsolvabilityof
themodelstemsfromapeculiarcommutativitystruc-
tureofthemodel’sHamiltonian. Weshowthattheset
ofalrelevant3-qubitinteractionscanbepartitionedinto
smalclusterssuchthatinteractionsfromdiﬀerentclus-
terspairwisecommute.Incontrast,itwasshownre-
centlybyAharonovandEldar[22]thattopologicalorder
cannotberealizedby3-localHamiltoniansinwhichal
interactionspairwisecommute. Wealsoconstructalocal
unitarytransformationUthatmapsthe6-qubitstabiliz-
ersoftheSSCtotheplaquetteandstaroperatorsofthe
Kitaev’ssurfacecodeonthesquarelattice. Thegauge
generatorsXXXandZZZaremappedtosingle-qubit
XandZoperators.Looselyspeaking,themapUdecou-
plesgaugequbitsfromthesurfacecodequbits.
Therestofthepaperisorganizedasfolows. Sec-
tionsII,IIIintroduceasubsystemversionofthetoric
codewith3-qubitgaugegenerators,thecorresponding
exactlysolvableHamiltoniananddiscussitsconnection
totheordinarytoriccode.Extensiontotheplanargeom-
etryisgiveninSectionIVthatdeﬁnessubsystemsurface
codes. Theconceptofavirtuallatticewhichiscrucial
forunderstandingourerrorcorrectionprotocolsisintro-
ducedinSectionV.Thissectionalsodiscusseserrorcor-
rectionfortheidealizedsettingswhensyndromereadout
isnoiseless. Errorcorrectionprotocolsforthecircuit-
basedsyndromereadoutandnumericalsimulationsare
presentedinSectionVI.Finaly,SectionVIIfocuseson
amodelinwhichdirect3-qubitparitymeasurementare
available.
II. ASUBSYSTEMTORICCODE
Webeginbyintroducingasubsystemversionofthe
toriccodethatencodestwologicalqubits[1].Extension
toplanarlatticeswithaboundarywilbedescribedinthe
nextsection.Thecodeisdeﬁnedontheregularsquare
latticeofsizeL×Lwithperiodicboundaryconditions.It
containsL2vertices,2L2edges,andL2plaquettes. We
placeaqubitateveryvertexandatthecenterofevery
edgeofthelattice. Hencethereareintotaln=3L2
codequbits.Foreachplaquettep
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Triangle operators 
deﬁneweight-6Pauli
FIG.1:Subsystemtoriccode. Qubitsliveatverticesand
centersofedgesoftheregularsquarelattice. Oppositesides
ofthelatticeareidentiﬁed.Left:Fourtypesoftrianglesand
thecorrespondingtriangleoperatorsG(T). Triangleoper-
atorsthatbelongtodiﬀerentplaquettespairwisecommute.
Right:StabilizeroperatorsSXp (top)andSZp (bottom).Sta-bilizersareanaloguesoftheplaquetteandstaroperatorsof
thestandardtoriccode. Triangleoperatorscommutewith
stabilizers.Eigenvalueofanystabilizercanbedeterminedby
measuringeigenvaluesofindividualtriangleoperators.Fora
latticeofsizeL×Lthecodehasparameters[3L2,2,L].This
shouldbecomparedwiththestandardsurfacecodewhichhas
parameters[2L2,2,L].
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3operatorsSXp andSZp asshownonFig.1(right). One
caneasilycheckthatSXp andSZq commutewitheachotherforalpandq.LetSbetheabeliangroupgener-
atedby2L2operatorsSXp andSZp.ItdeﬁnesaquantumstabilizercodewithacodespaceCspannedbyn-qubit
statesψinvariantunderS,thatis,ψ∈CiﬀSXp ·ψ=ψ
andSZp·ψ=ψforalp. Asimplealgebrashowsthat
pSXp =Iand pSZp =I,wheretheproductistakenoveralplaquettesofthelattice.Furthermore,sinceeach
qubitbelongstoexactlytwostabilizersSXp andtwosta-
bilizersSZp,thesearetheonlydependenciesamongthe
generatorsofS. ThisshowsthatShass=2(L2−1)
independentgenerators.Thestandardstabilizerformal-
ism[23]thenimpliesthatSisastabilizercodeencoding
k=n−s=L2+2qubits,thatis,dim(C)=2k.
Weshalnowdividethe kencodedqubitsintog=L2
gaugequbitsandk=2logicalqubits. Letubeany
vertexofthelatticeandf,gbeapairoforthogonaledges
incidenttou. Thetriple(u,f,g)wilbereferredtoas
atriangle.Notethatthelatticehasfournon-equivalent
typesoftriangles,seeFig.1. Weshalsaythatatriangle
T=(u,f,g)isnorth-west(NW)ifuisatthenorth-west
corneroftheplaquetteformedbyfandg.Similarlyone
deﬁnesnorth-east(NE),south-west(SW),andsouth-east
(SE)triangles.Deﬁnetriangleoperators
G(T)= XuXfXg ifTisSWorNEtriangle,ZuZfZg ifTisSEorNWtriangle, (1)
seeFig.1.Heresubscriptsindicatequbitsacteduponby
thePaulioperatorsX andZ. Notethattriangleoper-
atorsthatbelongtodiﬀerentplaquettescommutewith
eachother.
Anystabilizercanbeexpressedasaproductoftwo
triangleoperatorsusingidentities
SXp = G(TSWp )G(TNEp ),
SZp = G(TSEp )G(TNWp ), (2)
seeFig.1.HereTNWp ,TNEp ,TSWp ,andTSEp aretrianglesoftypeNW,NE,SW,SErespectivelythatbelongtoa
plaquettep.
Letusnowshowthattriangleoperatorscommutewith
alstabilizers,thusbeinglogicaloperatorsofthecodeS.
Consideranystabilizer,say,SXp andanytriangleoper-atorG(T)ofZ-type.IfTdoesnotbelongtothepla-
quettepthenSXp commuteswithG(T)becausetriangleoperatorsfromdiﬀerentplaquettesalwayscommute.If
TbelongstopthenG(T)anti-commuteswithbothX-
typetrianglesformingSXp,thatis,G(T)commuteswith
SXp. AsimilarargumentshowsthatZ-typestabilizerscommutewithX-typetriangleoperators.
Theaboveobservationsshowthatwecanchooseg=
L2pairsoflogicaloperatorsforthecodeSas
Xp=G(TSWp ) and Zp=G(TSEp ), (3)
whereprunsoveralplaquettesofthelattice. Weshal
treatencodedqubitsdeﬁnedbyXpandZpasgauge
qubitsencodingnousefulinformationbecausethecorre-
spondinglogicaloperatorshaveverysmalweight.Hence
eachplaquetteofthelatticecarriesonegaugequbit.As
wewilshowinSec.III,itispossibletocompletelydis-
entanglethesegaugequbitsfromthecodewithadepth4
localquantumcircuit,leavingbehindtheusualtoriccode
on2L2qubitsandL2ancilaryqubitsthataredecoupled
fromthecode.
RecalthatthecodeShask=L2+2encodedqubits.
Thisleavesk=k−g=2logicalqubitswhichhavenot
beenidentiﬁedyet.LetΓandΛbethesetofalqubits
lyingonsomeﬁxedhorizontalandsomeﬁxedvertical
lineofthelatticerespectively,seeFig.2.Notethat|Γ|=
|Λ|=2L.Deﬁne
X1=
j∈Γ
Xj, Z1=
j∈Λ
Zj (4)
and
X2=
j∈Λ
Xj, Z2=
j∈Γ
Zj.
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FIG.2:Non-contractibleloopsonthetoriccodelattice.Each
loopcontains2Lqubits.
AnytriangleoperatorcommuteswithXjandZjbe-
causetrianglesshare0or2qubitswithΓandΛ.In
addition,sinceΓandΛareevensetsofqubitsoverlap-
pingonexactlyonequbit,onehascommutationrules
XiZj=(−1)δi,jZjXi. HenceonecanviewX1,Z1and
X2,Z2aslogicalXandZoperatorsonthetworemain-inglogicalqubitsofthecodeS.
Theminimumdistancedofasubsystemcodeisdeﬁned
astheminimumweightofaPaulierrorEthatcommutes
withalstabilizersandimplementsanon-trivialtransfor-
mationonthelogicalqubits,see[17].Letusshowthat
thesubsystemtoriccodehasdistanced=L.Indeed,
anyerrorEasabovemustanti-commutewithatleast
oneofthelogicaloperatorsX1,Z1,X2,Z2.AssumewlogthatEanti-commuteswithZ1.LetΛbeanyverticallineonthelattice(ahorizontaltranslationofΛ)and
Z1= j∈Λ Zj. OnecaneasilycheckthatZ1Z1coin-
cideswiththeproductofstabilizersSZp overalplaque-ttesplyingbetweenΛandΛ.SinceEcommuteswith
alstabilizers,weconcludethatEanti-commuteswith
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4Z1.ButthismeansthatEmustactnon-trivialyonatleastonequbitofΛ.SincethereareLnon-overlapping
choicesofthelineΛ,weconcludethatEmusthave
weightatleastL. Onecanalsoeasilycheckthattrans-
latingΛbythehalfofthelatticeperiodgivesalogical
operatorofweightLequivalenttoZ1(modulogaugeop-
erators).Hencethecodehasdistanced=L.
Theﬁrststepinanyerrorcorrectionprotocolbased
onstabilizercodesisthesyndromereadout,thatis,a
non-destructiveeigenvaluemeasurementofeverystabi-
lizeroperator. To measurethe6-qubitstabilizersSZp
andSXp weshaltakeadvantageofthegaugequbitsandtheidentityEq.(2). Thesimplestsyndromeread-
outprotocolconsistsoftwosteps:Step1.Measurethe
eigenvalueofeveryX-typetriangleoperatorG(T)and
recordtheoutcomeλ(T)=±1.Step2. Measurethe
eigenvalueofeveryZ-typetriangleoperatorG(T)and
recordtheoutcomeλ(T)=±1.Sinceanytriangleop-
eratorcommuteswithstabilizers,theeigenvalueofany
stabilizerremainsunchangedthroughouttheexecution
ofthisprotocol. Hencetheeigenvaluesofstabilizers
SZp andSXp aregivenbyλ(SZp)=λ(TSEp )λ(TNWp )and
λ(SXp)=λ(TSWp )λ(TNEp ),seeEq.(2).Inpracticeitmaybeadvantageoustouse‘interleaved’protocolsinwhich
Steps1,2deﬁnedaboveareimplementedinparalel,see
SectionVIformoredetails.
III. TOPOLOGICALQUANTUMORDER
ConsideraHamiltonian
H=−
T
G(T), (6)
wherethesumisoveraltrianglesofthelattice. Re-
calthatG(T)arethe3-qubittriangleoperatorsdeﬁned
inEq.(1).Inthissectionwecomputetheentireeigen-
valuespectrumofHandshowthatonthetorusHhas
afour-folddegenerategroundstateseparatedfromex-
citedstatesbyaconstantenergygap. Moreover,weshal
constructaunitarylocalitypreservingtransformationU
suchthatUHU†canberegardedasthestandardtoric
codeHamiltonianonthesquarelattice(withsomeirrele-
vantancilaryqubits).ThusthemodeldeﬁnedinEq.(6)
exhibitstopologicalquantumorder.
LetusﬁrstcomputeeigenvaluesofH.Sincethesta-
bilizersSXp,SZp commutewitheveryterminH,wecanassumethatanyeigenvectorψofHisalsoaneigenvector
ofanystabilizer,thatis,SXpψ=xpψandSZpψ=zpψforsomesyndromesxp,zp=±1. UsingidentitiesEq.(2,3)onegets
Hψ=−
p
(1+xp)Xpψ+(1+zp)Zpψ
whereXp,Zparethelogicaloperatorsonthegaugequbitlocatedattheplaquettep. HencetherestrictionofH
ontothesectorwithﬁxedsyndromesxp,zpdescribesL2non-interactinggaugequbits.
Let 0(xp,zp)and 1(xp,zp)bethesmalestandthelargesteigenvaluesofagaugequbitpforaﬁxedsyn-
dromesxp,zp.Asimplealgebrashowsthat
xp zp 0(xp,zp)1(xp,zp)
1 1 −2√2 2√2
1−1 −2 2
−11 −2 2
−1−1 0 0
Tominimizetheoveralenergyonehastochoosexp=zp=1foral p. ThisshowsthatgroundstatesofHbelongtothetrivialsyndromesectorandtheground
stateenergyisE0=−2√2L2.Thegroundstateisfour-folddegeneratesincethecodehastwologicalqubits.
ExcitationsofHfalintotwocategories.First,there
aregaugeexcitationsthatareconﬁnedtothetrivialsyn-
dromesubspacexp=zp=1.Theenergycostofasingle
gaugeexcitationis∆g= 1(1,1)− 0(1,1)=4√2. A
gaugeexcitationonaplaquettepcanbecreatedlocaly
byapropercombinationofoperatorsXpandZp.Hence
gaugeexcitationsdonotcarryanytopologicalcharge.
Secondly,therearesyndromeexcitationsthatﬂipsyn-
dromebitsxpandzp. Theenergycostofasinglesyn-
dromeexcitationis∆s= 0(1,−1)− 0(1,1)=2(√2−1).Itcorrespondstoﬂippingxp(orzp)onanyplaquettep.Asinglesyndromeexcitationhowevercannotbecreated
localyduetotheconstraints pxp= pzp=1,seetheprevioussection.Itmeansthatsyndromeexcitationscan
onlybecreatedinpairs.Eachpaircostsenergy2∆s.WecannowshowthattheHamiltonianofEq.(6)islo-
calyequivalenttoKitaev’storiccode.Consideraquan-
tumcircuitUshownonFig.3.Itconsistsoffourrounds
ofCNOTgates,U=U(4)U(3)U(2)U(1),whereU(j)isa
tensorproductofL2disjointCNOTgateslabeledbyjon
Fig.3.NotethatUisalocalitypreservingtransforma-
tion,thatis,theHeisenbergevolutionofanyobservable
O→ UOU†canonlyenlargethesupportofObyafew
unitsoflength.Suchtransformationsdonotchangeany
topologicalfeaturesofthe model[24]. Asimplealge-
brashowsthatthetransformedstabilizersUSXpU†≡Ap
andUSZpU†≡BpcoincidewiththestarandplaquetteoperatorsoftheKitaev’storiccodeonatiltedsquare
lattice,seeFig.3.Furthermore,thetransformedgauge
generatorsUXpU†≡JXp andUZpU†≡JZp becomeone-qubitPaulioperatorsXandZrespectivelyactingonthe
qubitlocatedatthebottomedgeofp,seeFig.3.Using
identitiesEqs.(2,3)wearriveat
H ≡UHU†=−
p
JXp +JXpAp+JZp+JZpBp.
Thesameargumentsasaboveshowthatgroundstates
ofH aredeﬁnedbyequationsApψ0=Bpψ0=ψ0and
(JXp +JZp)ψ0=
√2ψ0foralplaquettesp. ThusanygroundstateofH musthaveaformψ0=ψtop⊗ψanc,
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5whereψtopisagroundstateoftheKitaev’storiccodeonthetiltedsquarelatticewhileψancisatensorproductofone-qubitancilarystateslocatedonhorizontaledges
oftheoriginallattice.Suchancilaryunentangledstates
clearlyhavenoeﬀectontopologicalfeaturesofthemodel.
WeconcludethatthattheHamiltonianEq.(6)isinthe
sametopologicalphaseasthetoriccode model. The
exactsolvabilityofthemodelclearlyextendstoamore
generalHamiltonianH =− TgTG(T),wheregT arearbitrarycoeﬃcients.
ConsidernowamodiﬁedHamiltonian
H =−
p
JXp +JZp+Ap+Bp.
NotethatH andH havethesamegroundsubspace
andH coincideswiththeordinarytoriccodeHamilto-
nian[1]ifoneignorestheancilaryqubits.Foranystate
φorthogonaltothecommongroundsubspaceofH,H
andforanyparameter0≤t≤1onehas
φ|(1−t)H +tH|φ≥(1−t)∆+t∆
where∆=4(√2−1)and∆=2aretheenergygapsof
H andH respectively.ItfolowsthattheHamiltonian
(1−t)H +tH hasenergygapatleastmin(∆,∆ )=
4(√2−1)foral0≤t≤1.Hencewecancontinuously
deformH toH
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withoutclosingthegap.
ThedecouplingcircuitofFig.3ilustratesafeatureof
amoregeneralfamilyof2Dtranslationaly-invariantsub-
systemcodesdescribedin[20]:theycanbemappedto
(oneormorecopiesof)thestandardtoriccodewithad-
ditionaldecoupledqubitsbyaconstant-depthquantum
circuit.
FIG.3: Decouplingcircuit. ApplyingfourroundsofCNOT
gatesasshownontheleftinatranslationalinvariantway
transformsthegaugeoperatorsandstabilizersasshownon
theright.ThestabilizergeneratorsbecomethoseofKitaev’s
toriccodeonatiltedsquarelattice,whiletheextragauge
generatorsaremappedtosingle-qubitPaulioperatorsacting
onancilaryqubits(horizontaledges). Thus,thecircuithas
theeﬀectofdecouplingthegaugeoperatorsfromthetoric
code.
WenotethatingeneraltheHamiltonianobtainedby
thesumofthegaugeoperatorsofatopologicalsubsystem
codedoesnotnecessarilyproducetopologicalorder.The
peculiarfeatureofthepresentmodelisthatthecanonical
logicalPaulioperatorsonthegaugequbitsXpandZparelocal.Incontrast,itwasshownin[25]thatthesubsystem
colorcodecanbeobtainedfrommultiplecopiesofthe
ordinarycolorcodebygaugingoutbothlocalandnon-
locallogicaloperators.Inparticular,someofthelogical
operatorsthataregaugedoutcarrytopologicalcharge.
Thepresentanalysisdoesnotapplytosuchmodels.
IV. SUBSYSTEMSURFACECODES
Wecannowdescribeasubsystemversionofthesim-
plestsurfacecodeonaplanarlatticewithtworoughand
smoothboundariesthatencodesonelogicalqubit[2].
Nowthelatticehasopenboundaryconditions. Alat-
ticeofsizeL×Lhas(L+1)2vertices,2L(L+1)edges,
andL2plaquettes.Asbefore,codequbitsareplacedat
verticesandcentersofedges,sothetotalnumberofcode
qubitsisn=(L+1)2+2L(L+1)=3L2+4L+1.
Foreveryedgeelyingontheboundaryofthelattice
deﬁneaweight-2PaulioperatorSeoftypeXX orZZasshownonFig.4. LetSbethegroupgeneratedby
weight-6operatorsSXp,SZpdeﬁnedearlierandalweight-2operatorsSeassociatedwithboundaryedges.OnecaneasilycheckthatSisanabeliangroupwiths=2L2+4L
independentgenerators.Thereforeitdeﬁnesastabilizer
codeencodingk=n−s=L2
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FIG.4:Subsystemversionofthesurfacecode.
Sincetheadditionalweight-2stabilizersSelyingontheboundarycommutewithaltriangleoperatorsG(T),we
canuseEq.(3)todeﬁneg=L2gaugequbitsassociated
withplaquettesofthelattice.Logicaloperatorsonthe
remainingk=k−g=1logicalqubitcanbechosenas
X1andZ1,seeEq.(4),thatis,ahorizontallineofX’sandaverticallineofZ’s.NotethataverticallineofX’s
andahorizontallineofZ’sarenolongerlogicaloperators
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6becausetheyanti-commutewithsomeoftheboundary
stabilizersSe.Thesameargumentsasaboveimplythatthecodehasminimumdistanced=L
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.Anextensionto
aplanarlatticewithpuncturedholesencodingmultiple
logicalqubitsissketchedonFig.5.
FIG.5:Subsystemversionofthesurfacecodewithtwopunc-
turedholes.Eachpairofholesencodesonelogicalqubit.The
externalboundaryofthelatticegeneratesthethirdlogical
qubit.Thickredandbluelinesshowthelogicaloperators.
V. ERRORCORRECTION WITH NOISELESS
SYNDROMES
Inthissectionweproposeanerrorcorrectionproto-
colfortheidealizedsettingwherethesyndromereadout
isnoiseless. Forsimplicity,weshalﬁrstfocusonthe
subsystemtoriccodedeﬁnedinSectionII.Itsuﬃcesto
constructaprotocolforcorrectingerrorsofX-type(bit
ﬂips).Duetothecodesymmetry,thesameprotocolcan
beappliedtoZ-typeerrors.LetEbeanunknownPauli
errorofX-type. WewilsaythatEcreatesadefect
ataplaquettepiﬀEanti-commuteswiththestabilizer
SZp.ThesyndromemeasurementrevealsaconﬁgurationofdefectscreatedbyE.Thekeyobservationisthatany
single-qubitX-errorcreatesexactlytwodefects.Indeed,
anXerroronaverticalorhorizontaledgeecreatesde-
fectsatthetwoplaquettesadjacenttoe.AnXerrorat
anyvertexucreatesdefectsatthetwoplaquetteslying
inthenorth-westandthesouth-eastquadrantsofu.The
relationshipbetweensingle-qubitX-errorsandthecorre-
spondingpairsofdefectscanbecapturedbyintroducing
avirtuallaticeΛthatconsistsofvirtualverticesand
virtualedges. Avirtualvertexprepresentsastabilizer
SZp (plaquettepoftheoriginallattice),whileavirtualedgerepresentsapairofdefectsthatcanbecreatedbya
single-qubitXerror.OnecaneasilycheckthatΛisthe
regulartriangularlattice,seeFig.6.
Furthermore,foreachvirtualedgee=(p,q)thereis
onlyoneX-errorcreatingapairofdefectsatpandq.For
anyvirtualvertexpletδ(p)bethesetofvirtualedges
incidenttop.Then
SZp=
e∈δ(p)
Ze,
thatis,Z-typestabilizerscanberegardedasstaropera-
torsofthestandardtoriccodedeﬁnedonthetriangular
lattice.Notethataclosedlooponthevirtuallatticeen-
closinganytriangularfaceisanX-typetriangleoperator
G(T
Z Z
Z
Z Z
Z  
 
 
 
 
 
),whilenon-contractibleclosedloopscorrespondto
logicaloperators.
FIG.6:ThevirtuallatticeΛ(solidlines)describingcorrec-
tionofX-typeerrorsforthesubsystemtoriccodeofFig.1.
Oppositesidesofthelatticemustbeidentiﬁed.Theoriginal
squarelatticeisshownbydashedlines. Eachvirtualedge
representsacodequbit.StabilizersofZ-typeSZp correspondtostarsonthevirtuallattice(solidbluelines).Triangleoper-
atorsofX-typecorrespondtotriangularfacesofthevirtual
lattice(notshown).Errorcorrectionamountstoﬁndingthe
minimumweightmatchingofdefectsonthevirtuallattice.
ThevirtuallatticedescribingcorrectionofZ-typeerrorsis
obtainedfromΛbythe90◦rotation.
Assumingthaterrorsondiﬀerentqubitsareindepen-
dentandhavethesameratep,themostlikelyerrorE∗
consistentwiththeobservedsyndromecoincideswiththe
minimumweightmatchingofdefectsonthevirtuallat-
tice. ThelattercanbefoundeﬃcientlyusingtheEd-
monds’salgorithm,see[3]fordetails.ChoosingE∗asa
correctionoperatoralwaysreturnsthesystembacktothe
codespaceC. Theoveralevolutionofthesystemisde-
scribedbyanoperatorEE∗whichhastrivialsyndrome
andthuscanbeviewedasalinearcombinationofclosed
loopsonthevirtuallatticewithZ2coeﬃcients. Error
correctionissuccessfuliﬀEE∗actsnon-trivialyonlyon
thegaugequbits,thatis,EE∗isaproductofX-typetri-
angleoperatorsG(T).Equivalently,EE∗mustrepresent
thetrivialcycleinthehomologygroupH1(Λ,Z2).
Aswasarguedin[3,11,14],theoptimalerrorcorrec-
tionstrategyamountstoﬁndingthemostlikelyequiv-
alenceclassoferrorsconsistentwiththeobservedsyn-
dromeratherthanthemostlikelyerror. Morespeciﬁ-
caly,letGbethegaugegroupgeneratedbythetriangle
operatorsG(T)ofX-type.Sincelogicaloperatorsact-
ingongaugequbitsareirrelevant,alerrorsinthecoset
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7E·Gmustbeconsideredequivalent.Notethatthereare
onlyfourcosetsofGconsistentwiththeobservedsyn-
drome,namely,E·G,EX1·G,EX2·G,andEX1X2·G.Aswasshownin[3,14],theprobabilityofeachcoset
canbeexpressedasthepartitionfunctionoftherandom
bond±JIsingmodel.InourcaseIsingspinsresideon
triangularfacesofthevirtuallattice,anti-ferromagnetic
bondscorrespondtovirtualedgesthatbelongtoE,and
theinversetemperatureβisdeterminedbytheNishimori
conditione−2βJ= p1−p.Thethresholderrorratepcfortheoptimaldecodingcoincideswiththedensityofanti-
ferromagneticbondsatthephasetransitionpoint[3].
ThelatterhasbeenrecentlycomputedbyQueiroz[26]
whofoundpc≈7%.Theanalogousthresholderrorrate
forthestandardtoriccodeisknowntobeapproximately
11%,see[3].
Onecansimilarlyconstructthevirtuallatticeforthe
subsystemsurfacecode,seeFig.7. Theonlydiﬀerence
isthatnowdefectscanbematchedeithertoeachother,
ortooneoftheboundaries.
FIG.7:ThevirtuallatticeΛ(solidlines)describingcorrec-
tionofX-typeerrorsforthesubsystemsurfacecodeofFig.4.
DiamondsandopencirclesrepresentstabilizersZ-typestabi-
lizersSZp andSerespectively. ThevirtuallatticedescribingcorrectionofZ-typeerrorsisobtainedfromΛbythe90◦
rotation.
VI. ERRORCORRECTIONFORTHE
CIRCUIT-BASEDERROR MODEL
Letusnowconsidermorerealisticsettingswhenthe
syndromeinformationitselfmaycontainerrors. Weas-
sumethatthelibraryofelementaryoperationssupported
bythequantumhardwareincludesCNOTgatesbetween
nearest-neighborqubits,single-qubit measurementsin
X-orZ-basis,andpreparationofsingle-qubitancilary
states|0and|+.Ourerrorcorrectionprotocolwilbe
deﬁnedasasequenceofrounds,whereateachroundany
qubitcanparticipateinoneelementaryoperation. We
assumethateachelementaryoperationisnoisy,soitcan
failwithaprobabilitypthatwecalanerrorrate. More
precisely,ourerrormodel,borrowedfrom[8],isdeﬁned
asfolows.
•AnoisyXorZmeasurementistheidealmeasure-
mentinwhichtheoutcomeisﬂippedwithproba-
bilityp.
•Anoisy|0or|+ ancilapreparationreturnsthe
correctstatewithprobability1−pandtheorthog-
onalstatewithprobabilityp.
•AnoisyCNOTgateistheidealCNOTfolowedby
anerror(1−p)Id+pD,whereIdistheidentity
mapandDisthefulydepolarizingtwo-qubitmap
applyingoneof16two-qubitPaulioperatorswith
probability1/16each.
Weassumethatonceaqubithasbeenmeasured,itsstate
isunknown.Tousesuchaqubitagain,itmustbeexplic-
itlyinitializedusingthenoisypreparationdeﬁnedabove.
Wedonotneedtodeﬁnememoryerrorsbecausenoqubit
wilbeidleatanyroundofourprotocol.
Inordertomeasureeigenvalueofindividualtriangle
operatorsZiZjZkandXpXqXrweshal usequantum
circuitsshownonFig.8. Measuringasingletriangle
operatorrequiresoneancilaryqubitandﬁverounds.
SimilarcircuitswithoneextraCNOTgatewereused
infault-tolerantprotocolsbasedonthestandardsurface
code[3,8],whereonehastomeasurefour-qubitplaque-
tteandstaroperatorsZ⊗4andX⊗4.
FIG.8:Quantumcircuitsformeasuringtheeigenvalueoftri-
angleoperatorsZiZjZk(top)andXpXqXr(bottom). The
circuitsuseoneancilaryqubit.AsingleZ(X)erroronthe
ancilaaz(ax)canpropagateviaCNOTstoatmostoneZ
(X)erroroncodequbitsmodulogaugeoperators. Asingle
X(Z)errorontheancilaaz(ax)resultsinafaultymeasure-
mentoutcome.
Webeginbyhighlightingstrengthsandweaknessesof
thesubsystemandthestandardsurfacecode. Thekey
advantageoftheSSCisalimitedpropagationoferrors
bytheCNOTgates.Consider,forexample,asingleZer-
rorontheancilaryqubitazinthecircuitmeasuringthe
triangleoperatorZiZjZk,seeFig.8(top). Depending
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8ontheroundatwhichtheerrorhasoccurred,itpropa-
gatestooneoftheerrorsZi,ZiZj,ZiZjZkonthecodequbits. Multiplyingthelasttwoerrorsbythetriangle
operatorZiZjZkleavesonlysingle-qubiterrorsZi,Zk,andtheidentityerror.ItshowsthatasingleZerroron
theancilaazcanleadtoatmostoneZerroronthe
codequbits,modulogaugeoperators.AnXerroronaz
cannotpropagatetocodequbits,soitsonlyeﬀectisﬂip-
pingthemeasurementoutcomewhichresultsinafaulty
syndromebit.Sinceeachstabilizeriscomposedoftwo
disjointtriangleoperators,seeFig.4,eachsyndromebit
eﬀectivelyaccumulateserrorsfromtenrounds.Forcom-
parison,thestandardsurfacecoderequiressixroundsto
measureasinglesyndromebit,howeverasingleerroron
theancilacanfeedbacktotwoerrorsoncodequbits
(suchdoubleerrorswerereferredtoas‘horizontalhooks’
in[3]). Thisshowsthatneitherofthetwocodesoﬀers
anobviousadvantagecomparedwiththeother.
Letusnowdiscussoursyndromereadoutcircuitin
moredetails.Sinceindividualsyndromescannolonger
betrusted,weshalrepeatsyndromemeasurementsT
timesforsomeT 1. WechooseT=Linalnumeri-
calsimulations.Errorcorrectionisdeemedsuccessfulif
theaccumulatederrorEonthecodequbitsthatresults
fromTnoisysyndromemeasurementscanbecorrected
basedonthefulobservedsyndromehistoryandoneﬁnal
syndromereadoutwhichweassumetobenoiseless.(In
practicetheﬁnalreadoutinvolvesmeasuringeachcode
qubitin|0or|+ basis.Outcomesofsuchmeasurement
determinethesyndromeofZ-typeorX-typestabilizers
respectively. Wecanassumethatsingle-qubitmeasure-
mentsarenoiselessbyabsorbingmeasurementerrorsinto
memoryerrorsthatoccurredoneroundearlier.)
RepeatingthecircuitsshownonFig.8cyclicalyL
timeswouldnaivelyrequire5Lrounds. Wecanreduce
therequirednumberofroundsto4Lbyintroducingtwo
ancilaryqubitsforeachtriangle.Oneofthemservesas
theancilaazoraxshownonFig.8.Thepurposeofthe
secondancilaistoenableoﬄinepreparationof|0or|+
stateswhichcanbeperformedinthesameroundasthe
measurementofthemainancila.Tosimplifynotations,
wewilonlyshowoneancilapertriangleandassume
thatthisancilaisinitializedinthe|0 or|+ stateat
theendofeachmeasurementround(withadulyadded
noise).
Thereadoutcircuitwilbechosensuchthatanyﬁxed
trianglealternatesbetweenthreegateroundsandone
measurementroundinacyclicfashion.Itcanberepre-
sentedbyalocalreadoutschedule
···MG1G2G3MG1G2G3M··· (7)
whereM iseitherX-typeorZ-type measurementon
theancilawhileG1,G2,G3areCNOTgatescouplingtheancilaandthecodequbits(theancilaiscontrolfor
X-typetrianglesandtargetforZ-typetriangles).Time
ﬂowsfromthelefttotheright. Notethateachtrian-
glehas24diﬀerentchoicesofitslocalschedule.Indeed,
thereare6choicesoftheorderinwhichtheancilais
coupledtothecodequbitsand4choicesoftheroundat
whichthetriangleismeasured.Localscheduleschosen
atdiﬀerenttrianglesmustbeconsistentwitheachother,
suchthatatanyroundanyqubitparticipatesinatmost
oneoperation.
Weshalfocusonscheduleswhichareperiodicboth
inspaceandtime. Hencetheentirereadoutcircuitis
completelyspeciﬁedbylocalschedulesinsidea3Del-
ementarycel whichconsistsoffourroundslabeledas
0,1,2,3andfourtrianglesoftypeNE,SE,SW,NWlo-
catedatsomeﬁxedplaquettep. Webeginbyobserving
thataconsistentschedulecannothavearoundatwhich
everytriangleappliesaCNOT.Indeed,thiswoulddeﬁne
amatchingbetweencodequbitsandtriangles.However,
thelatticehas4L2trianglesandonly3L2codequbits.
Thisobservationshowsthatateveryroundaltriangles
ofsometypehavetobemeasured. Furthermore,itis
naturaltodemandthatifsomepairoftrianglesforma
stabilizer,thesetrianglesmustbemeasuredintwocon-
secutiverounds(otherwisethecorrespondingsyndrome
bitwouldaccumulatetoomucherrors).Inotherwords,
wewouldliketomeasurealtrianglesofX-typeintwo
consecutiveroundsandaltrianglesofZ-typeinthetwo
remainingconsecutiverounds. Ourchoiceofthemea-
surementroundssatisfyingtheseconditionsisshownon
Fig.9. Notethatal X-typetrianglesaremeasuredat
rounds3,0,whilealZ-typetrianglesaremeasuredat
rounds1,
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
Measurement rounds 
1 3 
0 2 
1 3 
0 2 
1 3 
0 2 
1 3 
0 2 
2.
FIG.9:Thenumbersindicaterounds(modulofour)atwhich
theancilasassignedtoeachtrianglehavetobemeasured.
ItremainstoscheduleCNOTgates. Wewilsaythat
ascheduleiscorrectiﬀforeachtriangleonecanmove
algatesforwardintimetowardsthenextmeasurement.
Heremovingagateisalowedaslongasitcommutes
withothergates.Acorrectschedulefaithfulysimulates
thesimplesyndromeextractionroutinedescribedinSec-
tionIIsinceaftermovingalgatestowardsthenextmea-
surementalX-typestabilizersaremeasuredatrounds
3,0,whilealZ-typestabilizersaremeasuredatrounds
1,2. Weshallookforaschedulewhichiscorrectandin-
variantundertheexchangeofXandZ(modulolattice
symmetriesandtimetranslations). Thelatterrequire-
mentisrathernaturalsinceourerrormodeldoesnot
haveabiastowardsXorZerrors.
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9Toderivesuﬃcientconditionsforcorrectnessletus
introducesometerminology.ConsideranytriangleTand
itslocalschedule,seeEq.(7). Weshalrefertothegates
G1andG3astheﬁrstgateandthelastgateforthechosentriangle.IfsomepairoftrianglesTandTaremeasured
attwosubsequentroundsjandj+1respectively,we
wilsaythatTistheleadingtriangleandTisthetailing
triangle.IfTandTaremeasuredtworoundsapart,the
choiceoftheleadingandthetailingtriangleisarbitrary.
Lemma1.AscheduleofCNOTsiscorrectifforanyX-
typeandanyZ-typetriangleatleastoneofthefolowing
istrue:
•Thetwotrianglesaredisjoint,
•Thetwotrianglesaremeasuredtworoundsapart,
•Thelastgateoftheleadingtrianglecommuteswith
theﬁrstgateofthetailingtriangle.
Proof.SupposeTxandTzareX-typeandZ-typetrian-
glesrespectively.IfTxandTzaremeasuredtworounds
apart,theircombinedlocalschedulescanberepresented
byadiagram
···MxGx1 Gx2 Gx3MxGx1 Gx2 ···
···Gz2 Gz3MzGz1 Gz2 Gz3Mz···
ThegatesGx1andGz3mustbedisjoint. Similarly,thegatesGx3andGz1mustbedisjoint. Hencewecande-formthediagrambymovingGx1,Gz1oneroundforwardandmovingGx3,Gz3oneroundbackwardobtaininganequivalentcircuit:
··· Mx Gx1Gx2Gx3 Mx Gx1Gx2Gx3···
···Gz1Gz2Gz3 Mz Gz1Gz2Gz3 Mz ···
Wecanfurtherdeformthecircuitbymovingeachmea-
surementbackwardstowardsthenextgate.
SupposenowthatTxandTzaremeasuredintwosub-
sequentroundssuchthatTxistheleadingandTzis
thetailing(theoppositecaseiscompletelyanalogous).
Thentheircombinedschedulescanberepresentedbya
diagram
···Mx Gx1 Gx2Gx3Mx Gx1 ···
···Gz3 MzGz1Gz2 Gz3 Mz···
Byassumption,thegatesGx3andGz1commute.HencewecandeformthediagrambymovingGx3oneroundback-wardandmovingGz1oneroundforward.Inaddition,wecanmoveGx1oneroundforwardandmoveGz3oneroundbackward.Itgivesanequivalentcircuit:
···Mx Gx1Gx2Gx3 Mx Gx1Gx2Gx3···
··· Mz Gz1Gz2Gz3 Mz ···
Wecanfurtherdeformthecircuitbymovingeachmea-
surementbackwardstowardsthenextgate.
Afterthedeformationeachtriangleappliestheen-
tiresequenceG1G2G3M inasingleroundwhichistworoundsapartfromthemeasurementroundintheorigi-
nalschedule. WecannowmovethesequenceG1G2G3Mtworoundsforwardforeachtrianglesimultaneouslyun-
tilX-typetrianglesapplyGx1Gx2Gx3M atrounds0,3andZ-typetrianglesapplyGz1Gz2Gz3M atrounds1,2. Thisshowsthattheoriginalscheduleiscorrect.
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FIG.10: Exampleofacorrectsyndromeextractionsched-
ulewithfourroundslabeledby0,1,2,3repeatedcyclicaly.
Thenumbersassignedtoverticesofeachtriangleindicatethe
roundsatwhichthecodequbitscomprisingatrianglearecou-
pledtotheancilabyCNOTgates. Measurementroundsare
shownonFig.9. Onecancheckthatanypairofx-typeand
z-typetrianglessatisﬁesconditionsofLemma1.
OurchoiceofaCNOTscheduleisshownonFig.10.
Onecaneasilycheckthatitsatisﬁesconditionsof
Lemma1. Itremainstodeﬁnetheclassicalpost-
processingstepthatextractsthesyndromesfromthe
measuredeigenvaluesoftriangleoperators.Foranyinte-
gert∈[0,L−1]andaplaquettepwedeﬁneasyndrome
bitsZp(t)asaproductofeigenvaluesofZ-typetrianglesSEandNWlocatedattheplaquettepthatweremea-
suredatrounds4t+1and4t+2.Similarly,wedeﬁnea
syndromebitsXp(t)asaproductofeigenvaluesofX-typetrianglesSWandNElocatedattheplaquettepthatwere
measuredatrounds4t+3and4t+4.Henceeachsyn-
dromebitcombineseigenvaluesoftwotriangleoperators
measuredintwoconsecutiverounds.
Letusnowmovetotheerrorcorrectionprotocolthat
takesasinputthesyndromeinformationandoutputsa
correctingPaulioperatorE∗actingonthecodequbits.It
mostlyfolows[3,8,27].OurprotocoldealswithX-type
andZ-typeerrorsindependently.Itshouldbenotedthat
thescheduleshownonFigs.9,10isinvariantunderthe
horizontalreﬂectionofthelatticeandshiftingthetime
bytworounds.Sincethehorizontalreﬂectionexchanges
X-typeandZ-typetriangles,itsuﬃcestoanalyzeX-
typeerrors.
Letusintroducea3DvirtuallatticeΛthatconsistsof
virtualverticesandvirtualedges. Avirtualvertexisa
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pair(p,t),wherepisaplaquetteofthe2Dcodelattice
andt∈[0,L−1]isthediscretetime. Weshalsaythata
virtualvertexu=(p,t)hasadefectiﬀthesyndromebits
sZp(t)andsZp(t+1)arediﬀerent.Hencethefulsyndromehistorycanberegardedasaconﬁgurationofdefectson
thevirtuallattice.
Webeginbyconsideringconﬁgurationsofdefectscre-
atedbyasinglefaultinthereadoutcircuit.Hereasingle
faultincludesoneofthefolowingpossibilities:
•Wrongmeasurementoutcomeonsomeancila,
•Wrongancilapreparation,
•OneoftheerrorsIX,XI,orXX insertedafter
someCNOTgate.
Inotherwords,asinglefaultisanyeventthatcanoccur
withprobabilityΩ(p)inthelimitp→ 0(recalthatwe
onlykeeptrackofX-typeerrors).Inordertodeﬁne
virtualedgesweneedthefolowingobservation.
Lemma2.Anysinglefaultinthereadoutcircuitcreates
either0or2defectsonthevirtuallatice.
Proof.Ameasurementerrorontheancilaazatapla-
quettepcreatestwodefectsatvirtualvertices(p,t)and
(p,t+1)forsomet. Measurementerrorsonancilasax
createnodefectssinceweignoreX-typesyndromes.An-
cilapreparationerrorcanberegardedasanX-typeerror
forancilasazandZ-typeerrorforancilasax.Suchan
errorcanbepropagatedforwardintimewithoutfeeding
backtothecodequbitsbecauseazisalwaysatarget
qubitandaxisalwaysacontrolqubitforanyCNOT
gate,seeFig.8. Henceancilapreparationerrorsare
equivalenttothemeasurementerrors.Bythesamerea-
son,anX-erroronazcausedbyanyCNOTgateisequiv-
alenttoameasurementerror.
Considernowasingle-qubitX erroronsomecode
qubit.Ifthesyndromeweremeasuredonalplaquettes
directlyaftertheerror,onewouldobservenon-trivial
syndromessZp,sZq atsomepairofplaquettesp,q,seeSectionII.Sincetherearenoothererrorsinthereadout
circuit,itwilfaithfulysimulatetheidealsyndromemea-
surements,thatis,thesyndromesZp(t)wilchangefrom1
to−1forsomesteptpandthesyndromesZq(t)wilchangefrom1to−1forsomesteptq. Thisproducesapairofdefectsatvirtualsites(p,tp)and(q,tq).(Moredetailedanalysisshowsthateithertp=tqortp=tq±1).Aner-rorXXthatoccurredafteraCNOTgateisequivalentto
asingleXerroronthecontrolqubitthatoccurredbefore
thisCNOT.TheonlyremainingcaseisasingleXerror
ontheancilaax.Itcanbepropagatedforwardorback-
wardtowardsthenearestax-measurement.Suchprop-
agationfeedsbackatmostoneXerrortocodequbits.
Thisisthecasethatwehavealreadyexplored.
Atrivialcorolaryofthelemmaisthatthenumberof
defectsonthevirtuallatticeisalwayseven.
Weconnectapairofvirtualvertices u,vbyavirtual
edgeiﬀthereasinglefaultinthereadoutcircuitcapable
ofcreatingapairofdefectsatuandv.Amoredetailed
analysisshowsthatthevirtuallatticehasseventypesof
edges(notcountingtheorientation). Thetablebelow
showsal14neighborsvofsomeﬁxedvirtualvertexu=
(x,y,t)aswelasthetotalnumberofsinglefaultsofeach
typeinthereadoutcircuitthatcreatedefectsatuandv.
ForbrevitywerefertosinglefaultsIX,XI,XXasG-
faults(gatefaults),whilemeasurementandpreparation
singlefaultsarereferredtoasM-faultsandP-faults.
Neighborof(x,y,t)G-faultsM-faults P-faultsPrior
(x,y,t±1) 6 2 2 11p/2
(x±1,y,t) 8 0 0 2p
(x±1,y∓1,t) 8 0 0 2p
(x,y±1,t) 4 0 0 p
(x,y±1,t±1) 2 0 0 p/2
(x∓1,y,t±1) 2 0 0 p/2
(x∓1,y±1,t±1) 2 0 0 p/2
Notethatthespace-likevirtualedges(thoseforwhichu
andvhavethesametcoordinate)correspondtoedgesof
the2DvirtuallatticedeﬁnedinSectionV.Ifoneignores
thetcoordinate,space-likevirtualedgescorrespondto
thecodequbits.Inparticular,pairsofdefectslocatedon
space-likevirtualedgescanbeviewedasmemoryerrors.
Ontheotherhand,pairsofdefectslocatedontime-like
virtualedges(thoseforwhichuandvhavethesamex,y
coordinates)canbeviewedassyndrome measurement
errors. Theremainingvirtualedgesrepresentvarious
combinationsofmemoryerrorsandmeasurementerrors.
Foreveryvirtualedgeewedeﬁneapriorpeastheprobabilitytoobserveapairofdefectsattheendpoints
ofe. TakingintoaccountthatanysingleG-faulthas
probabilityp/4,whileasingle M-faultandasingleP-
faulthaveprobabilityp,onearrivesatthepriorslisted
inthetable.
Weshalchoosethecorrectionoperator E∗bypre-
tendingthatthecreationofdefectpairsondiﬀerentvir-
tualedgesareindependentevents.Thenthemostlikely
combinationofmemoryerrorsandmeasurementerrors
consistentwiththeobservedconﬁgurationofdefectsco-
incideswiththeminimumweightmatchingofdefectson
thevirtuallattice,whereanedgeeisassignedaweight
we∼log(1/pe).TheminimumweightmatchingM canbefoundeﬃcientlyusingtheEdmonds’salgorithm.Fi-
naly,wechoosethecorrectionoperatorE∗astheprod-
uctofal memoryerrorsthatappearinM.Inorderto
decidewhethertheerrorcorrectionissuccessfulwecom-
pareE∗withtheaccumulatederrorEonthecodequbits
generatedbythesyndromereadoutcircuit.Theresults
ofourMonteCarlosimulationareshownonFigs.11,12.
Itindicatesthatthethresholderrorrateforthecircuit-
basederrormodelispc≈0.6%.
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FIG.11:Probabilityoftheerrorcorrectionfailureforthesub-
systemtoriccodeunderthecircuit-basederrormodel.Fora
latticeofsizeLthesyndromemeasurementhasbeenrepeated
Ltimes.Eachdatapointwasobtainedusing104−106Monte
Carlotrials. ThesimulationwasperformedonlyforX-type
errors(Z
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-typeerrorsonthereﬂectedlattice).
FIG.12:Scalingoftheerrorcorrectionfailureprobabilityfor
diﬀerenterrorratesbelowthethreshold.Errorbarsrepresent
thestatisticalerror.Achievingthefailureprobability10−6at
theerrorratep=0.5%wouldrequireL≈100.
VII. DIRECT3-QUBITPARITY
MEASUREMENTS
Intheprevioussectionweestimatedthethresholdin
amodelwherethetriangleoperatorsaremeasuredby
performingCNOTgatesbetweenthecodequbitsandan
ancilaryqubit.Inthissection,wewilstudyadiﬀer-
entmodelwheremeasurementsareperformeddirectly.
Forsomephysicaldevices,itispossibletodirectlyprobe
a multi-qubitparityoperatorwithouttheneedtouse
anancilaryqubit—theprobeitselfisusedasamedi-
atorthatstoresandaccumulatesthemulti-qubitcorre-
lations. Directtwo-qubit measurementshavebeenre-
alizedincircuitquantumelectrodynamics[28–31],and
thereareproposals[32]toturnthesetwo-qubitmeasure-
mentsintoparitymeasurements.Thesedirectmeasure-
mentschemesrequireaseparatethresholdanalysisbe-
causetheyhavediﬀerentnoisemodelsandpropagation.
WewilfocusontherecentproposalofDiVincenzo
andSolgun[21]thatrealizesathree-qubitparitymea-
surementZZZbycapacitivelycouplingthreeJosephson-
junctionqubitstotwotransmission-lineresonators.In
thedispersiveregime—wherethediﬀerencebetweenthe
resonantfrequencyofthetransmissionlinesandthequbit
transitionfrequencyis muchlargerthanthecoupling
strength—thetransmission-line wil pick-upaqubit-
state-dependentfrequencyshift(Starkshift). Whena
near-resonantfrequencyprobesignalissentthroughone
ofthetransmissionlines,itpicksupaphasethatdepends
ontheresonantfrequency. Thus,thestate-dependent
resonantfrequencyshiftwilimprintaphaseshifton
theprobepulsethatdependsonthestateofalthree
qubits. Withanappropriatechoiceofparameters(qubit-
transmissionlinedetuning,couplingstrength,probesig-
nalfrequency),theprobesignalssentthroughthetwo
transmissionlinescanbe measuredinterferometricaly
torevealinformationonlyabouttheparityofthethree
qubits,alotherinformationaboutthequbitstateim-
printedontheprobesignalsbeingerasedbytheinterfer-
ometricmeasurement.Oneimportantadvantageofthis
measurementschemeisthatasinglequbitcanpartici-
patetotwodistinctparitymeasurementssimultaneously
withanappropriatearrangementoftransmissionlines.
Themainsourceoferrorsinthismeasurementisde-
phasingcausedbytheﬁnitebandwidthoftheprobepulse
[21].Inanidealparitymeasurement,thecoherencebe-
tweentwocomputationalbasisstatesofthethree-qubit
systems|x and|ywouldbetotalysuppressedwhenx
andyhavediﬀerentparities,andunaﬀectedotherwise.
Theﬁnitebandwidthoftheprobepulsewilcausede-
phasingbetweenstatesofagivenparity,andincomplete
dephasingbetweenstatesofdistinctparity. Moreover,
theseerrorsareotherwiseuniform,theydonotdepend,
e.g.,ontheHammingdistance|x−y|betweenthecompu-
tationalbasisstates.Thisischaracteristicofacolective
noisemodel,wheremulti-qubiterrorsareaslikelyassin-
glequbiterrors.Incontrast,whenqubitsaresubjectto
independentnoise,dephasingwouldincreasewithHam-
mingdistancebetweenthestates.
Parity measurementsintheconjugatebasisarere-
quiredtomeasuretheX-typetriangleoperators.These
canberealizedbyrotatingthequbitspriortosendingthe
probesignalinthetransmissionline.Singlequbitrota-
tionsareveryfastandaccurateinthisarchitecture[33].
Nonetheless,theypropagateerrors,andcaninterchange
X-typeandZ-typeerrors. Basedontheseconsidera-
tions,wewil modelnoisymeasurementofX-typeand
Z-typetrianglesinthefolowingway:
•AnoisyXXXorZZZmeasurementismodeledby
aperfecteven/oddsubspaceprojection,folowedby
anerror(1−p)Id+pD,whereIdistheidentitymap
andDisthefulydepolarizingthree-qubitmapap-
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plyingoneof64three-qubitPaulioperatorswith
probability1/64each.
•Themeasurementoutcomeisﬂippedwithproba-
bilityp.
Withthismodel,thesyndromeextractioncyclerequires
onlytworounds:oneto measurealX-typetriangles
andonetomeasurealZ
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-typetriangles. Thisimplies
thatsomequbitsparticipatetotwosimultaneousmea-
surements. Asmentionedabove,thisisnotaproblem
physicalysofarasasinglequbitcanbecoupledtomul-
tipletransmissionlines,whichhasalreadybeendemon-
stratedexperimentaly[34]. Moreover,twonoisyparity
measurementsinthesamebasisalwayscommutewith
ourchoiceofnoisemodel.
Wehavesimulatedfault-toleranterrorcorrectionof
thesubsystemtoriccodeusingdirectparity measure-
mentwiththenoisemodeldescribedabove,ourresults
arepresentedonFig.13. Sinceerrorsarecorrelated
inthis model,wehaveoptedfortherenormalization
group(RG)decodingalgorithmproposedin[11,12].In-
deed,Edmonds’sminimumweightmatchingalgorithm
assumesanindependentnoisemodelandconsequently
yieldsalowerthresholdinthepresenceofcorrelations.
TheRGdecodercanexactlyaccountforsomeofthese
correlations(thosethatarecontainedwithinaRGunit
cel). Additionalcorrelationscanbeapproximatedby
updatingtheerrorprioroneachRGunitcelusinga
beliefpropagationdecoder[35].TheRGdecodingisex-
ecutedusingtheseupdatederrorpriors. Folowingthe
proposalof[20],wemapthecodeandits(updated)noise
modelontothestandardtoriccodeonwhichweexecute
RG[38]. WhileRefs. [11,12]assumednoiselesssyn-
dromemeasurements,thedecodingalgorithmcaneasily
beextendedtonoisysyndromebyrenormalizinga3D
lattice[36].
FIG.13:Decodingerrorprobabilityasafunctionofthephys-
icalerrorratepforvariouslatticesizesL.Thelinesareob-
tainedusingtheﬁttingfunctionsa+b(p−pth)L1/ν+c[(p−
pth)L1/ν]2,whichproducesathresholdpth≈0.968%anda
criticalexponentν≈1.36.
TheresultsshownonFig.13indicateathresholdvalue
ofroughly0.97%. Thisvalueshouldbeseenaslower
boundtothetruethresholdofthiscode,whichmaywel
beabove1%.Indeed,theresultspresentedherewere
obtainedfromaunitcelofdimension2×2×1:two
ofthethreespace-timedimensionsarerenormalizedat
eachiteration,andbyrotatingtheunitcelateachiter-
ationweobtainarenormalizationoftheentirespace-
timelatticebyafactor4after3RGrounds. Based
onourexperiments,largerRGunitcelsproducehigher
thresholdsbecausetheymakeuseofmorecorrelations
existinginthenoisemodel. Thedecodingcomplexity
scalesexponentialywiththeunitcelsizehowever,so
inpracticewearelimitedtorelativelysmalcels.Fur-
thermore,whilethesimulatedsyndromeextractionpro-
tocolinvolvedmeasurementsofbothX-typeandZ-type
triangles,errorcorrectionhasbeenperformedonlyfor
X-typeerrors.Applyingthesameerrorcorrectionalgo-
rithmindependentlytoX-typeandZ-typeerrorswould
resultinthesameerrorthreshold[39]. Weexpectthat
moresophisticateddecoderstakingintoaccountcorrela-
tionsbetweenXandZerrorscouldachievehighererror
thresholds.
Finaly,wenotethatdirectparity measurementsof
weight-fouroperatorssuchasZZZZandXXXX can
berealizedsimilarly[21]. Thiscouldbeusedtoimple-
mentKitaev’storiccode. However,itisnotreasonable
toassumethatthenoiseratepisindependentofthe
weightwoftheoperatorbeing measured. Thus,one
needstoworkoutthisdependencep(w)fromphysical
considerationsbeforecomparingthresholdsofdiﬀerent
codesobtainedfromdirectparitymeasurements.
VIII. CONCLUSION
WehavepresentedasubsystemversionofKitaev’ssur-
facecode. Themainfeaturesofourcodeisthatitre-
quiresonly3-qubitparitymeasurementsanditsstabilizer
generatorshaveweight6. Minimizingtheweightofthe
paritymeasurementsishelpfulasitsimpliﬁesthemea-
surementprocedure,whileminimizingtheweightofthe
stabilizergeneratorsisalsodesirablesinceitmakessyn-
dromesmorereliable.Incontrasttoourcode,thestan-
dardtoriccoderequiresweight4paritymeasurements
andhasweight4stabilizergenerators. Thesubsystem
colorcodesrequireonlyweight2paritymeasurements,
buthavestabilizergeneratorsofweightupto18.Thus,
basedonlyontheseconsiderations,itisnotclearhow
thethresholdofthesevariouscodesshouldcompare.
Ournumericsshowthatinthecircuitbasedmodel,our
codehasathreshold(0.6%)whichisalmostanorderof
magnitudelargerthantheoneofthecolorcode(0.08%)
[37],andabitmorethanhalfthatofthestandardtoric
code(0.9%)[5]. MotivatedbytherecentworkofDiVin-
cenzoandSolgun[21],wehavealsoconsideredasetting
whereparitymeasurementscanbeimplementeddirectly
andfoundathresholdof0.97%. Thisvaluecannotbe
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compareddirectlytothethresholdsreportedabovesince
itisbasedonasubstantialydiﬀerentnoisemodel,and
additionalphysicalconsiderationsmustbetakenintoac-
countbeforecomparing.
Wehaveshownthatthenewsubsystemtoriccodegives
risetoanexactlysolvablespinHamiltonianwith3-qubit
interactionsandtopologicalyorderedgroundstatewhich
islocalyequivalenttothestandardtoriccode.
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Conclusion
Danscetethèse,j’aiprésentél’ensembledemestravauxquionttouchédeuxaspects
importantsducalcultolérantauxfautes.Premièrement,j’aitravailésurdesprotocoles
permetantderéaliserunensembleuniverseldeportesdemanièretoléranteauxfautes.Deux
d’entreeuxsontbaséssurl’injectiond’étatsmagiques.AvecKrystaSvore,j’aidécouvertune
nouvelefamiled’étatsquenousavonsappelée«écheled’états»(Chapitre2).J’aiproposé
lecircuitpermetantdelescréeretj’aimontréqu’ileﬀectuaitenréalitéunefaibledistilation.
J’aiaussirevisitélanotiondecompilationdanslebutd’utilisercesétatsressources.J’ai
ensuiteobservédesgainsparrapportauxprotocolesdéjàétablisàcemoment.Plustard,j’ai
poussécestravauxavecDavidPoulinenétudiantuneautrefamiled’étatsmagiques,plus
élégante,cequinousapermisdemieuxtraiterleproblèmedelacompilation(Chapitre3).
J’aiconçuetanalysélescircuitsquienpermetentladistilation.Encoreunefois,j’aiobservé
desgainspourcertainesrotationsdePauliquisontpertinentesàlatransforméedeFourier
quantiqueetàlasimulationenchimiequantique.LetroisièmeprotocoleélaboréavecJonas
AndersonetDavidPoulinproﬁted’uneautreapprochequinenécessitepasd’étatsmagiques
(Chapitre4).Ils’agitd’unedéformationdecodestoléranteauxfautes.Nousavonsmontré
qu’àl’aidedeseulementquinzequbits,ilestpossiblederéaliserunensembleuniverselde
portesendéformantlecodeSteaneencodedeReed-Muleretvice-versa.
Deuxièmement,j’aitravailéàgénéraliserlaméthodededécodagedecodestopologiques
parrenormalisationquej’aidéveloppéeaucoursdemamaîtrise.Toutd’abord,j’aicolaboré
avecHéctorBombinetDavidPoulinpourmontrerquetouslescodestopologiquesstabilisa-
teursinvariantssoustranslationsontéquivalents,c.-à-d.qu’ilsappartiennenttousàlamême
phasetopologique(Chapitre5).Ceteéquivalencesetraduitdemanièreopérationnele:il
existeunetransformationdeCliﬀordlocalepermetantdepasserd’uncodeàl’autre.Cete
transformationpermetalorsd’adapteruneméthodededécodagesuruncodeàtousles
autresdemanièrenaturele.Celam’apermisd’utilisermondécodeurducodetopologique
deKitaevpourdécoderlecodedecouleurs4.8.8etlecodeàsous-systèmesassocié.Puis,j’ai
adaptélaméthodeauxcodestopologiquesdeKitaevsurdesqudits(Chapitre6).Danscecas,
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j’aiobservéunaccordinatenduentrelesseuilsobtenusetlabornedehachagegénéralisée.
Toutefois,celaestcohérentaveclaconjecturedeNishimori.Ensuite,j’aigénéralisémon
décodeuraucastolérantauxfautesetj’aiobservéunseuilcomparableauxméthodesde
décodagesparappariementhabituelementutilisées(Chapitre7).Aussi,j’aiappliquéla
méthodeaucodedesurfaceàsous-systèmesdeSergeyBravyietj’aimontréquedanslecas
oùlesmesuresdesyndromeàtroisqubitssonteﬀectuéesdemanièresimultanées,leseuil
observéestcomparableauseuilducodetopologiquedeKitaevhabituel(Chapitre8).
Finalement,énuméronsquelquespistesderecherchesintéressantesdonnantsuiteaux
articlesprésentésci-haut.Danslebutdecomparerlesdiﬀérentesméthodesdecompilation
etdedistilation,ilseraitjudicieuxqu’uneseuleéquipesimuletouslesprotocolespourune
colectiond’anglesdonnés.Leproblème,c’estquechacundesprotocolesaétéétudiéenvase
clos,enprenantdesmoyennes,enfaisantdesapproximations,etc.Ilestalorsdiﬃcilede
comparerdemanièrejustelesdiﬀérentsprotocoles.Parrapportauxtravauxeﬀectuésavec
KrystaSvore,uneétudeplussystématiqueduprocessusde«densiﬁcation»del’échele
d’étatsàl’aidedenouveauxcircuitsdeCliﬀordseraitproﬁtable.Parexemple,étantdonné
unnombremdequbitsdansl’état|H etunnombrendequbitsstabilisateurs,quepeut-on
diredesétatsqu’ilestpossibledecréeràl’aided’uncircuitdeCliﬀordetdemesuresde
Pauli?D’unautrepointdevue,celarevientàgénéraliserlecircuitd’injection.Parrapport
auxtravauxsurl’autreprotocolededistilationélaboréavecDavidPoulin,ilseraitproﬁtable
d’optimiserleprogramme(schedule)dedistilation.Aussi,dansladeuxièmepartiedumême
article,portantsurleprotocolegénéralisé,l’analyseaétéfaitedemanièreapproximative
àl’aidedecourbesajustéesauxdonnées.Ilseraitbondepousseraussiloinquepossible
l’analyseexactedeserreurs.Encoreunefois,ilestpossiblededensiﬁerlafamiled’états
accessiblescommediscutédansl’article.Ilfaudraitanalyserlesperformancesdedistilation
pourcesétats.Lestravauxsurladéformationdecodesnousontamenésàconsidérerles
codesdeReed-Muleràrendementconstant.Quelessontlesportestransversesdecescodes?
Permetent-elesdemeileursrendementsdedistilationd’étatsmagiques?Enﬁn,ilserait
intéressantdedévelopperetdeprogrammerunstandardeﬃcacepermetantd’interfacerle
problèmedudécodagesurn’importequelcodetopologiquestabilisateuraudécodeurdu
codetopologiquedeKitaev,tolérantauxfautesounon.
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